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ABSTRACT

This doctoral thesis deals with power conditioning applications in two-phase three-wire elec-

tric circuits derived from three-phase four-wire systems. This kind of application can be useful

in modern electricity networks, specially for residential and small commercial consumers. An

adaptation of the pq Theory is proposed to use the concepts of instantaneous powers in two-

phase three-wire circuits. A linear transformation is proposed to map two-phase voltages and

currents into an orthogonal αβ reference frame. Time-domain mathematical analyses are used

to present the behaviour and interpretation of two-phase instantaneous powers, comparing the

proposed definitions with single-phase and three-phase instantaneous powers theories found in

the literature. The concepts of two-phase instantaneous powers are used to design algorithms

to control a shunt grid-connected converter, specially to be used as active power filter. It is also

proposed an algorithm to detect fundamental-frequency positive-sequence voltages by measur-

ing only two phase-voltages of the grid. Two different strategies are presented to control the

shunt active power filter: double single-phase strategy and zero neutral current strategy. The

adapted two-phase positive-sequence detector is implemented in a laboratory prototype and

experimental results validate the effectiveness of the proposed positive-sequence detector. Sim-

ulation studies are also performed to validate the proposed control algorithms for two-phase

power conditioning equipment. The obtained results confirm the effectiveness of the two pro-

posed control strategies to compensate load reactive power and currents’ harmonic components

and unbalances. Furthermore, the zero-neutral current strategy shows to be suitable to avoid or

reduce zero-sequence unbalances in distribution grids and microgrids. Proposals for future stud-

ies include further experimental implementation, active power injection applications and field

measurements to evaluate the influence of zero-sequence voltage unbalances in the proposed

controllers.

Keywords: Power conditioning, active power filters, power quality, p–q theory.



RESUMO

Esta tese de doutorado trata de aplicações de condicionamento de energia em circuitos elétricos

bifásicos a três fios oriundos de sistemas trifásicos a quatro fios. Esse tipo de aplicação pode

ser útil no futuro em redes modernas de energia, em especial para consumidores residenciais

e pequenas instalações comerciais. Uma adaptação da Teoria pq é proposta como forma de

utilizar os conceitos de potências instantâneas em circuitos bifásicos a três fios. Uma transfor-

mação linear é proposta para mapear tensões e correntes bifásicas para o sistema de coordenadas

ortogonais αβ . Análises matemáticas no domínio do tempo são utilizadas como forma de ap-

resentar o comportamento das potências instantâneas bifásicas, bem como sua interpretação,

sendo comparadas com conceitos encontrados na literatura de potências instantâneas monofási-

cas e trifásicas. Os conceitos de potências bifásicas são utilizados para projetar algoritmos de

controle conversores conectados em paralelo à rede elétrica, especialmente para realizar funções

de filtro ativo de potência. É também proposto um algoritmo de detecção da tensão de sequência

positiva, na frequência fundamental através da medição de duas tensões de fase apenas. Duas

diferentes estratégias de controle são apresentadas para controle do filtro ativo paralelo: estraté-

gia de operação duplo monofásico e a estratégia de mitigação da corrente de neutro. O detector

de sequencia positiva adaptado para sistemas bifásicos foi implementado em um protótipo de

laboratório e os resultados experimentais obtidos são usados como validação da estrutura pro-

posta. Estudos de simulação foram também realizados para avaliar os algoritmos de controle

propostos como um todo. Os resultados obtidos confirmaram a eficácia das estratégias de cont-

role propostas para compensação de correntes harmônicas, potência reativa e desequilíbrios de

correntes causados pela carga bifásica. Além disso, é mostrado que a estratégia de compensação

para corrente de neutro zero é útil para evitar ou reduzir desequilíbrios de sequência zero em

redes de distribuição e microrredes. As propostas para a continuação desta pesquisa incluem

o aprofundamento da implementação experimental, aplicações de injeção de potência ativa na

rede elétrica e medições de campo para quantificar a influência de desequilíbrios de sequência

zero nos sistemas de controle propostos.

Palavras-chave: Condicionamento de energia, filtros ativos de potência, qualidade de energia,

teoria p–q.
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1 INTRODUCTION

The development and modernization of electric power systems is continuously pursued

since the beginning of electricity distribution. The advances achieved intend to make electric

systems more efficient, reliable, safe, cost-effective and adequate according to power quality

requirements and demand needs. Nowadays, efforts and investments in grid modernization are

also strongly motivated by concerns regarding sustainability and environment conservation. As

new technologies are developed, new improvements and functionalities can be applied to power

grids and loads. Therefore, the evolution of several technologies and their application in electric

power systems has led researchers, governments, industry and utility companies to develop the

concept of smart electricity networks, commonly referred as Smart Grids (SGs).

The expression smart grids can be understood in many ways. According to Bollen et al.

(2010), SGs can be seen as the way power systems are operated, namely by applying communi-

cation, power electronics and energy storage technologies to match electrical energy production

and consumption. From another point of view, the SG concept “is emerging as a conver-

gence of information technology and communication technology with power system engineer-

ing” (FARHANGI, 2010). The definition presented by the U.S. Department of Energy (2016)

states that a SG is the power network which “uses digital technology to improve reliability, re-

siliency, flexibility, and efficiency (both economic and energy) of the electric delivery system”.

A typically European way to understand SGs regards electric networks capable of integrating

all connected users (i.e., generators, consumers, storage, etc.) to provide efficient, sustainable,

economic and reliable electric services (CLASTRES, 2011). Despite such diversity in definitions,

there is a consensus that power grids must evolve to face energy-related challenges of the 21th

century, such as the environment conservation, reduction of fossil fuel economic dependence

and meeting the increasing energy demand.

There are several technologies and functionalities currently related to the development of

smart power grids. From operation and management point of view, efforts and investments on

SGs development relies on the improvement of monitoring, analysis, optimization, decision-

making and control technologies (FANG et al., 2012). Smart meters, for instance, aim to allow
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two-way communication of time-sensitive measurements such as demand, local energy genera-

tion capacity and power quality index. Smart meters are also supposed to provide communica-

tion services (e.g., as price changes) to commercial and residential energy management systems

(NEENAN & HEMPHILL, 2008). The concept of demand response serve as an example of infor-

mation technology applied to SGs. It is a management tool that allows the operator to regulate

generation and consumption using available control technologies such as dynamic pricing, and

not only by adjusting generation as in conventional power grids (FANG et al., 2012).

1.1 POWER CONDITIONING APPLICATIONS IN SMART GRIDS

Another important field in the evolution of power grids is the research and development of

Power Conditioning (PC) technology (YU et al., 2011). Power conditioning is also referred as

power processing in technical literature and throughout this text. In the context addressed in this

work, PC is referred as actions aiming to process and control the flow of electric energy by using

voltage and/or current waveforms that are optimally suited for each application and equipment

(MOHAN; UNDELAND & ROBBINS, 1995). Power Electronic Converters (PECs) are currently

“the technology that enables the efficient and flexible interconnection of different players [...]

to the electrical power system” (TEODORESCU; LISERRE & RODRIGUEZ, 2011). Therefore, the

research and development of applications, topologies and control systems for PECs play an

essential role in the improvement of electric power networks. This work deals specifically

with the control of PEC for PC functions in electric networks, as the in the applications briefly

commented in the following subsections.

1.1.1 DISTRIBUTED GENERATION

In conventional power systems, most of the electric energy is generated by large power

plants. These plants are installed in geographical locations that are apropriate for generation

purposes. Thus, long distance transmission lines are commonly necessary to transport the gen-

erated energy to consumer centres. But nowadays, the decentralized generation of electric en-

ergy is seen as a better way to deliver a reliable and efficient power supply. The concept of

Distributed Generation (DG) also embraces the intensive usage of renewable and alternative

energy resources like Photovoltaic (PV) panels, wind turbines, hydrogen fuel cells, small hydro

and others (GUERRERO et al., 2010).

In Brazil, where this thesis is developed, DG is regulated since the National Electric En-

ergy Agency (in Portuguese, Agência Nacional de Energia Elétrica) released the normative

resolution No. 482/2012. This document established general grid-connection requirements for
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micro-generation (up to 75 kVA) and mini-generation systems (between 75 kVA and 3 MVA).

The resolution No. 482/2012 also creates a credit system that allows users to sell surplus energy

to the utility (ANEEL, 2012). The installation of rooftop PV systems is, since then, becoming

more popular in Brazil.

Each kind of DG technology presents its own generation patterns, which commonly differ

from consumer demand needs. There are also undesired characteristics such as intermittent

generation and uncertain availability. The integration of DG to electric power grids is consid-

ered the key to properly explore these resources. Therefore, PECs are fundamental to match the

characteristics of DG resources with grid connection requirements such as frequency, voltage,

harmonic levels and active/reactive power flow control (BLAABJERG; CHEN & KJAER, 2004).

The main function of grid-interface converters in PV and fuel cell systems is to transform

the generated energy from Direct Current (DC) into the Alternating Current (AC) form. Other

functions commonly required for these inverters include voltage boosting, Maximum Power

Point Tracking (MPPT), anti-islanding and grid synchronization (TEODORESCU; LISERRE & RO-

DRIGUEZ, 2011; CHAKRABORTY; SIMÕES & KRAMER, 2013). In wind turbine systems, grid

converters must perform an AC/AC power conversion. Power converters also allow generator

control and output power regulation in this application, which are important functions for the

proliferation of wind energy (TEODORESCU; LISERRE & RODRIGUEZ, 2011). As shown by Fogli

(2014), PECs can also be employed to connect diesel-generators to the grid. In this case, the

PEC is useful for grid-synchronization, stand-alone operation and mitigation of power oscilla-

tions in the generator.

1.1.2 PLUG-IN ELECTRIC VEHICLES

Most of present transportation facilities have their propulsion systems based on Internal

Combustion Engines (ICEs). This technology presents several undesired characteristics. Low

efficiency, emission of air-polluting gases and a strong dependence on fossil fuels as energy

source can be cited as some deficiencies (EMADI, 2011). The adoption of Plug-in Electric

Vehicles (PEVs) is emerging as an option to handle such issues in transportation. In this context,

transportation electrification is seen as a practical opportunity to improve the use of available

energy resources for transportation. The expression PEVs is used generically to refer to vehicles

with electric propulsion and grid-connection capability (GALUS et al., 2013; YILMAZ & KREIN,

2013a; RICHARDSON, 2013; RODRIGUES et al., 2014).

Plug-in Electric Vehicles present several advantages over conventional ICE-based vehicles.

For their high-efficiency, PEVs may reduce the overall emission of air-polluting gases, con-
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sidering all emissions between fuel production and vehicle operation (RODRIGUES et al., 2014).

Also, the energy necessary for electric transportation can be obtained from renewable and DG

resources (IEA, 2011). Low noise emission and relatively low cost of electric motors are other

pros of PEVs (IEA, 2011). In addition to such great advantages over ICE vehicles, other great

interesting aspect of PEV technology rely on PECs used to interface vehicles and power grid,

as discussed in the following paragraphs.

Motor driving and battery charging are the main functions performed by on-board power

converters in PEVs (YILMAZ & KREIN, 2013a). The development of modern SGs creates new

opportunities that improve the way such functions are performed. For example, proper com-

munication and control may allow vehicle owners to choose how and when to charge PEV

batteries. Therefore, vehicle owners could choose fast or slow charging, time-scheduled charg-

ing, to charge when energy costs are interesting, during peak generation hours or other pos-

sibilities (RICHARDSON, 2013). Furthermore, the employment of bidirectional on-board PECs

also allows vehicles to return stored energy back to the grid, which is commonly referred as

Vehicle-to-Grid (V2G) operation.

By properly controlling bidirectional on-board PECs, the power flow between grid and

vehicle can be controlled aiming to perform additional functions in SGs or local microgrids

(YILMAZ & KREIN, 2013b; GALUS et al., 2013). Many works found in technical literature report

several different ancillary services that can be provided by PEVs in future SGs. For example,

harmonic filtering and reactive power compensation in residential installations (RODRIGUES,

2014; TANAKA et al., 2013), backup power supply and load demand shaping (demand side man-

agement), renewables and DG integration and support, frequency regulation and voltage support

(YILMAZ & KREIN, 2013b; RICHARDSON, 2013; GALUS et al., 2013).

1.1.3 ENERGY STORAGE SYSTEMS

The development of modern power networks, with high penetration of DG and PEVs, chal-

lenges operators to keep grid stability, reliability, efficiency and power quality. As Ribeiro et al.

(2001) states, advancements on Energy Storage Systems (ESSs) and power electronics are mak-

ing the application of energy storage technologies an useful tool to deal with modern system

operation issues. Power converters are used to integrate ESSs to the grid, performing charge and

discharge functions (VAZQUEZ et al., 2010). Also, PECs operate to meet, simultaneously, storage

device characteristics and grid connection requirements. As literature review indicates, batter-

ies, supercapacitors, flyweels, compressed air, superconducting magnetic systems are examples

of energy storage technologies that may suit several advanced functions in SGs (RIBEIRO et al.,
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2001; VAZQUEZ et al., 2010; KOOHI-KAMALI et al., 2013).

Energy storage plays a vital role on technical and economical aspects of transportation elec-

trification. The autonomy and performance of PEVs are directly related to the characteristics

of on-board ESS (FERREIRA, 2007). Two or more storage devices may be combined in a single

vehicle aiming to extend their lifespan and improve the power quality provided to propulsion

system (FERREIRA, 2007). For example, it is interesting to combine supercapacitors and bat-

teries in road electric vehicles (FERREIRA, 2007; VAZQUEZ et al., 2010). Several ancillary V2G

services, such as backup power supply and frequency regulation, also depend on energy storage

capacity to be implemented (VAZQUEZ et al., 2010; GALUS et al., 2013).

Renewable energy and DG resources are also supported by ESSs. A high penetration of PV

and wind systems, for example, may cause voltage and frequency oscillations due to intermittent

generation characteristics. Also, these power sources commonly generate more energy out of

peak demand periods (VAZQUEZ et al., 2010). Therefore, ESSs may be applied to smooth power

outputs and store energy during peak generation to be used later when necessary (ROBERTS &

SANDBERG, 2011).

As Vazquez et al. (2010) summarized, energy storage may also contribute in different ap-

plications regarding grid stability and control. For example ESSs help levelling demand curves,

absorbing energy at peak generation and delivering at peak consumption, which is called peak-

shaving. In this way, new infrastructure investments to meet load peaks may be postponed. In

frequency regulation, high-capacity energy storage can serve as permanent resources, whereas

low- and medium-capacity ESSs suit transient support (VAZQUEZ et al., 2010). In literature there

are several proposals for other applications of ESSs(KOOHI-KAMALI et al., 2013; VAZQUEZ et al.,

2010; RIBEIRO et al., 2001).

1.1.4 MICROGRIDS

An efficient and safe coordination of a whole SG, integrating a large number of DG re-

sources, PEVs and ESSs, is a daunting task for a centralized grid operator. This challenge may

be addressed by the concept of microgrids, which refers to a more decentralized management

of SG resources (HATZIARGYRIOU et al., 2007). Therefore, microgrids are expected to increase

renewable DG penetration in power grids, as well as to improve power quality by mitigating

disturbances and reducing outages (USTUN; OZANSOY & ZAYEGH, 2011). In this aim, several

works reported in literature are dedicated to the development of both DC and AC microgrid

systems (JUSTO et al., 2013).

Essentially, microgrids can be understood as small-scale power-grid assemblies that group
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loads and generators combined with storage resources, as well as management, control and

protection systems. By summarizing, a microgrid can be seen as a single unity that behaves

according to grid-connection constraints and provides ancillary services to the utility (USTUN;

OZANSOY & ZAYEGH, 2011).

Microgrids shall operate in grid-connected and disconnected (islanded) modes. The control

of PECs must meet specific requirements for each operation mode. In grid-connected mode,

power converters are controlled for proper grid synchronization, power flow control and DG

and ESSs integration. Islanding detection is also important for microgrid controllers in this

operating condition. On the other hand, when a microgrid operates in islanded mode, PECs

may perform to provide serveral features as, for example, voltage and frequency regulation,

independent local energy flow management and DG and ESSs integration. Microgrid controllers

are also supposed to monitor grid conditions for reconnection when possible or desired (JUSTO

et al., 2013; USTUN; OZANSOY & ZAYEGH, 2011).

1.1.5 ACTIVE POWER FILTERS

Active Power Filters (APFs), or simply active filters, are static power converters connected

to an electric grid to perform PC functions such as load balancing, harmonic filtering, power

factor correction, voltage unbalance mitigation and others. Active filters operate in real-time,

detecting load changes and adjusting compensation quantities. Another interesting feature is

the flexible operation of APFs, which may perform PC functions simultaneously. Compared

to traditional passive filters, APFs also present advantages regarding performance and volume

(AKAGI, 2005).

In technical literature, several different topologies and control techniques of active filters

have been discussed (AKAGI, 2005; EMADI; NASIRI & BEKIAROV, 2005; SINGH; AL-HADDAD &

CHANDRA, 1999). Basically, regarding the type of grid connection, APFs can be shunt (parallel)

or series filters. Shunt filters usually act as current sources, whereas series filters work as voltage

sources in the grid. The union of shunt and series APF into a single equipment is commonly

referred as Unified Power Quality Conditioner (UPQC). From constructive point of view, active

filters are also classified as pure or hybrid. Pure APFs are composed by power converters, i.e.,

more commonly Voltage Sourced Converters (VSCs). Hybrid APFs combine power converters

and passive components as inductors, capacitors and resistors (AKAGI, 2005; EMADI; NASIRI &

BEKIAROV, 2005; SINGH; AL-HADDAD & CHANDRA, 1999).

Active filters, specially those presenting shunt connection, can be found in commercial use

all over the world (AKAGI; WATANABE & AREDES, 2007). Recent works in this field of appli-
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cation dedicate to describing active filtering functions as additional features for grid-connected

converters such as those in electric vehicles (RODRIGUES, 2014; TANAKA et al., 2013) and PV

systems (NOROOZIAN & GHAREHPETIAN, 2013). Power electronic converters connected to the

grid may be controlled to perform active power filtering functions. This concept may con-

tribute to popularize the dissemination of active filters in distribution networks, contributing to

the power quality improvement, as well as incrementing the aggregated value of commercial

products.

As previously discussed in this work, it can be noted that power processing is a fundamental

issue for modern electric power networks. The current interest of research groups in this area,

as noted in recently published works, show that PC technology is under development and new

applications continue to emerge. The research proposals and results in this work also takes part

on the development of techniques for PC in modern electric networks. More specifically, this

work deals with power conditioning in two-phase three-wire networks.

1.2 TWO-PHASE THREE-WIRE CIRCUITS

In distribution power grids one may note several circuit configurations. The reasons for

choosing a topology are related to local load and urban characteristics, legislation, costs and

other challenges at the time of system planning. The main distribution system layouts are the

North American and the European, as illustrated in Figure 1 (SHORT, 2014). North American

primary networks typically present a multi-grounded three-phase four-wire configuration. The

phase and ground are used to connect single-phase transformers with center-tapped secondaries.

Each transformer supplies a few consumers only. In the European layout, primary circuits are

three-phase three-wire. Step down transformers are commonly connected in delta-wye (∆–Y)

and the neutral is grounded at the transformer location and at each consumer installation. In

comparison with American grids, a greater number of consumers is supplied by each trans-

former. In specific cases, as rural areas for instance, two phases are commonly used together

with center-tapped transformers (SHORT, 2014). Urban distribution grids in Brazil, where this

research is developed, are typically based on the European grids layout (AMPLA, 2011; LIGHT,

2014; AES ELETROPAULO, 2014; COPEL, 2016; CEMIG, 2013; CPFL, 2012; CELG-D, 2008).

Low-voltage distribution circuits typically present different configurations and ramifica-

tions at which consumers are connected:

i. three-phase three-wire, composed by three phase conductors;

ii. three-phase four-wire, formed by three phases and one neutral conductor;
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iii. single-phase two-wire, with one phase and neutral or two phase conductors;

iv. single-phase three-wire, formed by two live wires and one neutral in the secondary of a

center tap transformer, with line-to-neutral voltages displaced by 180◦; and

v. two-phase three-wire (2φ3w), a derivation of two phases and one neutral conductors from

a three-phase four-wire grid (SHORT, 2014).

Figure 1 – North American and European distribution layouts.

Source: Short (2014)

The reader should pay attention to avoid misunderstandings between two-phase three-wire

circuits and single-phase circuits composed by two phase conductors. For convenience, the

expression “two-phase three-wire” is also referred as “two-phase” in this work.

The type of power supply (single-phase, two-phase or three-phase) a consumer receives

from the utility depends on the local grid configuration and consumer power demand. High-

power loads often are supplied through three-phase circuits, whereas single-phase supplies are
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typically applied for low-power applications. Additionally, electricity distribution companies

in diverse countries employ 2φ3w circuits to feed low power electrical consumers as residences

and small business, for instance. This work focus in this kind of circuit. Such grid topology is

also observed in several countries as, for example, Australia (ESSENTIAL ENERGY, 2011; POW-

ERWATER CORPORATION, 2008; WESTERN POWER DISTRIBUTION AU & HORIZON POWER AU,

2015), United Kingdom (ANTONIOU; TZIMAS & ROWLAND, 2015; WESTERN POWER DISTRIBU-

TION UK, 2016), North America (WISCONSIN ELECTRIC POWER COMPANY, 2012) and Brazil

(ABNT, 2008; AMPLA, 2011; LIGHT, 2014; AES ELETROPAULO, 2014; COPEL, 2016; CEMIG,

2013; CPFL, 2012; CELG-D, 2008).

Two-phase power supplies are a simple and economic option that allows consumers to use

two voltage levels to connect single-phase loads. It is usual to feed ordinary wall sockets and

lighting circuits with phase-neutral circuits. Equipment with higher rated power, such as electric

showers and heaters, are preferably connected in phase-to-phase circuits. The main conditions

to provide 2φ3w power supplies, as defined by some of the utility companies in Brazil, are

described in Table 1 (AMPLA, 2011; LIGHT, 2014; AES ELETROPAULO, 2014; COPEL, 2016;

CEMIG, 2013; CPFL, 2012; CELG-D, 2008).

Table 1 – Conditions of low-voltage two-phase power supplying in Brazil.

Utility Company Voltage (V) Power (kVA)

AES Eletropaulo

127/220

120/208

115/230

≤ 20

≤ 20

> 5

CEMIG
127/220

127/254
< 15

COPEL 127/220 < 14

CPFL Paulista
127/220

220/380

12 – 25

15 – 25

Light 127/220 < 8

Ampla 127/220 8 – 10

CELG-D 220/380 12,1 – 25

The basic network configuration considered in this work is shown in Figure 2. It illustrates

a generic 2φ3w installation (or group of installations) supplied by a low-voltage three-phase

four-wire distribution grid.
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Figure 2 – Basic 2φ3w system topology.

Source: Own authorship.

Electrical installations in general are referred as “load” and “consumer” in this text, even

though they may also behave as energy sources due to local generation. The point at which

the consumer installation is connected to the power system is called the Point of Common

Coupling (PCC). The installation feeder comprises three conductors: two phases (a and b in this

example) and a grounded neutral. It is important to highlight that two-phase installations have

no physical access to the third phase, even though it exists in the grid. For simplicity, this work

considers that neutral and phase conductors have the same dimensions and characteristics (rs

and Ls). Considering the power level of two-phase installations, this consideration is reasonable

in most practical cases (ABNT, 2008).

Two-phase three-wire residential loads are typically composed of single-phase circuits,

which can be connected phase-to-phase (a-b) or phase-to-neutral (a-n or b-n). It is also com-

mon that one phase be more loaded than the other. Moreover, the load may present linear

or non-linear characteristics, with resistive and reactive elements (WATSON; SCOTT & HIRSCH,

2009; HARDIE & WATSON, 2010; GIL-DE-CASTRO et al., 2013). These characteristics are known

by causing power losses, ageing and overheating in transformers and cables, resonances, inter-

ferences in communication systems, bad operation of power meters and protection equipment

(FURTADO; RODRIGUES & BARBOSA, 2015b; IEEE, 2014).

Two-phase consumers typically represent relatively small loads to the power system, typ-

ically rating a few tens of kVA, as shown in Table 1. But, despite their small installed load,

these consumers are found in large number on distribution networks. The aggregate effects of

a large number of small installations may reach concerning levels (WATSON; SCOTT & HIRSCH,

2009; HARDIE & WATSON, 2010; GIL-DE-CASTRO et al., 2013). As discussed in the previous sec-

tion, power processing applications may take part on the mitigation of such issues to improve
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power quality, as well as providing other functionalities such as grid integration of PV and PEV

systems.

1.3 TOPOLOGIES OF TWO-PHASE THREE-WIRE GRID-CONNECTED VOLTAGE-
SOURCED CONVERTERS

At the time when this research was done, different converter topologies were analysed for

power processing applications in 2φ3w networks, specially for shunt APF functionalities. For

this reason, the topologies shown in this section are regarded as APFs, even though they may

also be used for other applications.

As previously reported by Furtado (2014b), the first studied approach was the use of two

single-phase power converters as shown in Figure 4.

Figure 3 – Two-phase shunt compensation with two independent single-phase APF.

Source: Own authorship.

Each converter is composed of a DC-link voltage, semiconductor switching branches and

inductive-resistive output filters. In this topology, the control of each converter can be com-

pletely independent and its use is well-known in technical
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Figure 4 – Two-phase shunt compensation with two independent single-phase APF.

Source: Own authorship.

literature (ASIMINOAEL; BLAABJERG & HANSEN, 2007; KHADKIKAR; CHANDRA & SINGH,

2009; MONFARED & GOLESTAN, 2012; COLAK et al., 2011). However, this scheme requires four

branches of static switches and two isolated DC-link voltages. Also, the independent control of

these converters may not guarantee the compensation of load imbalances.

These converters can also be integrated by sharing the same DC-link voltage. The resulting

topology, presenting a single capacitor, is illustrated in Figure 5. Also, the DC-voltage control

can be done by one of the single-phase converters which form this topology or, alternatively,

shared by both converters. Although the DC bus is shared, current control loops for each con-

verter in this topology is also independent.
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Figure 5 – Two-phase shunt compensation with two single-phase APF sharing the same DC
busbar.

Source: Own authorship.

It can be observed the converter topologies in Figure 4 and Figure 5 have two branches

connected to the same wire at the PCC, i.e., the neutral conductor. These branches can be

integrated in a single branch which synthesize simultaneously both currents −i f a and −i f b. In

this case, the current that flows through the neutral branch is:

i f n =−
(
i f a + i f b

)
. (1.1)

The resulting topology leads to the use of typical three-phase VSC, as illustrated in Fi-

gure 6. This integration reduces the number of static switches, as well as measurement, drive

and protection circuits. There is also the possibility of using well established current control

methods, as discussed in Chapter 4 of this work.
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Figure 6 – Two-phase three-wire shunt APF with a single DC busbar and neutral leg.

Source: Own authorship.

The converter topology of Figure 6 was already used in this research and is also adopted in

this work. The main challenge in this research is the development and improvement of control

techniques to properly integrate this converter topology into 2φ3w networks to perform power

conditioning features.

1.4 MOTIVATION

The majority of PC-related works report applications developed for single-phase and three-

phase power networks. Teodorescu, Liserre and Rodriguez (2011) and Chakraborty, Simões and

Kramer (2013), for example, describe a wide variety of PECs for renewable energy systems, al-

ways addressing single-phase and three-phase topologies. Yazdani and Iravani (2010) describe

in detail a wide variety of converters and applications in power systems, always dedicated to

single-phase and three-phase PECs. Akagi (2005) also states that “active filters can be divided

into single and three-phase active filters”. A survey on APFs technology, published by Singh,

Al-Haddad and Chandra (1999), classifies active filters as “two-wire (single-phase), three-wire
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(three-phase without neutral) and four-wire (three-phase with neutral)”. Another review on

harmonic detection methods for APF control also deals with single-phase and three-phase tech-

niques (ASIMINOAEL; BLAABJERG & HANSEN, 2007). In general terms, the vast majority of

technical works reported in literature deal with single-phase and three-phase electric circuits.

There are only a few scientific works addressing two-phase PC applications and control

techniques. Early works focused on specific applications such as the shunt active compensation

of welding equipment (HOJABRI & MOKHTARI, 2006) and rail transportation (WU et al., 2012).

The objective in these works was to compensate all current harmonics and reactive power de-

manded by 2φ3w loads. Emadi, Nasiri and Bekiarov (2005) also mentions the possible use of

back-to-back converters in Uninterrupted Power Supplies (UPSs) to feed 2φ3w loads from a

single-phase power supply. In all cases, single-phase control techniques were adapted to deal

with 2φ3w systems as the superposition of two single-phase circuits (HOJABRI & MOKHTARI,

2006; WU et al., 2012; EMADI; NASIRI & BEKIAROV, 2005).

The research related to this doctoral thesis proposal started in 2013, during the author Mas-

ter’s studies, when a conference paper was published (FURTADO et al., 2013). The first paper

discussed general principles of 2φ3w shunt compensation and described a control algorithm

for reference currents extraction in 2φ3w compensation. The control algorithm was based on

pq Theory concepts applied for single-phase circuits. In the following year, experimental re-

sults were also published (FURTADO et al., 2014). Afterwards, some other advancements were

reported, describing the integration of photovoltaic energy resources into 2φ3w networks (FUR-

TADO et al., 2015a), a two-phase shunt compensation strategy with neutral current mitigation

capability (FURTADO; RODRIGUES & BARBOSA, 2015b) and also a comparison of two possible

2φ3w compensation strategies (FURTADO et al., 2015c). Details of the control algorithms used

in these works are briefly reviewed in Chapter 2.

Another research group has also recently published works addressing the usage of a 2φ3w

APF to compensate nonlinear residential loads. Bueno et al. (2014) described the application of

a multilevel VSC to compensate current harmonics of 2φ3w nonlinear loads. Also in this con-

text, Fajardo et al. (2015) described a method to estimate and equalize capacitor voltages at the

multilevel VSC. These works also adapted single-phase techniques aiming to fully compensate

current harmonics and reactive power.

The works currently found in literature addressed two-phase PC applications using single-

phase approaches. Two-phase networks were analysed as two independent single-phase circuits

and single-phase techniques were adapted to control two-phase converters. Recently, Furtado,

Rodrigues and Barbosa (2015d) published a work showing that two-phase networks can be
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analysed as an unity and not only as two single-phase circuits. This approach simplifies the

implementation of control algorithms. The proposed two-phase analysis technique could be

applied to control power an APF and can be used in other PC applications as well.

In this context, the main motivation of this work is to describe new advancements on the

analysis and control of 2φ3w PECs, specially APFs. These advancements can be useful in

widening the adoption of SG technologies by a large number of 2φ3w consumers in coun-

tries like Brazil. Two-phase power conditioning can contribute to a proper integration of SG

resources and functionalities into two-phase residential and commercial installations, which

includes PV systems, electric vehicles, active filters, smart meters, UPSs and others. As previ-

ously discussed, the proper and wide adoption of such technologies aims, in a broad perspective,

to improve modern power networks in efficiency, reliability, safety, cost-effectiveness and qual-

ity in power delivery.

1.5 OBJECTIVES

In the discussed context, the main objectives of this work are to study and to propose new

techniques for analysis and control of 2φ3w networks and power conditioning equipment. Aim-

ing to achieve the main goals, the following specific objectives are pursued in this work:

i. To discuss the main applications of power conditioning in 2φ3w networks;

ii. To review concepts and techniques applied for power conditioning in single-phase and

three-phase networks;

iii. To present pq Theory concepts applied to two-phase three-wire circuits;

iv. To propose and to describe control techniques for power electronic converters connected

to 2φ3w networks;

v. To propose controllers and to implement the proposed 2φ3w power conditioning tech-

niques; and

vi. To validate the proposed concepts by presenting simulation and experimental results.

1.6 TEXT OUTLINE

A literature review regarding instantaneous powers concepts for both three-phase and single-

phase systems is presented in Chapter 2. The proposed use of the pq Theory concepts for two-
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phase three-wire circuits is presented and discussed in Chapter 3. A time-domain analysis is

also presented to allow the interpretation of two-phase quantities in the proposed definitions.

Based on the proposed concepts of two-phase instantaneous powers, techniques were de-

veloped to control 2φ3w shunt power conditioning equipment. The proposed control systems

are described in detail in Chapter 4. Simulation studies were performed aiming to validate the

control systems proposed in this work. The simulated system is described and results are pre-

sented and discussed in Chapter 5. Part of proposed control systems were tested in laboratory

and preliminary experimental results are also presented.

Chapter 6 presents conclusions achieved in this thesis and a list of the works published

during the development of this research. The proposals of new studies for future works are also

presented in Chapter 6, followed by bibliographical references. Appendix A and Appendix B

contain mathematical expressions of instantaneous powers obtained in time-domain analyses

discussed in Chapter 2 and Chapter 3, respectively. Finally, the Appendix C discusses the

choice of the method used in this work for voltage measurement.
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2 INSTANTANEOUS POWER THEORY: CONCEPTS REVIEW

This chapter aims to at briefly reviewing the main studies that constitute the background

for the development of this research. These concepts are discussed in this work aiming to ease

the understanding of the proposed definitions of two-phase instantaneous powers discussed in

Chapter 3, as well as allowing the drawn of parallels between the proposed 2φ3w powers and

the power definitions already present in technical literature.

2.1 THE INSTANTANEOUS POWER THEORY

The instantaneous power theory, or simply pq Theory, is a set of three-phase time-domain

power definitions initially developed and originally published in a conference by Akagi, Kana-

zawa and Nabae (1983) and later in a journal publication (AKAGI; KANAZAWA & NABAE, 1984).

These definitions were generalized after some time by Watanabe, Stephan and Aredes (1993)

to comprise three-phase four-wire systems, considering zero-sequence voltages and currents.

Several works found in literature show that other authors also contributed to the analysis, de-

velopment and generalization of instantaneous powers concepts (KIM & AKAGI, 1999; KIM &

AKAGI, 1997; PENG & LAI, 1996). This wide set of concepts and applications related to the

pq Theory were brought together and didactically presented in a book by Akagi, Watanabe and

Aredes (2007).

Since its first presentation, the pq Theory proved to be a powerful tool for analysis, de-

sign and control of PC equipment. Furthermore, the definitions of the pq Theory also provide

a physical interpretation of power quantities in three-phase systems, including non-linear cha-

racteristics (AKAGI; WATANABE & AREDES, 2007). Whereas conventional power definitions are

based on rms and/or average values for steady-state and sinusoidal conditions, the pq Theory

uses instantaneous values of voltages and currents to calculate power quantities. This approach

is specially useful to deal with electric powers in non-linear circuits in steady-state or transient

conditions (AKAGI; WATANABE & AREDES, 2007).

The Clarke transformation is used in the pq Theory to represent three-phase voltages and
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currents from their natural (abc) coordinates into an orthogonal reference frame named αβ0.

The Clarke transformation is expressed as:


xα

xβ

x0

=

√
2
3



1 −1
2
−1

2

0

√
3

2
−
√

3
2

1√
2

1√
2

1√
2




xa

xb

xc

 , (2.1)

where the triplets (xa, xb, xc) and
(
xα , xβ , x0

)
stand for the quantities in the abc and αβ0 refe-

rence frames, respectively. The factor
√

2
3 is used to provide power invariance between abc and

αβ powers (AKAGI; WATANABE & AREDES, 2007).

The αβ quantities obtained with (2.1) can be understood as the orthogonal projections

of an space vector denoted as ~x. Under balanced sinusoidal conditions, ~x presents constant

amplitude, performing a circular trajectory in the αβ plane, as illustrated in Figure 7. If the

abc quantities presents the phase sequence a–b–c, then the space vector rotates in the counter

clockwise direction, that is, in the α–β phase sequence (AKAGI; WATANABE & AREDES, 2007).

Figure 7 – Space vector representation in the abc (a) and αβ (b) reference frames.

(a) (b)

Source: Own authorship.

The three-phase instantaneous powers are defined, in terms of αβ0 voltages and currents,

as:
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
p

q

p0

=


p̄+ p̃

q̄+ q̃

p̄0 + p̃0

=


vα vβ 0

vβ −vα 0

0 0 v0




iα
iβ
i0

 , (2.2)

where p is the instantaneous real power, q is the imaginary power and p0 is called zero-sequence

power. Each of the instantaneous power components can be decomposed in an average (p̄ , q̄ and

p̄0) and an oscillating zero-averaged components (p̃ , q̃ and p̃0) (AKAGI; WATANABE & AREDES,

2007).

Next section briefly discusses the resulting instantaneous powers for different voltage and

current conditions, as also treated by Akagi, Watanabe and Aredes (2007). The understanding

of these results is important in the context of this work.

2.1.1 TIME-DOMAIN ANALYSIS OF THE PQ THEORY

2.1.1.1 SINUSOIDAL BALANCED CONDITIONS

A set of sinusoidal balanced three-phase voltages and currents can be respectively expressed

as 
va =

√
2 V+ sin(ωt)

vb =
√

2 V+ sin(ωt−2π/3)

vc =
√

2 V+ sin(ωt +2π/3)

(2.3)

and 
ia =
√

2 I+ sin
(
ωt +φi+

)
ib =
√

2 I+ sin
(
ωt−2π/3+φi+

)
ic =
√

2 I+ sin
(
ωt +2π/3+φi+

) , (2.4)

where V+ and I+ represent root mean square (rms) value of positive-sequence voltages and

currents, respectively.

The application of Equation 2.1 to transform these quantities into the αβ0 reference frame

results in 
vα =

√
3 V+ sin(ωt)

vβ =−
√

3 V+ cos(ωt)

v0 = 0

(2.5)

and 
iα =

√
3 I+ sin

(
ωt +φi+

)
iβ =−

√
3 I+ cos

(
ωt +φi+

)
i0 = 0

, (2.6)
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Finally, substituting (2.5) and (2.6) into (2.2), the result obtained for the instantaneous

powers is mathematically expressed as
p = p̄ = 3V+I+ cos

(
φi+
)

q = q̄ =−3V+I+ sin
(
φi+
)

p0 = 0

(2.7)

This condition is illustrated in the following example waveforms. Figure 8 and Figure 9

show three-phase balanced sinusoidal voltages and currents with V+ = 127 V and I+ = 35 A,

respectively.

Figure 8 – Three-phase abc balanced voltages with V+ = 127 V.
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Figure 9 – Three-phase abc balanced currents with I+ = 35 A and φi+ =−π

6
rad.
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The waveforms in Figure 10 and Figure 11 illustrate the three-phase example quantities

represented in the αβ0 reference frame through the application of the Clarke transformation

(2.1).
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Figure 10 – Three-phase balanced voltages in the αβ0 reference frame.
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Figure 11 – Three-phase balanced currents in the αβ0 reference frame.
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Figure 12 shows graphically the constant behaviour of the instantaneous powers obtained

in this example, which matches with the expression in (2.7).

Figure 12 – Three-phase instantaneous powers under sinusoidal balanced conditions.
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These results match the conventional power definitions, as described by (AKAGI; WATAN-

ABE & AREDES, 2007). The instantaneous powers p and q equal the three-phase active and
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reactive powers denoted as P3φ and Q3φ , respectively. This result confirms the power invariance

between the pq Theory and conventional definitions for sinusoidal balanced conditions (AKAGI;

WATANABE & AREDES, 2007).

2.1.1.2 SINUSOIDAL UNBALANCED CONDITIONS

Through the symmetrical components introduced by Fortescue, any set of unbalanced three-

phase quantities can be decomposed into three sets of balanced quantities called positive-, neg-

ative and zero-sequence components (GRAINGER & STEVENSON, 1994). Therefore, unbalanced

voltages and currents of a three-phase system can be generically expressed as

va =
√

2 V+ sin(ωt)+
√

2 V− sin
(
ωt +φv−

)
+

+
√

2 V0 sin(ωt +φv0)

vb =
√

2 V+ sin(ωt−2π/3)+
√

2 V− sin
(
ωt +2π/3+φv−

)
+

+
√

2 V0 sin(ωt +φv0)

vc =
√

2 V+ sin(ωt +2π/3)+
√

2 V− sin
(
ωt−2π/3+φv−

)
+

+
√

2 V0 sin(ωt +φv0)

(2.8)

and 

ia =
√

2 I+ sin
(
ωt +φi+

)
+
√

2 I− sin
(
ωt +φi−

)
+

+
√

2 I0 sin(ωt +φi0)

ib =
√

2 I+ sin
(
ωt−2π/3+φi+

)
+
√

2 I− sin
(
ωt +2π/3+φi−

)
+

+
√

2 I0 sin(ωt +φi0)

ic =
√

2 I+ sin
(
ωt +2π/3+φi+

)
+
√

2 I− sin
(
ωt−2π/3+φi−

)
+

+
√

2 I0 sin(ωt +φi0)

, (2.9)

where V+, V− and V0 are the rms values of positive-, negative- and zero-sequence voltages.

Analogous definitions are adopted for I+, I− and I0.

By applying the Clarke transformation to these quantities, the resulting αβ0 components

can be written as 
vα =

√
3 V+ sin(ωt)+

√
3 V− sin

(
ωt +φv−

)
vβ = −

√
3 V+ cos(ωt)+

√
3 V− cos

(
ωt +φv−

)
v0 =

√
6 V0 sin(ωt +φv0)

(2.10)

and 
iα =

√
3 I+ sin

(
ωt +φi+

)
+
√

3 I− sin
(
ωt +φi−

)
iβ = −

√
3 I+ cos

(
ωt +φi+

)
+
√

3 I− cos
(
ωt +φi−

)
i0 =

√
6 I0 sin(ωt +φi0)

. (2.11)
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It can be noted that the Clarke transformation separates zero-sequence voltages and cur-

rents. Therefore, these components are not expected to take part in p and q, but only in p0.

Indeed, applying the pq Theory definitions, the resulting instantaneous powers are given by:{
p̄ = 3V+I+ cos

(
φi+
)
+3V−I− cos

(
φv−−φi−

)
p̃ = −3V+I− cos

(
2ωt +φv+ +φi−

)
−3V−I+ cos

(
2ωt +φv−+φi+

) , (2.12)

{
q̄ = −3V+I+ sin

(
φi+
)
−3V−I− sin

(
φv−−φi−

)
q̃ = −3V+I− sin

(
2ωt +φv+ +φi−

)
+3V−I+ sin

(
2ωt +φv−+φi+

) , (2.13)

and {
p̄0 = 3V0I0 cos(φv0−φi0)

p̃0 = −3V0I0 cos(2ωt +φv0 +φi0)
. (2.14)

Aiming to illustrate these conditions, Figure 13 and Figure 14 present example waveforms

of three-phase unbalanced sinusoidal voltages and currents, respectively.

Figure 13 – Three-phase abc unbalanced sinusoidal voltages with V+ = 127 V, V− = 10 % of
V+ and V0 = 5 % of V+.
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Figure 14 – Three-phase abc unbalanced sinusoidal currents with I+ = 35 A, I− = 20 % of I+
and I0 = 5 % of I+.

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

−50

0

50

Time (s)

C
ur

re
nt

s(
A

)

 

 

i
a

i
b

i
c

Source: Own authorship.



45

Figure 15 and Figure 16 illustrate the example unbalanced three-phase quantities repre-

sented in the αβ0 reference frame.

Figure 15 – Three-phase sinusoidal unbalanced voltages in the αβ0 reference frame.
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Figure 16 – Three-phase sinusoidal unbalanced currents in the αβ0 reference frame.
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Finally, instantaneous powers obtained with these quantities are shown graphically in Fi-

gure 17, at which is possible to observe that p, q and p0 oscillate with 2ω frequency around a

constant non-zero value.
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Figure 17 – Three-phase instantaneous powers under sinusoidal unbalanced conditions.
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As discussed by Akagi, Watanabe and Aredes (2007), p̄ and q̄ result from interactions of

voltages and currents with the same symmetrical component, whereas p̃ and q̃ result from vol-

tages and currents with different symmetrical components. The zero-sequence power p̄0 exists

only if there are both zero-sequence voltage and current, which is possible only in three-phase

four-wire circuits. Zero-sequence power always present both average an oscillating compo-

nents.

2.1.1.3 UNBALANCED AND HARMONIC DISTORTED CONDITIONS

The most general case occurs when both, voltages and currents, contain harmonic compo-

nents and, additionally, unbalances in harmonic frequencies. Aiming to analyse instantaneous

powers under these conditions, three-phase quantities can be expressed as:

va =
∞

∑
h=1

√
2Vh+ sin

[
h(ωt)+φvh+

]
+

∞

∑
h=1

√
2Vh− sin

[
h(ωt)+φvh−

]
+

+
∞

∑
h=1

√
2Vh0 sin [h(ωt)+φvh0]

vb =
∞

∑
h=1

√
2Vh+ sin

[
h(ωt−2π/3)+φvh+

]
+

∞

∑
h=1

√
2Vh− sin

[
h(ωt +2π/3)+φvh−

]
+

+
∞

∑
h=1

√
2Vh0 sin [h(ωt)+φvh0]

vc =
∞

∑
h=1

√
2Vh+ sin

[
h(ωt +2π/3)+φvh+

]
+

∞

∑
h=1

√
2Vh− sin

[
h(ωt−2π/3)+φvh−

]
+

+
∞

∑
h=1

√
2Vh0 sin [h(ωt)+φvh0]

(2.15)
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and

ia =
∞

∑
h=1

√
2Ih+ sin

[
h(ωt)+φih+

]
+

∞

∑
h=1

√
2Ih− sin

[
h(ωt)+φih−

]
+

+
∞

∑
h=1

√
2Ih0 sin [h(ωt)+φih0]

ib =
∞

∑
h=1

√
2Ih+ sin

[
h(ωt−2π/3)+φih+

]
+

∞

∑
h=1

√
2Ih− sin

[
h(ωt +2π/3)+φih−

]
+

+
∞

∑
h=1

√
2Ih0 sin [h(ωt)+φih0]

ic =
∞

∑
h=1

√
2Ih+ sin

[
h(ωt +2π/3)+φih+

]
+

∞

∑
h=1

√
2Ih− sin

[
h(ωt−2π/3)+φih−

]
+

+
∞

∑
h=1

√
2Ih0 sin [h(ωt)+φih0]

.

(2.16)

The respective αβ0 components obtained through the Clarke transformation are:
vα =

∞

∑
h=1

√
3 Vh+ sin

[
h(ωt)+φvh+

]
+

∞

∑
h=1

√
3 Vh− sin

[
h(ωt)+φvh−

]
vβ = −

∞

∑
h=1

√
3 Vh+ cos

[
h(ωt)+φvh+

]
+

∞

∑
h=1

√
3 Vh− cos

[
h(ωt)+φvh−

]
v0 =

∞

∑
h=1

√
6 Vh0 sin [h(ωt)+φvh0]

(2.17)

and 
iα =

∞

∑
h=1

√
3 Ih+ sin

[
h(ωt)+φih+

]
+

∞

∑
h=1

√
3 Ih− sin

[
h(ωt)+φih−

]
iβ = −

∞

∑
h=1

√
3 Vh+ cos

[
h(ωt)+φvh+

]
+

∞

∑
h=1

√
3 Ih+ cos

[
h(ωt)+φih−

]
i0 =

∞

∑
h=1

√
6 Ih0 sin [h(ωt)+φih0]

. (2.18)

In the context of this work, it is important to note that αβ components obtained through

the Clarke transformation are always orthogonal, even including harmonic terms. For each har-

monic frequency, β lags α by
π

2
rad. This property guarantees orthogonality. Another property

to be highlighted is that α and β components obtained through the Clarke Transformation have

no influence of zero-sequence components at any harmonic frequency.
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The calculation of instantaneous powers as defined in (2.2) leads to the following results:

p̄ =
∞

∑
h=1

3Vh+Ih+ cos
(
φvh+−φih+

)
+

∞

∑
h=1

3Vh−Ih− cos
(
φvh−−φih−

)
p̃ = ∑

h6=k
3Vh+Ik+ cos

[
(h− k)ωt +φvh+−φih+

]
+

+ ∑
h6=k

3Vh−Ik− cos
[
(h− k)ωt +φvh−−φih−

]
+

+
∞

∑
h=1

∑
k
−3Vh+Ik− cos

[
(h+ k)ωt +φvh+ +φih−

]
+

+
∞

∑
h=1

∑
k
−3Vh−Ik+ cos

[
(h+ k)ωt +φvh−+φih+

]
, (2.19)



q̄ =
∞

∑
h=1

3Vh+Ih+ sin
(
φvh+−φih+

)
−

∞

∑
h=1

3Vh−Ih− sin
(
φvh−−φih−

)
q̃ = ∑

h6=k
3Vh+Ik+ sin

[
(h− k)ωt +φvh+−φih+

]
+

+ ∑
h6=k
−3Vh−Ik− sin

[
(h− k)ωt +φvh−−φih−

]
+

+
∞

∑
h=1

∑
k
−3Vh+Ik− sin

[
(h+ k)ωt +φvh+ +φih−

]
+

+
∞

∑
h=1

∑
k

3Vh−Ik+ sin
[
(h+ k)ωt +φvh−+φih+

]
(2.20)

and


p̄0 =

∞

∑
h=1

3Vh0Ih0 cos(φvh0−φih0)

p̃0 = ∑
h 6=k

3Vh0Ih0 cos [(h− k)ωt +φvh0−φih0]+

+
∞

∑
h=1

∑
k
−3Vh0Ih0 cos [(h+ k)ωt +φvh0 +φih0 ]

. (2.21)

It can be observed that constant power parcels p̄, q̄ and p̄0 are always generated by voltages

and currents at the same voltage and phase sequence and frequency. Interactions between quan-

tities in different frequencies and/or phase sequences produce oscillating power components p̃,

q̃ and p̃0 (AKAGI; WATANABE & AREDES, 2007). These characteristics are useful in power condi-

tioning applications. As broadly shown by Akagi, Watanabe and Aredes (2007), by separating

p and q in their oscillating and average parcels, it becomes possible to obtain the voltage and/or

current components which produce each power parcel. The three-phase instantaneous powers

obtained in the example used in this section are illustrated in Figure 22.

These conditions are exemplified in voltage and current waveforms in Figure 18 and Fi-

gure 19, respectively. These figures show three-phase quantities with unbalances and harmonic

distortions.
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Figure 18 – Three-phase unbalanced and distorted voltages with V1+ = 127 V, V1− = 10 % of
V1+ and V3+ = 5 % of V1+ .
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Figure 19 – Three-phase unbalanced and distorted currents with I1+ = 35 A, I1− = 20 % of I1+ ,
I3+ = 10 % of I1+ and I5+ = 5 % of I1+ .
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The application of the Clarke transformation Equation 2.1 result in the αβ0 voltages and

currents illustrated in Figure 20 and Figure 21, respectively.

Figure 20 – Example waveforms of three-phase unbalanced and harmonic distorted voltages in
the αβ0 reference frame.
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Figure 21 – Example waveforms of three-phase unbalanced and harmonic distorted currents in
the αβ0 reference frame.
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Finally, Figure 22 illustrates the instantaneous powers obtained with the example quantities.

It is possible to observe the existence of a p0 power due to 3rd order harmonics present in

both voltages and currents. Also, p and q present average values and oscillations caused by

interactions between different phase sequences and frequency harmonic components.

Figure 22 – Three-phase instantaneous powers under unbalance and harmonic distortion condi-
tions.
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The concepts and expressions discussed in this section are useful in Chapter 3, which com-

pares the results of the pq Theory and the concepts of two-phase instantaneous powers proposed

in this work.

2.2 SINGLE-PHASE INSTANTANEOUS POWERS

As previously mentioned, the concepts of The pq Theory were originally conceived for

three-phase systems. The successful application of the pq Theory attracted the attention of re-

searchers for applications in single-phase power conditioning. In this context, adaptations of
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the pq Theory were proposed aiming to employ its concepts to deal with power conditioning

applications in single-phase circuits. It must be kept in mind that the concepts of single-phase

αβ powers are a mathematical approach that showed to be useful to extract reference signals

for static power compensators (LIU; YANG & WANG, 1999; HAQUE, 2002b; KHADKIKAR; CHAN-

DRA & SINGH, 2009; FURTADO et al., 2013). However, this approach do not guarantee a proper

physical interpretation of power flow process in single-phase circuits. The cited works do not

treat this aspect of single-phase αβ instantaneous powers.

Liu, Yang and Wang (1999) presented a single-phase harmonic detection method based on

the pq Theory and described its application in hybrid active filters. In such approach, single-

phase voltage and current were represented in virtual two-phase αβ orthogonal system. Then,

single-phase instantaneous powers can be calculated in terms of single-phase αβ voltages and

currents as: [
p1φ

q1φ

]
=

[
p̄1φ + p̃1φ

q̄1φ + q̃1φ

]
=

[
vα vβ

vβ −vα

][
iα
iβ

]
. (2.22)

Haque (2002a), Haque (2002b), Saitou and Shimizu (2002) published works describing si-

milar concepts in the control of single-phase hybrid filters for harmonic currents and reactive

power compensation. Similarly as what Liu, Yang and Wang (1999) presented, Haque (2002a),

Haque (2002b), Saitou and Shimizu (2002) based their works on a virtual two-phase orthogo-

nal representation of single-phase voltage and current. The single-phase instantaneous powers

were also calculated according to (2.22). The proposed single-phase approach of instantaneous

powers was named as the “Single-phase pq Theory”. Haque (2002a), Haque (2002b) also rein-

forces the association with the original pq Theory by referring to the single-phase instantaneous

powers (p1φ and q1φ ) as the “single-phase version of instantaneous active and imaginary po-

wers”, respectively. These expressions are also adopted in this thesis. The reader should, how-

ever, keep in mind the distinction between the meaning behind single-phase and three-phase

instantaneous powers concepts.

Khadkikar, Chandra and Singh (2009) identified a lack of technical studies regarding single-

phase instantaneous powers. These authors proposed a “generalized single-phase pq theory for

active power filtering”. The proposed improvement consisted of applying a single-phase Phase-

Locked Loop (PLL) to track the fundamental voltage of the power supply. The insertion of a

PLL in the instantaneous powers calculation algorithm allowed the compensation of undesired

effects caused by voltage distortions. That is an aspect that was not covered by previous works

regarding the Single-phase pq Theory (KHADKIKAR; CHANDRA & SINGH, 2009). Such work

also described the usage of the Single-phase pq Theory in two different strategies for current

control: “the direct current control technique” and the “indirect current control technique”



52

(KHADKIKAR; CHANDRA & SINGH, 2009).

The common point between the works of Liu, Yang and Wang (1999), Haque (2002a),

Haque (2002b), Saitou and Shimizu (2002) and Khadkikar, Chandra and Singh (2009) is the

representation of single-phase voltage and current in the orthogonal stationary αβ reference

frame. Then, these authors apply Akagi’s powers definitions to obtain single-phase instan-

taneous powers in terms of αβ quantities. The next section discusses the representation of

single-phase signals in the αβ reference frame. An analysis of single-phase instantaneous po-

wers is presented in Section 2.2.2.

2.2.1 SINGLE-PHASE αβ TRANSFORMATION

The operation of transforming a single-phase signal into the orthogonal stationary reference

frame is referred in this work as “single-phase αβ transformation” or, alternatively, as “a–αβ

transformation”. This operation is described in different ways in technical literature. Liu, Yang

and Wang (1999) defined the a-αβ transformation as a phase lag corresponding to 90◦ in the

fundamental frequency, as illustrated in the block diagram of Figure 23. Haque (2002a), Haque

(2002b), in turn, performed the single-phase αβ transformation by leading single-phase signals

by 90◦ of the fundamental frequency, as illustrated in Figure 24. A third scheme, shown in

Figure 25, was used by Furtado et al. (2014) as an alternative to represent single-phase signals

in the αβ reference frame.

Figure 23 – Single-phase αβ transformation by delaying signals.

(a) (b)

Source: Own authorship.
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Figure 24 – Single-phase αβ transformation by leading signals.

(a) (b)

Source: Own authorship.

Figure 25 – Alternative single-phase αβ transformation by lagging signals.

(a) (b)

Source: Own authorship.

Results obtained for all these three forms of αβ transformation are equivalent. In practice,

the choice between leading or lagging waveforms interferes only in the signal of the calculated

single-phase imaginary power.

Different techniques can be employed to implement the 90◦ phase shifting necessary to the

single-phase αβ transformation. Haque and Ise (2002) described a method based on all-pass

filter tuned at the fundamental frequency with the form

H(s) =−1−T1s
1+T1s

, (2.23)

where T1 is the inverse of fundamental angular frequency ω1 of the system. This all-pass filter

which imposes a 90◦ advance at the fundamental component of signals, was shown in the Bode

plot of Figure 26. However, the single-phase αβ transformation using H(s) has the disadvan-

tage that the phase shift imposed is not 90◦ at each harmonic frequencies, which distorts αβ

waveforms and causes errors in power calculations (FURTADO, 2014b).
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Figure 26 – Bode plot of H (s) for ω1 = 377 rad/s.

-1

-0.5

0

0.5

1

M
ag

ni
tu

de
 (

dB
)

10
1

10
2

10
3

10
4

0

45

90

135

180

P
ha

se
 (

de
g)

Frequency  (rad/s)

Source: Own authorship.

Furtado et al. (2013), Furtado et al. (2014) combined two alternative methods to perform a–

αβ transformations (FURTADO et al., 2013; FURTADO et al., 2014; FURTADO, 2014b). For current

αβ transformation, a vector was used to store sampled data corresponding to 90◦ of the signal.

Only after
1
4

of a period the vector starts to be read. This method produces an exact copy of the

signal, delayed by 90◦ at the fundamental frequency. Consequently, the phase shift at harmonic

components is h
π

2
rad, where h is the harmonic order. This method was described in more detail

by (FURTADO, 2014b).

As discussed by Khadkikar, Chandra and Singh (2009), it may be necessary to extract the

fundamental voltage in order to apply the Single-phase pq Theory. For this reason, Furtado

(2014b) used a Second-Order Generalized Integrator (SOGI) to implement voltage αβ trans-

formation. A SOGI system is capable of filtering harmonics for fundamental voltage extraction

and, simultaneously, generating a quadrature copy of the filtered signal (RODRIGUEZ et al., 2006)

(i.e., performing αβ transformation).

The methods used to implement single-phase αβ transformations are all based on shifting

the fundamental frequency component of signals by 90◦. However, due to the known methods,

the phase shift imposed to harmonic components is not 90◦. It means that single-phase αβ

quantities are not precisely orthogonal under the presence of harmonic distortions. These prop-

erties are different of those observed at three-phase αβ components obtained with the Clarke

transformation (see (2.17) and (2.18)). Therefore, it is expected that single-phase instantaneous
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powers behave different if compared with instantaneous active and reactive powers proposed

by Akagi. The characteristics and behaviour of single-phase αβ powers are discussed in next

section.

2.2.2 TIME-DOMAIN ANALYSIS OF THE SINGLE-PHASE PQ THEORY

As discussed in the previous section, there are different ways a single-phase αβ transfor-

mation can be implemented. The time-domain analysis presented in this section is based on

lagging measured voltages and currents by 90◦ of the fundamental frequency to obtain the β

component, as that illustrated in Figure 23. A factor
1
2

was included in (2.22) to provide power

invariance between classical definitions and the Single-phase pq Theory, resulting in:[
p1φ

q1φ

]
=

[
p̄1φ + p̃1φ

q̄1φ + q̃1φ

]
=

1
2

[
vα vβ

vβ −vα

][
iα
iβ

]
. (2.24)

2.2.2.1 SINUSOIDAL CONDITIONS

Under sinusoidal conditions, single-phase voltage and current are expressed, respectively,

as

va =
√

2V sin(ωt) (2.25)

and

ia =
√

2I sin(ωt +φi) . (2.26)

These quantities are represented in the αβ reference frame as{
vα =

√
2V sin(ωt)

vβ =
√

2V sin(ωt−π/2)
(2.27)

and {
iα =

√
2I sin(ωt +φi)

iβ =
√

2I sin(ωt +φi−π/2)
(2.28)

Applying the definitions in (2.24), the resulting single-phase instantaneous powers are{
p1φ = p̄1φ = V I cos(φi)

q1φ = q̄1φ = −V I sin(φi)
. (2.29)

As discussed by Akagi, Watanabe and Aredes (2007), classical concepts of active and re-

active powers in single-phase circuits are based on definitions of average and peak values of a
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power expression (i.e., the simple product between voltage and current). The results obtained in

this section for p1φ and q1φ meet the classical definitions of single-phase active and reactive po-

wers, respectively (AKAGI; WATANABE & AREDES, 2007). Single-phase αβ powers are constant

quantities obtained from instantaneous voltage and current only, with no need of averaging.

From this point of view, single-phase instantaneous powers, defined in the αβ domain, behave

similarly as Akagi’s three-phase instantaneous powers.

These conditions are exemplified in Figure 27, which illustrates waveforms of sinusoidal

single-phase voltage and current.

Figure 27 – Single-phase sinusoidal voltage and current with V = 127 V, I = 35 A and
φi =−

π

6
rad.
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Figure 28 and Figure 29 show the example single-phase voltage and current, respectively,

represented in the orthogonal αβ reference frame. In this example, the α-component is defined

as the original quantity, whereas the β -component is obtained with a
π

2
rad delay.

Figure 28 – Single-phase sinusoidal voltage in the αβ reference frame.
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Figure 29 – Single-phase sinusoidal current in the αβ reference frame.
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Finally, Figure 30 shows the single-phase instantaneous powers calculated according to

(2.22). It is possible to observe the expected constant behaviour according to (2.29).

Figure 30 – Single-phase instantaneous powers for sinusoidal voltage and current.
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2.2.2.2 DISTORTED CURRENT CONDITIONS

The next condition in this analysis considers current harmonic distortions. In this case, the

voltage is considered to contain only its fundamental component and is expressed as

va =
√

2V sin(ωt +φv1) . (2.30)

The harmonic distorted current waveform is generically expressed by a Fourier series, at

which the harmonic order is indicated by the index h:

ia =
∞

∑
h=1

√
2Ih sin [hωt +φih] . (2.31)
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The representation of such quantities in the αβ reference frame is{
vα =

√
2V sin(ωt +φv1)

vβ =
√

2V sin(ωt +φv1−π/2)
(2.32)

and 
iα =

∞

∑
h=1

√
2Ih sin [h(ωt)+φih]

iβ =
∞

∑
h=1

√
2Ih sin [h(ωt−π/2)+φih]

. (2.33)

As previously mentioned, the single-phase αβ transformation adopted in this analysis is

based on lagging signals by
π

2
rad of the signal fundamental frequency. Consequently, due to

this method, harmonic components are delayed by h
π

2
rad. Another important observation to

be done is that these αβ quantities contain all harmonics present in ia, including triplen and

zero-sequence harmonics. These characteristics are not observed in three-phase αβ quantities

obtained through the Clarke transformation (AKAGI; WATANABE & AREDES, 2007).

The calculation of single-phase αβ powers using (2.24) results in

p̄1φ = +V1I1 cos(φv1−φi1)

p̃1φ = +1
2V1I2 sin(ωt−φv1 +φi2)+

1
2V1I2 cos(ωt−φv1 +φi2)

+1
2V1I2 sin(3ωt+φv1 +φi2)− 1

2V1I2 cos(3ωt+φv1 +φi2)

−V1I3 cos(4ωt+φv1 +φi3)

−1
2V1I4 sin(3ωt−φv1 +φi4)+

1
2V1I4 cos(3ωt−φv1 +φi4)

−1
2V1I4 sin(5ωt+φv1 +φi4)− 1

2V1I4 cos(5ωt+φv1 +φi4)

+V1I5 cos(4ωt−φv1 +φi5)

+1
2V1I6 sin(5ωt−φv1 +φi6)+

1
2V1I6 cos(5ωt−φv1 +φi6)

+1
2V1I6 sin(7ωt+φv1 +φi6)−

1
2V1I6 cos(7ωt+φv1 +φi6)

−V1I7 cos(8ωt+φv1 +φi7)

−1
2V1I8 sin(7ωt−φv1 +φi8)+

1
2V1I8 cos(7ωt−φv1 +φi8)

−1
2V1I8 sin(9ωt+φv1 +φi8)− 1

2V1I8 cos(9ωt+φv1 +φi8)

+V1I9 cos(8ωt−φv1 +φi9) . . .

(2.34)

and
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

q̄1φ = V1I1 sin(φv1−φi1)

q̃1φ = −1
2V1I2 sin(ωt−φv1 +φi2)+

1
2V1I2 cos(ωt−φv1 +φi2)

−1
2V1I2 sin(3ωt+φv1 +φi2)− 1

2V1I2 cos(3ωt+φv1 +φi2)

−V1I3 sin(4ωt+φv1 +φi3)

−1
2V1I4 sin(3ωt−φv1 +φi4)− 1

2V1I4 cos(3ωt−φv1 +φi4)

−1
2V1I4 sin(5ωt+φv1 +φi4)+

1
2V1I4 cos(5ωt+φv1 +φi4)

−V1I5 sin(4ωt−φv1 +φi5)

−1
2V1I6 sin(5ωt−φv1 +φi6)+

1
2V1I6 cos(5ωt−φv1 +φi6)

−1
2V1I6 cos(7ωt+φv1 +φi6)−

1
2V1I6 sin(7ωt+φv1 +φi6)

−V1I7 sin(8ωt+φv1 +φi7)

−1
2V1I8 sin(7ωt−φv1 +φi8)− 1

2V1I8 cos(7ωt−φv1 +φi8)

−1
2V1I8 sin(9ωt+φv1 +φi8)+

1
2V1I8 cos(9ωt+φv1 +φi8)

−V1I9 sin(8ωt−φv1 +φi9) . . .

(2.35)

These results show the interaction of voltage and current at the fundamental frequency

produce only the constant power parcels p̄1φ and q̄1φ , as also shown in the previous section.

All other power components, produced by the interactions of voltage and currents in different

frequencies, are oscillatory with zero average.

The characteristics observed in p1φ and q1φ under harmonic distortions are similar to those

of three-phase Akagi’s instantaneous powers (AKAGI; WATANABE & AREDES, 2007). The power

components p̄1φ and q̄1φ can be used to separate the fundamental-frequency current in ia. Also,

it is possible to separate the fundamental frequency current in its “active” and “reactive” parcels

from p̄1φ and q̄1φ , respectively. These characteristics are specially useful for algorithms that

generate reference currents to be synthesized by APFs and other grid-connected converters

(LIU; YANG & WANG, 1999; HAQUE & ISE, 2002; KHADKIKAR; CHANDRA & SINGH, 2009).

Example waveforms are presented in Figure 31, which shows a single-phase sinusoidal

voltage and an harmonic distorted and delayed current.
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Figure 31 – Single-phase sinusoidal voltage with V = 127 V and distorted current with I1 =
35 A, I3 = 10 % and I5 = 5 % of I1.
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Source: Own authorship.

The representation of these quantities in terms of αβ coordinates is shown in Figure 32 and

Figure 33.

Figure 32 – Single-phase sinusoidal voltage in the αβ reference frame.
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Figure 33 – Single-phase harmonic distorted current in the αβ reference frame.
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The single-phase instantaneous powers obtained in this example are illustrated in Figure 34.
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It is possible to observe that these powers have non-zero constant components, due to the inter-

action of fundamental voltage and current. As previously discussed, the oscillations observed

in p1φ and q1φ are caused by the interactions between the fundamental voltage and harmonic

current components.

Figure 34 – Single-phase instantaneous powers under sinusoidal voltage and distorted current
conditions.
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2.2.2.3 VOLTAGE AND CURRENT DISTORTIONS

This section deals with the most general situation, in which both voltage and current present

harmonic distortions. In such condition, these quantities can be generically expressed as

va =
∞

∑
h=1

√
2Vh sin [h(ωt)+φvh] (2.36)

and

ia =
∞

∑
h=1

√
2Ih sin [h(ωt)+φih] . (2.37)

Applying the single-phase αβ transformation, the representation of these quantities in the

stationary reference frame result in
vα =

∞

∑
h=1

√
2Vh sin [h(ωt)+φvh ]

vβ =
∞

∑
h=1

√
2Vh sin

[
h
(

ωt− π

2

)
+φvh

] (2.38)

and 
iα =

∞

∑
h=1

√
2Ih sin [h(ωt)+φih]

iβ =
∞

∑
h=1

√
2Ih sin

[
h
(

ωt− π

2

)
+φih

] . (2.39)

The resulting expressions for the instantaneous powers p1φ and q1φ are quite long and not

easy to be simplified. Aiming to facilitate the text reading, these expressions are presented in
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Appendix A.

As expected, the behaviour of αβ powers observed in previous sections are still valid. That

is, constant power components p̄1φ and q̄1φ are always produced by voltages and currents at

the same frequency, whereas the products of harmonics of different orders result in oscillating

power components that take part in p̃1φ and q̃1φ .

However, there are characteristics that must be observed for the interactions between vol-

tage and current at the same odd harmonic order. These interactions contribute both to p̄1φ

and p̃1φ . Furthermore, these interactions never contribute to the imaginary power, despite the

phase difference between voltage and current at odd harmonic frequencies. The average imag-

inary power q̄1φ is composed exclusively by products of even harmonics and q̃1φ is formed by

products of harmonics of different orders. Due to this property, it becomes impracticable the

separation of second-order harmonic currents that produce constant power components from

those which produce oscillating powers.

The conditions analysed in this section are exemplified in Figure 35, at which is possible

to observe single-phase voltage and current with harmonic distortions. These quantities were

transformed into the αβ reference frame with a
π

2
rad delayed copy, as shown in Figure 36 and

Figure 37. The instantaneous single-phase powers obtained under these conditions are shown

illustrated in Figure 38. In a comparison with Figure 34, it is possible to observe in Figure 38

the power oscillations introduced by the 7th order harmonic in the voltage waveform.

Figure 35 – Single-phase harmonic distorted voltage with V1 = 127 V and V7 = 5 % of V1 and
current with I1 = 35 A, I3 = 10 % and I5 = 5 % I1.
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Figure 36 – Single-phase harmonic distorted voltage in the αβ reference frame.
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Figure 37 – Single-phase harmonic distorted current in the αβ reference frame.
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Figure 38 – Single-phase instantaneous powers under voltage and and current harmonic distor-
tions.
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Another aspect to be regarded is the application of the Single-phase pq Theory to deal with

three-phase systems as a superposition of three independent circuits. This sort of approach

was used by Liu, Yang and Wang (1999), Saitou and Shimizu (2002), Haque (2002a), Khad-

kikar, Chandra and Singh (2009) and others. The Single-phase pq Theory neglects unbalances,
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negative- and zero-sequence power flows. Therefore, in this sort of approach, it may be not

possible to achieve satisfactory compensation from the point of view of a three-phase power

supply.
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3 INSTANTANEOUS POWERS IN TWO-PHASE THREE-WIRE NETWORKS

3.1 APPLICATIONS IN TWO-PHASE THREE-WIRE POWER CONDITIONING

In previous works, the author of this dissertation studied different methodologies that ap-

plied the Single-phase pq Theory for power conditioning applications in 2φ3w networks. These

works dealt with 2φ3w systems as a superposition of single-phase circuits sharing a common

neutral conductor. On the other hand, the control algorithms become long

The first works published in this research treated the active compensation of reactive power

and harmonic current filtering of 2φ3w loads. These works discussed the principles behind the

idea of two-phase active compensation, suitable power converter topologies and the context at

which 2φ3w PC applications could be interesting. Even though each phase was compensated

independently, the developed algorithms also included a feature that allowed load balancing

between the two involved phases (FURTADO et al., 2013; FURTADO et al., 2014; FURTADO, 2014b).

Afterwards, Furtado et al. (2015a) applied the Single-phase pq Theory to implement a grid

synchronization and active power injection control strategy for PV systems in 2φ3w networks.

This work also showed that power inverters of PV systems can perform simultaneously both

power injection and APF functions.

Two different compensation strategies were developed for 2φ3w networks. The first stra-

tegy is named Double Single-Phase Strategy (DSPS). Power conditioning with DSPS results in

sinusoidal source currents synchronized with phase voltages (FURTADO et al., 2013; FURTADO

et al., 2014; FURTADO, 2014b). The second compensation strategy was named Zero Neutral

Current Strategy (ZNCS) (FURTADO; RODRIGUES & BARBOSA, 2015b). ZNCS was developed

to suppress the flow of neutral currents due to 2φ3w circuits. The application of ZNCS results

in sinusoidal source currents synchronized with line voltages and zero neutral current flowing

from the source (FURTADO; RODRIGUES & BARBOSA, 2015b). A comparison between DSPS and

ZNCS, discussing the pros and cons of each compensation strategy was published by Furtado

et al. (2015c).

Even though the Single-phase pq Theory was successfully applied for power conditioning
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applications for 2φ3w networks, some limiting aspects were faced in its experimental applica-

tion. For instance, single-phase algorithms must be implemented twice (once for each phase),

which lead to long codes. The representation of two-phase quantities in the αβ , as proposed by

Furtado (2014b), demands considerable memory space for data storage. Also, the time needed

to perform all calculations for two phases is quite long, which limits sampling and switching

frequencies in digital implementation of the algorithm.

Aiming to overcome such issues, this research was directed to investigate and study new

tools that can improve control algorithms for 2φ3w power conditioning equipment, as well

as simplify the analysis of the power flow process in 2φ3w networks. In this context, this

chapter describes an adaptation of the pq Theory for 2φ3w electric circuits. This adaptation

was firstly published by Furtado, Rodrigues and Barbosa (2015d) and is described and analysed

in more detail in this chapter. This approach deals with two-phase systems as an unity, not as

superposition of single-phase circuits nor as unbalanced three-phase systems.

3.2 TWO-PHASE αβ TRANSFORMATION

The three-phase and the single-phase forms of the pq Theory presented power definitions

based on representations of voltages and currents in an orthogonal stationary αβ reference

frame. The approach proposed in this work relies on a similar idea.

Initially, lets consider a pair of fundamental-frequency two-phase voltages or currents as-

sociated with phases a and b. These quantities can be generically expressed as{
xa =

√
2 Xa sin(ωt +φa)

xb =
√

2 Xb sin(ωt +φb)
, (3.1)

where xa and xb represent instantaneous values of line currents or phase voltages and Xa and Xb

represent the rms values of these quantities in phases a and b, respectively.

It is important to emphasize at this point that the 2φ3w circuits treated in this work are

derivations of three-phase four-wire circuits, at which phase c is not accessible. Therefore, since

the quantities in (3.1) are part of a three-phase system, they can be mathematically expressed in

terms of symmetrical components for three-phase systems described by Fortescue (1918).

In the context of this work, two-phase quantities are regarded as balanced if they have the

same amplitude (Xa = Xb) and the phase difference between them is 120◦ (| φb−φa |= 2π/3).

If these conditions are true, this situation is regarded as a “two-phase balance” in this text.

However, it must be kept in mind that a two-phase balance does not necessarily mean a balanced
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condition in the three-phase system which originated the 2φ3w circuit under analysis.

In these terms, a pair of two-phase balanced fundamental-frequency quantities associated

with phases a and b can be represented as
xa =

√
2 X sin(ωt)

xb =
√

2 X sin
(

ωt− 2π

3

)
. (3.2)

The linear transformation (3.3) is proposed to map two-phase voltages and currents from

their natural ab reference frame into an orthogonal stationary αβ reference frame:[
xα

xβ

]
=

1√
3

[ √
3 0

1 2

][
xa

xb

]
, (3.3)

where xα and xβ represent the quantities expressed in the αβ reference frame.

Other equation worth to be mentioned at this point is the inverse operation of (3.3), which

is used in further sections of this work, expressed as[
xa

xb

]
=

1
2

[
2 0

−1
√

3

][
xα

xβ

]
. (3.4)

A vector representation of two-phase quantities in their natural ab coordinates is shown in

Figure 39(a). The orientation of vectors~xa and~xb is fixed, whereas their amplitude correspond

to the instantaneous values of xa and xb, respectively. It must be noted the absence of a c-axis

quantity, which exists in a three-phase system but is not present in 2φ3w circuits studied in this

work. An equivalent orthogonal αβ representation of these vectors can be obtained by applying

the linear transformation (3.3). The resulting αβ representation is illustrated in Figure 39(b).

In this coordinate system, vectors ~xα and ~xβ stand for the orthogonal projections of a rotating

vector~x2φ .
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Figure 39 – Space vector representation in the ab (a) and αβ (b) reference frames.

(a) (b)

Source: Own authorship.

The rotating vector concept is similar to that employed by Akagi, Watanabe and Aredes

(2007) for three-phase systems. The length of~x2φ is constant if ab quantities are sinusoidal and

balanced (i.e., equal in amplitude and phase a leading phase b by 120 degrees). The rotation

with constant amplitude defines a circular trajectory performed by~x2φ over the plane, as illus-

trated in ??. The presence of harmonics in ab quantities would cause oscillations in the length

of~x2φ . Imbalances would make the vector perform an ellipsoidal trajectory. Also, the rotation

frequency equals the angular frequency ω of ab quantities. Assuming an a–b–c phase sequence,

αβ quantities respect an α–β sequence and~x2φ rotates in the anticlockwise direction.

The αβ reference frame is also commonly associated to the complex plane (AKAGI; WATAN-

ABE & AREDES, 2007; HAQUE, 2002a), where the α–axis is the Real and β–axis stand for the

Imaginary coordinates. In this case the vector~x2φ is described as

~x2φ = xα + jxβ , (3.5)

where j stands for the imaginary unity.

The relation in (3.3) was initially obtained in this research by means of the decomposition

of ab vectors on the desired αβ axis. It was observed later that other approaches converge

to the same result. The relation in (3.3) can also be achieved by presupposing the desired αβ

quantities in time-domain and determining the coefficients A, B, C and D of a linear combination

of ab quantities: {
xα = A xa +B xb =

√
2X sin(ωt)

xβ =C xa +D xb =−
√

2X cos(ωt)
. (3.6)
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A third approach is based on the Clarke transformation (2.1). The transformation in (3.3) results

if unbalances are neglected and one sets

xc =−(xa + xb) . (3.7)

As in the original and single-phase pq theories, two-phase instantaneous powers are calcu-

lated in terms of αβ -represented quantities. The two-phase powers are discussed on the next

section.

3.3 TWO-PHASE THREE-WIRE INSTANTANEOUS POWERS

As previously described by Akagi, Watanabe and Aredes (2007) for three-phase systems,

the instantaneous complex power is given by the product of the voltage vector and the conjugate

current vector. This concept can also be adopted for two-phase instantaneous power:

~s2φ =~v2φ ·~i∗2φ =
(
vα + jvβ

)
·
(
iα − jiβ

)
, (3.8)

where ~s2φ stands for the two-phase three-wire instantaneous complex power. This definition

yields

~s2φ =
(
vα iα + vβ iβ

)
+ j
(
vβ iα − vα iβ

)
. (3.9)

Akagi, Kanasawa and Nabae named the real parcel of the complex power as “real power”,

which unity is watt [W]. The imaginary term of the instantaneous complex power received

the name of “imaginary power”, given in “volt-ampere imaginary” [vai] (AKAGI; WATANABE

& AREDES, 2007). So, this work keeps these nomenclatures and measurement unities for two-

phase instantaneous powers.

Writing in matrix form, the calculation of 2φ3w instantaneous powers is expressed as[
p2φ

q2φ

]
=

[
vα vβ

vβ −vα

][
iα
iβ

]
, (3.10)

where p2φ is named “two-phase real power” and q2φ is called “two-phase imaginary power”.

It can be shown that, as observed internal signals labelled as “real” and “imaginary” po-

wers, based on the pq Theory for three-phase and single-phase circuits, two-phase powers are

composed by an average (constant) and an zero-averaged oscillatory power components:{
p2φ = p̄2φ + p̃2φ

q2φ = q̄2φ + q̃2φ

, (3.11)
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where
(

p̄2φ , q̄2φ

)
represent average (constant) values and

(
p̃2φ , q̃2φ

)
represent zero-averaged

oscillating parcels. This characteristic is quite useful in the design of controllers for grid-

connected converters. For these applications, it is commonly necessary to determine αβ cur-

rents from predefined instantaneous powers. This operation is done by applying the inverse

form of (3.10): [
iα
iβ

]
=

2
v2

α + v2
β

[
vα vβ

vβ −vα

][
p2φ

q2φ

]
. (3.12)

3.4 TIME-DOMAIN ANALYSIS OF TWO-PHASE POWERS

A time-domain analysis is presented in this section to demonstrate and discuss specific

characteristics that result from the application of the proposed ab–αβ transformation and 2φ3w

instantaneous powers.

3.4.1 SINUSOIDAL BALANCED CONDITIONS

This is the simplest situation, at which two-phase voltages and currents are balanced and

include no harmonic components. It is worth emphasizing that, for the context of this work,

2φ3w quantities are considered balanced if they are phase displaced by 2π/3 rad and have

equal amplitude and frequency.

The set of two-phase voltages for these conditions can be written as
va =

√
2V sin(ωt)

vb =
√

2V sin
(

ωt− 2π

3

)
, (3.13)

whereas line currents are expressed as
ia =

√
2I sin(ωt +φi)

ib =
√

2I sin
(

ωt− 2π

3
+φi

)
. (3.14)

Applying the transformation (3.3), the resulting ab–αβ quantities are{
vα =

√
2V sin(ωt)

vβ = −
√

2V cos(ωt)
(3.15)

and {
iα =

√
2I sin(ωt)

iβ = −
√

2I cos(ωt)
. (3.16)
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As previously mentioned, these results are comparable to those the Clarke transformation pro-

duces for three-phase balanced quantities.

At this point, it interesting to evaluate the instantaneous power in terms of the natural ab

reference frame:

pab = va ia + vb ib , (3.17)

where

pab = 2V I cos(φi)+V I cos(φi)cos
(

2ωt− 2π

3

)
−V I sin(φi)sin

(
2ωt− 2π

3

) . (3.18)

It is possible to observe a power parcel that flows unidirectionally and is never null, but

oscillates around an average value. It is an expected result, since it is exactly the behaviour

of a three-phase system if one phase is open. The active power is the average value expressed

in (3.18). It can also be noted a power parcel with zero average which amplitude V I sin(φi)

regards the conventional definition of reactive power. Therefore, both conventional active and

reactive powers present oscillations. Also, these oscillations are summed with the same fre-

quency 2ω in pab. This characteristics do not allow an independent and direct observation or

measurement of the corresponding active and reactive powers in the circuit.

On the αβ domain, the calculation of two-phase instantaneous powers by applying (3.10)

yields {
p2φ = p̄2φ = 2V I cos(φi)

q2φ = q̄2φ = −2V I sin(φi)
. (3.19)

Furthermore, aiming to illustrate the behaviour of 2φ3w instantaneous powers under sinu-

soidal balanced conditions, Figure 40 and Figure 41 show example waveforms of voltages and

currents.

Figure 40 – Two-phase three-wire sinusoidal balanced voltages with V = 127 V.
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Figure 41 – Two-phase three-wire sinusoidal balanced currents with I = 35 A and φi =−
π

6
rad.
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The αβ representation of these 2φ3w quantities is shown in Figure 42 and Figure 43. It is

possible to observe in these figures the orthogonality between α and β components, achieved

by the linear transformation (3.3).

Figure 42 – Two-phase sinusoidal balanced voltages in the αβ reference frame.
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Figure 43 – Two-phase sinusoidal balanced currents in the αβ reference frame.
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The 2φ3w instantaneous powers obtained with these quantities are illustrated in Figure 44.

Figure 44 – Two-phase instantaneous powers under voltage and current sinusoidal balanced
conditions.
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It can be observed that both p2φ and q2φ are constant under sinusoidal balanced conditions.

The real power equals the average value in (3.18). As Akagi, Watanabe and Aredes (2007)

highlighted for the three-phase pq theory, it is worth mentioning here that p2φ is obtained from

instantaneous voltages and currents, with no need of averaging. The real power corresponds to

the average power which flows unidirectionally from the source to the load (AKAGI; WATANABE

& AREDES, 2007). The imaginary power q2φ is related to the conventional definition of reactive

power. The two-phase imaginary power is a measurement of the amount of power continuously

exchanged between phases a and b. It can be observed that (3.3) and (3.10) provide both

voltage/current amplitude and power invariance between ab and αβ domains.

3.4.2 SINUSOIDAL UNBALANCED CONDITIONS

This section addresses situations at which quantities in phases a and b given in (3.1) do not

present the same amplitude or 2π/3 rad phase displacement. It must be clear that this work

refers to negative- and zero-sequence components present in three-phase system from which

2φ3w circuits derive.

As previously discussed, 2φ3w circuits in this work are a subset derived from a three-

phase four-wire system. Therefore, it is convenient that two-phase quantities are expressed and

analysed in terms of symmetrical components (FORTESCUE, 1918). Aiming to ease the inter-

pretation of their influence in two-phase instantaneous powers, separate analysis are presented

for negative- and zero-sequence unbalances
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3.4.2.1 NEGATIVE-SEQUENCE UNBALANCES

In this context, two-phase sinusoidal voltages with negative-sequence unbalances can be

generically expressed as
va =

√
2V+ sin(ωt)+

√
2V− sin

(
ωt +φv−

)
vb =

√
2V+ sin

(
ωt− 2π

3

)
+
√

2V− sin
(

ωt +
2π

3
+φv−

) (3.20)

and currents as
ia =

√
2I+ sin

(
ωt +φi+

)
+
√

2I− sin
(
ωt +φi−

)
ib =

√
2I+ sin

(
ωt− 2π

3
+φi+

)
+
√

2I− sin
(

ωt +
2π

3
+φi−

) . (3.21)

The ab–αβ transformation (3.3) for these quantities yields{
vα =

√
2V+ sin(ωt)+

√
2V− sin

(
ωt +φv−

)
vβ = −

√
2V+ cos(ωt)+

√
2V− cos

(
ωt +φv−

) , (3.22)

and {
iα =

√
2I+ sin

(
ωt +φi+

)
+
√

2I− sin
(
ωt +φi−

)
iβ = −

√
2I+ cos

(
ωt +φi+

)
+
√

2I− cos
(
ωt +φi−

) . (3.23)

It can be observed that positive- and negative-sequence components in two-phase αβ quan-

tities are equivalent to those which result from the Clarke transformation in three-phase systems.

The two-phase instantaneous powers which result by substituting these αβ quantities into (3.10)

are {
p̄2φ = 2V+I+ cos

(
φi+
)
+2V−I− cos

(
φv−−φi−

)
p̃2φ = −2V+I− cos

(
2ωt +φi−

)
−2V−I+ cos

(
2ωt +φv−+φi+

) . (3.24)

and {
q̄2φ = −2V+I+ sin

(
φi+
)
−2V−I− sin

(
φv−−φi−

)
q̃2φ = −2V+I− sin

(
2ωt +φi−

)
+2V−I+ sin

(
2ωt +φv−+φi+

) . (3.25)

The interaction between voltages and currents in the same phase sequence produce average

power parcels
(

p̄2φ and q̄2φ

)
, whereas products of voltages and currents with different phase

sequences result in oscillating power components
(

p̃2φ and q̃2φ

)
. These results are similar to

those shown by Akagi, Watanabe and Aredes (2007) for three-phase systems.

Two-phase voltages and currents with negative-sequence unbalances are illustrated in Fi-
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gure 45 and Figure 46. The two-phase αβ representations of these quantities are illustrated in

Figure 47 and Figure 48. The instantaneous powers obtained for these conditions are shown

in Figure 49, at which is possible to observe the oscillations with frequency 2ω due to the

interactions between components of different phase sequences.

Figure 45 – Two-phase sinusoidal negative-sequence unbalanced voltages with V+ = 127 V and
V− = 10 % of V+.
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Figure 46 – Two-phase sinusoidal negative-sequence unbalanced currents with I+ = 35 A and
I− = 20 % of I+.
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Figure 47 – Two-phase sinusoidal negative-sequence unbalanced voltages in the αβ reference
frame.
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Figure 48 – Two-phase sinusoidal negative-sequence unbalanced currents in the αβ reference
frame.
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Figure 49 – Two-phase instantaneous powers under voltage and current sinusoidal negative-
sequence unbalanced conditions.
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3.4.2.2 ZERO-SEQUENCE UNBALANCES

Two-phase voltages containing zero-sequence unbalance are expressed as
va =

√
2V+ sin(ωt)+

√
2V0 sin(ωt +φv0)

vb =
√

2V+ sin
(

ωt− 2π

3

)
+
√

2V0 sin(ωt +φv0)

(3.26)

and currents are written
ia =

√
2I+ sin

(
ωt +φi+

)
+
√

2I0 sin(ωt +φi0)

ib =
√

2I+ sin
(

ωt− 2π

3
+φi+

)
+
√

2I0 sin(ωt +φi0)

. (3.27)

Applying the ab–αβ transformation (3.3), the resulting voltages and currents are, respec-

tively, {
vα =

√
2V+ sin(ωt)+

√
2V0 sin(ωt +φv0)

vβ = −
√

2V+ cos(ωt)+
√

6V0 sin(ωt +φv0)
(3.28)

and {
iα =

√
2I+ sin

(
ωt +φi+

)
+
√

2I0 sin(ωt +φi0)

iβ = −
√

2I+ cos
(
ωt +φi+

)
+
√

6I0 sin(ωt +φi0)
. (3.29)

It can be noted that two-phase αβ quantities contain a parcel of zero-sequence components.

Unlike the Clarke transformation, the proposed ab–αβ transformation (3.3) is not able to filter

zero-sequence components.

Zero-sequence parcels observed in αβ voltages and currents also contribute to the power

flow process in 2φ3w circuits. Indeed, the instantaneous powers that result by applying (3.28)

and (3.29) into (3.10) are:

p̄2φ = 2V+I+ cos
(
φi+
)
+2V+I0 cos

(
φi0 +

π

3

)
+2V0I+ cos

(
−φi+ +φv0 +

π

3

)
+4V0I0 cos(φv0−φi0)

p̃2φ = −2V+I0 cos
(

2ωt +φi0−
π

3

)
−2V0I+ cos

(
2ωt +φi+ +φv0−

π

3

)
−4V0I0 cos(2ωt +φi0 +φv0)

(3.30)
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and
q̄2φ = −2V+I+ sin

(
φi+
)
−2V+I0 sin

(
φi0 +

π

3

)
+2V0I+ sin

(
φv0−φi+ +

π

3

)

q̃2φ = −2V+I0 sin
(

2ωt +φi0−
π

3

)
−2V0I+ sin

(
2ωt +φv0 +φi+−

4π

3

) . (3.31)

The waveforms of two-phase voltages and currents containing zero-sequence unbalances

are exemplified in Figure 50 and Figure 51, respectively. The representation of these quantities

in the αβ reference frame is also shown in Figure 52 and Figure 53. The two-phase instanta-

neous powers obtained under zero-sequence distortion conditions are shown in Figure 54. It is

possible to observe in this example that p2φ and q2φ contain oscillations with frequency 2ω that

result from the interaction between positive- and zero-sequence components.

Figure 50 – Two-phase sinusoidal zero-sequence unbalanced voltages with V+ = 127 V and
V0 = 5 % of V+.
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Figure 51 – Two-phase sinusoidal zero-sequence unbalanced currents with I+ = 35 A and I0 =
10 % of I+.
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Figure 52 – Two-phase sinusoidal zero-sequence unbalanced voltages in the αβ reference
frame.
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Figure 53 – Two-phase sinusoidal zero-sequence unbalanced currents in the αβ reference
frame.
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Figure 54 – Two-phase instantaneous powers under voltage and current sinusoidal zero-
sequence unbalanced conditions.
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The expressions and waveforms presented in this section show that zero-sequence voltages

and currents interact between themselves and with positive-sequence, producing average and
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oscillating real power components. The products of quantities with different phase sequence

also produce imaginary power components. It is also possible to show that a similar behaviour

can be observed if zero-sequence quantities interact with negative-sequence voltages and cur-

rents. However, it can be seen in (3.31) there are no imaginary powers due to the interaction of

zero-sequence voltages and currents. These characteristics are not observed in the pq Theory

applied in three-phase systems (AKAGI; WATANABE & AREDES, 2007).

Power conditioning applications typically require the extraction of average powers related

to the fundamental frequency positive-sequence voltages and currents. For this reason, the pre-

sence of average powers due to interactions between positive- and zero-sequence components

is an undesirable characteristic in 2φ3w instantaneous powers.

3.4.3 HARMONIC DISTORTED CONDITIONS

As previously discussed, the presence of nonlinear loads in power systems is related with

undesired harmonic voltage and current distortions. Power conditioning equipment are com-

monly applied to suppress or reduce the effects of such distortions in power grids (SINGH;

AL-HADDAD & CHANDRA, 1999; AKAGI, 2005). In this context, it is important to understand

the behaviour of two-phase αβ powers involving harmonic components.

The analysis regarding harmonics was divided into two parts in this work. The first part

considers sinusoidal voltages, whereas currents present harmonic components. This is a com-

mon situation in real applications, as discussed in next chapter. The second part discusses the

behaviour of 2φ3w powers under the presence of both voltage and current harmonic compo-

nents.

3.4.3.1 SINUSOIDAL VOLTAGES AND DISTORTED CURRENTS

This is the situation at which phase voltages are purely sinusoidal and displaced by 2π/3 rad,

whereas currents are composed by a fundamental-frequency component and an indefinite num-

ber of harmonics. These conditions are commonly faced in applications that use only fundamental-

frequency positive-sequence voltages to calculate instantaneous powers, as discussed in Chap-

ter 4.

In this case, phase voltages are mathematically expressed as
va =

√
2V sin(ωt)

vb =
√

2V sin
(

ωt− 2π

3

)
, (3.32)
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whereas distorted currents are generically written as
ia =

∞

∑
h=1

√
2Ih sin(hωt +φih)

ib =
∞

∑
h=1

√
2Ih sin

(
hωt−h

2π

3
+φih

) . (3.33)

Applying the transformation in (3.3), the resulting voltages and currents in αβ reference

frame are, respectively, {
vα =

√
2V sin(ωt)

vβ = −
√

2V cos(ωt)
(3.34)

and 
iα =

∞

∑
h=1

√
2 Ih sin(hωt +φih)

iβ =
∞

∑
h=1

√
2
3

Ih

[
sin(hωt +φih)+2sin

(
hωt +φih−h

2π

3

)] . (3.35)

Applying these quantities to calculate two-phase instantaneous powers according to (3.10),

are



p̄2φ = 2V I1 cos(φi1)

p̃2φ = −2V I2 cos(3ωt +φi2)

+V I3 cos(2ωt +φi3)−V I3
√

3sin(2ωt +φi3)

−V I3 cos(4ωt +φi3)−V I3
√

3sin(4ωt +φi3)

+2V I4 cos(3ωt +φi4)

−2V I5 cos(6ωt +φi5)

+V I6 cos(5ωt +φ i6)−
√

3V I6 sin(5ωt +φi6)

−V I6 cos(7ωt +φi6)−
√

3V I6 sin(7ωt +φi6)

+2V I7 cos(6ωt +φi7)

−2V I8 cos(9ωt +φi8)

+V I9 cos(8ωt +φi9)−
√

3V I9 sin(8ωt +φi9)

−V I9 cos(10ωt +φi9)−
√

3V I9 sin(10ωt +φi9)
...

(3.36)
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and 

q̄2φ = −2V I1 sin(φi1)

q̃2φ = −2V I2 sin(3ωt +φi2)

−
√

3V I3 cos(2ωt +φi3)−V I3 sin(2ωt +φi3)

+
√

3V I3 cos(4ωt +φi3)−V I3 sin(4ωt +φi3)

−2V I4 sin(3ωt +φi4)

−2V I5 sin(6ωt +φi5)

−
√

3V I6 cos(5ωt +φi6)−V I6 sin(5ωt +φi6)

+
√

3V I6 cos(7ωt +φi6)−V I6 sin(7ωt +φi6 +φv1)

−2V I7 sin(6ωt +φi7)

−2V I8 sin(9ωt +φi8)

−
√

3V I9 cos(8ωt +φi9)−V I9 sin(8ωt +φi9)

+
√

3V I9 cos(10ωt +φi9)−V I9 sin(10ωt +φi9)
...

. (3.37)

As already shown in this work, the products of voltages and currents of the same harmonic

order result in average power components p̄2φ q̄2φ . These expressions also show that the interac-

tion between fundamental-frequency voltage with current harmonics produce oscillatory power

components. This is an important property for power conditioning applications. It means that,

if fundamental-frequency voltages are known, it is possible to isolate fundamental frequency

currents in real time throughout the instantaneous power concepts.

The waveforms of sinusoidal voltages used to exemplify these conditions are shown in

Figure 55. The two-phase ab currents with harmonic distortions are illustrated in the waveforms

of Figure 56. The waveforms of these quantities, transformed into the αβ reference frame, are

illustrated in Figure 57 and Figure 58.

The 2φ3w instantaneous powers obtained in this example are shown in Figure 59, at which

is possible to observe oscillations at a few harmonic frequencies. As shown in (3.36) and (3.37),

these oscillations are originated in products of voltages and currents in different frequencies.
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Figure 55 – Two-phase sinusoidal voltages with V1 = 127 V.
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Figure 56 – Two-phase harmonic distorted currents with I1 = 35 A, I3 = 10 % and I5 = 5 % of
I1.
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Figure 57 – Two-phase sinusoidal voltages in the αβ reference frame.

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
−200

−100

0

100

200

Time (s)

V
ol

ta
ge

 (
V

)

 

 

vα
vβ

Source: Own authorship.



84

Figure 58 – Two-phase harmonic distorted currents in the αβ reference frame.
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Figure 59 – Two-phase instantaneous powers under sinusoidal balanced voltages and harmonic
distorted current conditions.
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3.4.3.2 DISTORTED VOLTAGES AND CURRENTS

This is the most general case comprising harmonics, which considers both voltages and

currents distortions.

In this case, ab quantities can be generically expressed as
va =

∞

∑
h=1

√
2Vh sin(hωt +φvh)

vb =
∞

∑
h=1

√
2Vh sin

(
hωt−h

2π

3
+φvh

) (3.38)

and 
ia =

∞

∑
h=1

√
2Ih sin(hωt +φih)

ib =
∞

∑
h=1

√
2Ih sin

(
hωt−h

2π

3
+φih

) . (3.39)
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These quantities are expressed in αβ reference frame as
vα =

∞

∑
h=1

√
2 Vh sin(hωt +φvh)

vβ =
∞

∑
h=1

√
2
3

Vh

[
sin(hωt +φvh)+2sin

(
hωt +φvh−h

2π

3

)] (3.40)

and 
iα =

∞

∑
h=1

√
2 Ih sin(hωt +φih)

iβ =
∞

∑
h=1

√
2
3

Ih

[
sin(hωt +φih)+2sin

(
hωt +φih−h

2π

3

)] . (3.41)

The application of (3.10) to calculate 2φ3w instantaneous powers result in expressions that

are not possible to come out any conclusion due their complexity. For this reason, and aim-

ing to ease the document reading, the resulting expressions for p2φ and q2φ are presented in

Appendix B.

For h = 1, the results equal those shown in the previous section. For most frequencies,

interactions between voltages and currents in the same frequency produce constant power com-

ponents. Interactions between harmonics of different orders result in oscillating power compo-

nents. On the other hand, two-phase instantaneous powers differ from Akagi, Watanabe and

Aredes (2007) three-phase powers regarding triplen harmonics, which present zero-sequence

characteristics. It can be seen in Appendix B that the products of triplen harmonics produce p̄2φ

and/or p̃2φ , but do not produce q2φ .

These conditions are exemplified in the 2φ3w voltages and currents of Figure 60 and Fi-

gure 61, respectively. The αβ representation of these quantities, according to (3.3) are shown

in Figure 62 and Figure 63. The two-phase instantaneous powers p2φ and q2φ are shown in

Figure 64. Compared to the situation discussed in the previous section, the two-phase powers

in Figure 64 present higher oscillations due to the introduction of voltage harmonics.
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Figure 60 – Two-phase harmonic distorted voltages with V1 = 127 V and V3 = 5 % of V1.
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Figure 61 – Two-phase harmonic distorted currents with I1 = 35 A, I3 = 10 % and I5 = 5 % of
I1.
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Figure 62 – Two-phase harmonic-distorted voltages in the αβ reference frame.
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Figure 63 – Two-phase harmonic distorted currents in the αβ reference frame.

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
−60

−40

−20

0

20

40

60

Time (s)

C
ur

re
nt

 (
A

)

 

 

iα
iβ

Source: Own authorship.

Figure 64 – Two-phase instantaneous powers under sinusoidal balanced voltages and harmonic
distorted current conditions.
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3.4.4 UNBALANCED AND HARMONIC DISTORTED CONDITIONS

The calculation and analysis of 2φ3w powers involving simultaneously harmonics and un-

balances in both voltages and currents is the most general situation to be considered in the

context of this work.

The resulting two-phase powers for these conditions are the superposition of the characte-

ristics observed in Section 3.4.1, Section 3.4.2, and Section 3.4.3. The complete expressions

of p2φ and q2φ lead to conclusions which have already been discussed. It can be shown in-

teractions between voltages and currents with the same frequency and phase sequence produce

constant power components p̄2φ and q̄2φ . On the other hand, interactions between voltages and

currents in different frequencies and/or phase sequence produce oscillatory power components

p̃2φ and q̃2φ . The interaction between zero-sequence voltages and currents, including triplen

harmonics, produce both constant and oscillating power components.
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4 ACTIVE FILTER CONTROL BASED ON TWO-PHASE INSTANTANEOUS
POWERS

The concepts of two-phase instantaneous powers in Chapter 3 were conceived as useful

tools for the development of control algorithms for PC equipment in 2φ3w circuits as, for in-

stance, for shunt APFs. The synthesis of the currents produced by the active filter aim at per-

forming an specified function, such as harmonic filtering, reactive power compensation, active

power injection or combinations of these functions.

Therefore, this chapter describes control algorithms elaborated in this research during the

development of this thesis. In this context, the system topology at which such control algo-

rithms apply are generically described in Section 4.1. As the control algorithms presented

here need the information of fundamental-frequency positive-sequence voltage, a two-phase

positive-sequence detection system is discussed in Section 4.2. Reference current calculation

algorithms are separated in two different strategies: Double Single-Phase Strategy (DSPS) and

Zero Neutral Current Strategy (ZNCS), as deeply discussed in Section 4.3 and Section 4.4, re-

spectively. The current control system was also modelled using the 2φ3w αβ proposed in this

work. A Model Predictive Controller (MPC) was chosen to implement the 2φ3w APF in this

work. This controller is described in detail in Section 4.5. An overview of a 2φ3w control

system is presented at the end of this chapter.

4.1 SYSTEM TOPOLOGY

A generic 2φ3w system topology is illustrated in Figure 65. The power source is repre-

sented by a three-phase four-wire voltage source with solidly grounded neutral. Furthermore,

as expected, three conductors (two phase circuits with neutral return) were used for connect-

ing the loads to the power grid. Phases a and b are adopted for convenience in this work, but

any pair of phases can be used. Electrical characteristics of the feeders are represented by the

inductances Ls and resistances rs. It is considered that phase and neutral cables have the same

cross-sectional area and physical characteristics (ABNT, 2008).

The two-phase loads were represented by linear and non-linear circuits, with reactive cha-
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racteristics or not, equally distributed between phases or not. It is worth remembering that the

situation at which loads are equally distributed between phases a and b is regarded as balanced

considering the 2φ3w context, which is not necessarily true considering a three-phase point of

view. Load circuits can also be connected phase-to-neutral or phase-to-phase.

Figure 65 – 2φ3w System topology with shunt APF compensation.

Source: Own authorship.

The power conditioner is basically formed of a DC-link composed of the capacitance C f , a

three-phase VSC and output filters represented by inductances L f and parasitic resistances r f .

A power source, such as batteries and PV arrays, can also be connected to the DC-link in active

power injection applications. The PCC is the node, defined between the power grid and the

load, at which the shunt power conditioner is connected.

The measurement of all quantities used in control algorithms is shown in Figure 65. Namely,

the instantaneous values of phase voltages at the PCC (va, vb), load line currents (iLa, iLb),

power conditioner output currents
(
i fa , i fb, i fn

)
and the DC-link voltage (vdc).

As previously mentioned, the algorithms described in this work aim to calculate the refe-
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rence currents which must be synthesized by the shunt power conditioner.

4.2 TWO-PHASE FUNDAMENTAL-FREQUENCY POSITIVE-SEQUENCE DETEC-
TOR

Power conditioning applications typically require synchronization so that power converters

can properly operate connected to the grid. Control algorithms based on instantaneous powers

commonly need the identification of power components produced by fundamental-frequency

positive-sequence quantities, which is important for grid synchronization. It is the case of the

sinusoidal source current compensation strategy described by Akagi, Watanabe and Aredes

(2007). As discussed by Khadkikar, Chandra and Singh (2009), the application of single-phase

pq Theory also requires the extraction of fundamental-frequency positive-sequence voltages.

The control algorithms proposed in this work are also sinusoidal source current compen-

sation strategies, which are described in following sections. Therefore, it is necessary the ex-

traction of fundamental-frequency positive-sequence components from 2φ3w voltages. It is

important to keep in mind that symmetrical components referred in this work are those defined

for three-phase systems, from which two-phase circuits derive.

There are works with wide literature reviews regarding grid synchronization methods for

both single- and three-phase systems (JAALAM et al., 2016; GOLESTAN; GUERRERO & VASQUEZ,

2017; GOLESTAN; GUERRERO & VASQUEZ, 2017b). An interesting method is the Dual Second-

Order Generalized Integrator (DSOGI)-PLL (DSOGI-PLL) developed by Rodriguez et al. (2006).

This synchronization method proved to be a highly effective tool and has been successfully ap-

plied in different contexts (ALMEIDA, 2011; FOGLI, 2014). Even though the DSOGI-PLL was

initially developed for three-phase systems, it calculates the positive-sequence component of

signals in the αβ reference frame. This feature represents an opportunity for 2φ3w applica-

tions, considering the two-phase αβ transformation (3.3) proposed in this work.

In this context, this section describes how the structure of the DSOGI-PLL (RODRIGUEZ

et al., 2006) can be adapted for fundamental-frequency positive-sequence detection in 2φ3w

circuits. This adaptation is useful for control algorithms described in next sections of this work.

The positive-sequence detector developed by Rodriguez et al. (2006) is represented in the

block diagram of Figure 66. The values ωr and k are the resonance frequency and the damping

factor of the SOGI (RODRIGUEZ et al., 2007). The DSOGI uses the Clarke transformation to

take abc voltages into the αβ reference frame. This operation eliminates zero-sequence vol-

tage components, including all triplen harmonics. In sequence, a DSOGI structure receives

αβ voltages and behaves as an harmonic filter and Quadrature Signal Generator (QSG). The
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quadrature generation is represented by the operator q = e− j. This structure is also referred

by Rodriguez et al. (2006) as DSOGI-QSG. Finally, the DSOGI-QSG outputs are used to

calculate the αβ positive-sequence voltages. This part of the algorithm is referred as Positive-

Sequence Calculation (PSC) (RODRIGUEZ et al., 2006). The outputs of the DSOGI-PLL are the

fundamental-frequency positive-sequence voltages contained in the inputs.

Figure 66 – Three-phase positive-sequence detector DSOGI-PLL.

Source: Own authorship.

The proposed 2φ3w adaptation of the DSOGI-PLL is represented in the block diagram of

Figure 67. In this case, the Clarke transformation is substituted by the ab-αβ transformation

described in (3.3).
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Figure 67 – Two-phase positive-sequence detector DSOGI-PLL.

Source: Own authorship.

As previously discussed in Chapter 3, the ab-αβ transformation does not eliminate zero-

sequence quantities due to the characteristics of the grid voltages in this circuit. Actually, zero-

sequence voltages at the input are transmitted into the output αβ components. This is an un-

desired characteristic since the objective is isolating the positive-sequence component. Also, it

can be observed in a simplified analysis, considering an ideal DSOGI-QSG. In this case, “ideal”

refers to the capability of harmonic filtering. Applying in the input a set of two-phase generic

unbalanced of voltages expressed as
va =

√
2V+ sin(ωt)+

√
2V− sin

(
ωt +φv−

)
+
√

2V0 sin(ωt +φv0)

vb =
√

2V+ sin
(

ωt− 2π

3

)
+
√

2V− sin
(

ωt +
2π

3
+φv−

)
+
√

2V0 sin(ωt +φv0)

, (4.1)

then these components are transmitted to the DSOGI-QSG output, in the αβ reference frame as
vα1 =

√
2V+ sin(ωt)+

√
2V0 sin

(
ωt +φv0 +

π

3

)
vβ1 = −

√
2V+ cos(ωt)+

√
2V0 sin

(
ωt +φv0−

π

6

) . (4.2)

The results in (4.2) show that positive-sequence components are correctly extracted from

the input of the adapted DSOGI-QSG exactly as expected. Furthermore, there are no negative-

sequence components, also as expected. On the other hand, there are zero-sequence-related

parcels in the αβ output signals. The presence of zero-sequence components represent an er-
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ror in relation to the desired output, which should contain only positive-sequence. It must be

mentioned at this point that the subscript “+” is used to represent the positive-sequence compo-

nent of voltages, whereas the subscript “1” was chosen to express the output of the two-phase

DSOGI-PLL. These labels were adopted due to the presence of zero-sequence components at

the adapted DSOGI-PLL outputs.

The proposed two-phase DSOGI-PLL was implemented in a Digital Signal Controller

(DSC) and tested in laboratory. Some experimental results were obtained and are presented

in Section 5.1.1, as well as the description of the system used for these tests. Preliminary re-

sults showed to be satisfactory under real conditions, despite the error caused by zero-sequence

components. Indeed, zero-sequence unbalances are commonly neglected in the distribution

procedures regulated by the Brazilian National Electricity Agency (In portuguese, Agência Na-

cional de Energia Elétrica – ANEEL) (ANEEL, 2007). It can be interesting to conduct future

studies in this subject to measure the error in neglecting zero-sequence voltage components.

The performance of the two-phase DSOGI-PLL under different real voltage conditions could

also be evaluated in other 2φ3w consumer installations.

As previously stated, the voltages obtained with the adapted 2φ3w DSOGI-PLL are used

by the current reference algorithms proposed in this work, namely the DSPS and ZNCS. These

algorithms are discussed in detail in the following sections.

4.3 DOUBLE SINGLE-PHASE STRATEGY

The Double Single-Phase Strategy (DSPS) was the first compensation strategy conceived

on this research. It was initially implemented using the single-phase pq Theory. Two-phase

systems were treated as two superposed single-phase circuits and this is the reason the strategy

was named DSPS (FURTADO et al., 2013; FURTADO et al., 2014; FURTADO, 2014b). Afterwards,

this strategy was also implemented using 2φ3w instantaneous powers for shunt APF control

(FURTADO; RODRIGUES & BARBOSA, 2015d). This compensation strategy is analogous to the

“sinusoidal source current control strategy” described by Akagi, Watanabe and Aredes (2007).

Therefore, it is expected that the compensated grid currents (isa, isb) become with low-

harmonic distortion and in phase with phase voltages va and vb, respectively. Also, the ampli-

tude of compensated (source) currents become equalized, even though the load is unbalanced

between phases a and b (FURTADO; RODRIGUES & BARBOSA, 2015d).

Initially, the two-phase DSOGI-PLL is used to extract fundamental-frequency positive-

sequence of measured PCC phase voltages va and vb. This operation results in the signals
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vα1 and vβ1 shown in Figure 67 and described in (4.2). The measured load currents iLa and iLb

are also transformed into the αβ reference frame according to (3.3). From this point on, the

algorithm is similar to those described by (AKAGI; WATANABE & AREDES, 2007). Voltages and

currents in the αβ reference frame are used to calculate 2φ3w powers according to (3.10).

Low-pass filters are employed to separate oscillating and average power components.

The following step is the determination of compensation powers that must be supplied by

the shunt APF. In DSPS, it must provide the oscillating real power p̃2φ and the total imaginary

power q2φ demanded by the load. The only load-demanded power component to be supplied

by the source is the average real power p̄2φ . A real power parcel pdc must be absorbed to

compensate APF losses and regulate the DC-bus voltage vdc. This subject was already treated

in this research and reported in detail by Furtado (2014b). In these terms, compensation powers

p∗2φ
q∗2φ

to be provided by the shunt APF are expressed as{
p∗2φ

= p̃2φ − pdc

q∗2φ
= q̄2φ + q̃2φ

. (4.3)

From these compensation powers, the corresponding currents can be obtained according to

(3.12): [
i∗f α

i∗f β

]
=

2
v2

α + v2
β

[
vα vβ

vβ −vα

][
p∗2φ

q∗2φ

]
, (4.4)

where i∗α and i∗
β

are the reference compensation powers in αβ coordinates. These currents are

taken into the ab reference frame by applying (3.4):[
i∗f a

i∗f b

]
=

1
2

[
2 0

−1
√

3

][
i∗f α

i∗f β

]
. (4.5)

The third (neutral) reference compensation current can be calculated by the Kirchhoff’s law

as:

i∗f n =−
(

i∗f a + i∗f b

)
. (4.6)

The reference compensation currents i∗f a, i∗f b and i∗f n are those which must be synthesized

by the 2φ3w shunt APF at the PCC. These signals are taken into a current control loop, which

is discussed in Section 4.5.

Simulation results showing the control of a shunt APF using DSPS are presented and dis-

cussed in Chapter 5.
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The shunt compensation applying DSPS results in a sinusoidal neutral current

isn =−(isa + isb) (4.7)

which must be supplied by the power source. The flow of neutral currents in three-phase four-

wire distribution systems is related to issues such as the overloading/overheating of neutral

conductors and transformers, asymmetric voltage drops, voltage fluctuations and others (BALDA

et al., 1997; SREENIVASARAO; AGARWAL & DAS, 2012; ALAM; MUTTAQI & SUTANTO, 2013).

Aiming to avoid such problems, the mitigation of neutral currents is a subject of interest in

works regarding active power filtering (AKAGI; WATANABE & AREDES, 2007; ALAM; MUTTAQI

& SUTANTO, 2013; YUEH et al., 2016; GUPTA; JAIN & DAHIYA, 2014; JAVAID et al., 2016). In

this context, another control strategy was developed in this research aiming to mitigate neutral

currents caused by 2φ3w loads, in addition to filter current harmonics and compensate reactive

power.

4.4 ZERO NEUTRAL CURRENT STRATEGY

The Zero Neutral Current Strategy (ZNCS) was also initially developed using the single-

phase pq Theory (FURTADO; RODRIGUES & BARBOSA, 2015d). Afterwards, the strategy was

also implemented using the concepts of two-phase instantaneous powers, which is the method

described in this section.

In ZNCS, the shunt APF provides the neutral current demanded by the load so that it does

not flow from the power source (i.e., the distribution grid). The ZNCS-operated APF also

provides the reactive and harmonic power required by the load. The compensated 2φ3w load

seen by the grid (i.e., the set Load + APF) behaves as a two-terminal circuit, connected phase-

to-phase and drains a sinusoidal current isa = −isb in phase with the line voltage vab. This

power conditioning strategy can also be understood as a continuous process at which the APF

drains power from the source as a phase-to-phase sinusoidal-current load and, at the same time,

provides the total power as demanded by the load.

Initially, measured ab quantities are transformed into the αβ reference frame according to

(3.3). Then, the load two-phase real power is calculated according to (3.10) and a low-pass

filter is used to separate the average value p̄2φ . The line voltage vab is calculated and a SOGI

structure is employed to eliminate voltage harmonics and to create a quadrature copy of the

signal, as shown in Figure 68.
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Figure 68 – SOGI used to implement ZNCS.

Source: Own authorship.

The APF power input (drawn from the grid) corresponds to two parcels: the average real

power p̄2φ demanded by the load and the power parcel pdc used to regulate the DC-bus voltage,

which is generated by an outer control loop. These powers must be drained from the source

through a current flowing between phases a and b and in phase with the line voltage vab. It can

be be calculated as

i∗f ab =
1

v2
ab1 +qv2

ab1

(
p̄2φ + pdc

)
vab1 . (4.8)

The APF power output (provided to the load) is the total power demanded by the load, including

reactive and harmonic power. In other words, the APF must provide all the currents demanded

by the load. Therefore, the reference compensation currents are expressed as:
i∗f a = iLa− i∗f ab

i∗f b = iLb + i∗f ab

i∗f n =−(iLa + iLb)

, (4.9)

which are the currents to be synthesized by the shunt APF at the PCC.

As previously described, DSPS and ZNCS algorithms generate compensation currents that

must be synthesized by the APF. These reference signals are sent to an inner current control

loop, which is responsible for generating driving signals of VSC semiconductor switches so that

the reference currents are tracked. The current control loop adopted in this work is described in

the next section.

A comparison study regarding DSPS and ZNCS was published by Furtado et al. (2015c).

The referred work already showed that both compensation strategies proved to be effective in

harmonics filtering, reactive power compensation and load balancing between phases a and

b. When ZNCS is applied to two-phase shunt APF control, the power source must provide a

higher phase current if compared with DSPS compensation. That is, ZNCS demands higher

source currents to transport the same power, which increases conduction losses. On the other
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hand, Furtado et al. (2015c) showed that neutral current has nearly the same amplitude of phase

currents when the active filter is controlled by the DSPS strategy. Neutral currents contribute to

loading neutral conductors and is related to power losses and other issues previously mentioned.

Future works regarding this subject can compare DSPS and ZNCS from the two-phase shunt

APF point of view. Compensation current levels, the total power processed and dc-link voltage

oscillation can be parameters for these studies.

4.5 ADAPTED MODEL PREDICTIVE CONTROLLER FOR CURRENT CONTROL
IN 2φ3W GRID-CONNECTED CONVERTERS

It is possible to find in technical literature a wide variety of techniques for current control

in shunt APF and other grid-connected converters. As examples of linear controllers, there

are Proportional-Integral (PI) controllers in synchronous reference frame (PI-SRF), with mul-

tiple rotating integrators (PI-MRI) and with resonant integrators in stationary reference frame

(PI-RES). Non-linear techniques are also described for current control, including hysteresis

controllers (LAM; WONG & HAN, 2012), Sliding-Mode Controllers (SMCs) (FOGLI et al., 2015),

MPCs (RODRIGUEZ et al., 2007; RODRIGUEZ & CORTES, 2012) and controllers based on artificial

intelligence (QASIM & KHADKIKAR, 2014).

As discussed by Rodriguez et al. (2007), Rodriguez and Cortes (2012), MPCs present ad-

vantages due to the following features: it is based in simple and intuitive concepts, simple

digital implementation, making no restrictions to the behaviour of reference signals and dealing

naturally with the nonlinear nature of power converters. Due to these characteristics, the MPC

showed to be an interesting option for current control in applications of 2φ3w APFs. Therefore,

a MPC was chosen in this work to control the output currents of 2φ3w shunt APF.

In general terms, MPCs employ a mathematical model of the system to predict future values

of controlled variables for a finite number of possible output states the power converter may

assume. These predictions are used to evaluate a predefined cost function for each possible

VSC output state. Then the VSC output state to be applied is the one which minimizes the cost

function at each sampling period (RODRIGUEZ et al., 2007; RODRIGUEZ & CORTES, 2012). The

MPC used in this work also includes dead-time compensation and fixed switching frequency

features, which are important characteristics for experimental validation.

In a previous work published during this research (FURTADO et al., 2015a), a three-phase

MPC, described by Rodriguez et al. (2007), was adapted for 2φ3w current control. However,

that controller was designed based on models of three-phase systems, which is not the case for

2φ3w circuits. The control implementation required the Clarke transformation (2.1) to be ap-
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plied in “abn” (i.e., phase a, phase b and neutral) quantities so they could be properly introduced

in the controller.

Aiming to make the current control systems simpler in 2φ3w applications, a MPC was

designed specifically for two-phase systems by applying the ab-αβ transformation (3.3). The

following subsections describe the two-phase αβ models used to design the two-phase αβ

MPC used in this work, the cost function to be minimized, the strategy employed to set a fixed

switching frequency and the current controller structure as a whole. The description of the

adapted 2φ3w MPC is reported as a conference paper by Furtado and Barbosa (2019).

4.5.1 VSC MODEL

The system topology considered to obtain the models used in MPC is shown in Figure 69.

It should be noted that the third VSC branch is tagged with the index n because, in the con-

text of this work, this leg is connected to the grid neutral conductor. The voltages va and vb

represent phase-to-neutral voltages of a three-phase four-wire power grid. The 2φ3w APF is

connected to phase a, phase b and neutral at PCC. The shunt power conditioner is composed

by a three-branch VSC, a dc-bus capacitance C f , and inductive output filters represented by the

inductances L f and their parasitic resistances r f . The PEC output voltages, measured in relation

to the neutral point N, are represented by v f a, v f b and v f n (FURTADO & BARBOSA, 2019).

Figure 69 – System topology used to design the predictive current controller.

Source: Furtado and Barbosa (2019)

Considering that switches in the same VSC leg work in a complimentary way, the three-leg

VSC has eight possible switching states, which are denoted by x and numbered from 1 to 8.
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Each switching state define a VSC output voltage space vector with components v f a, v f b and

v f n. The eight output voltage vectors that can be assumed by a three-leg VSC are described in

the abn reference frame in Table 2 (FURTADO & BARBOSA, 2019).

Table 2 – Three-leg VSC output vectors expressed in the abn reference frame.

Switching VSC Output

state (x) v f a (x) v f b (x) v f n (x)

1 0 0 0

2
2
3

vdc −1
3

vdc −1
3

vdc

3
1
3

vdc
1
3

vdc −2
3

vdc

4 −1
3

vdc
2
3

vdc −1
3

vdc

5 −2
3

vdc
1
3

vdc
1
3

vdc

6 −1
3

vdc −1
3

vdc
2
3

vdc

7
1
3

vdc −2
3

vdc
1
3

vdc

8 0 0 0

By using (3.3), the transformation of these voltages into two-phase αβ components results

in the values presented in Table 3 (FURTADO & BARBOSA, 2019). These αβ voltages are pre-

sented to the system model used to predict future values of controlled variables (FURTADO &

BARBOSA, 2019).
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Table 3 – Three-leg VSC output vectors expressed in two-phase αβ reference frame.

Switching VSC Output

state (x) v f α (x) v f β (x)

1 0 0

2
2
3

vdc 0

3
1
3

vdc

√
3

3
vdc

4 −1
3

vdc

√
3

3
vdc

5 −2
3

vdc 0

6 −1
3

vdc −
√

3
3

vdc

7
1
3

vdc −
√

3
3

vdc

8 0 0

4.5.2 SYSTEM MODEL FOR PREDICTION

The design of a MPC is based on a discrete model of the system to be controlled (RO-

DRIGUEZ et al., 2007; RODRIGUEZ & CORTES, 2012). Aiming to obtain such model, the 2φ3w

circuit shown in Figure 69 is mathematically described by the differential equations

v f a (t) = L f
d
dt

i f a (t)+ r f i f a (t)+ va (t)

v f b (t) = L f
d
dt

i f b (t)+ r f i f b (t)+ vb (t)

v f n (t) = L f
d
dt

i f n (t)+ r f i f n (t)

, (4.10)

which can be transformed into two-phase αβ reference frame using (3.3) (FURTADO & BAR-

BOSA, 2019), resulting in
v f α (t) = L f

d
dt

i f α (t)+ r f i f α (t)+ vα (t)

v f β (t) = L f
d
dt

i f β (t)+ r f i f β (t)+ vβ (t)

. (4.11)
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The discretization of this model can be done by using a forward Euler approximation to

calculate derivatives (RODRIGUEZ & CORTES, 2012):

d
dt

i(t) =
i(k+1)− i(k)

Ts
, (4.12)

where Ts is the sampling period and k is the discrete-time variable.

Other approximations are based on the assumption that sampling frequency is sufficiently

higher than grid frequency. It implies that reference currents and grid voltages do not vary

considerably in two sampling periods (RODRIGUEZ & CORTES, 2012). Therefore, it is assumed

in the discrete model that

i∗ (k+2)≈ i∗ (k+1)≈ i∗ (k) (4.13)

and

v(k+2)≈ v(k+1)≈ v(k) . (4.14)

By considering these approximations and substituting (4.12) into (4.10), it is possible to

obtain expressions to predict future values of APF currents (RODRIGUEZ & CORTES, 2012):
ip

f α
(k+1) =

(
1−

r f Ts

L f

)
i f α (k)+

Ts

L f

[
v f α (x)− vα (k)

]

ip
f β
(k+1) =

(
1−

r f Ts

L f

)
i f β (k)+

Ts

L f

[
v f β (x)− vβ (k)

] , (4.15)

where the superscript p is used to indicate a model-predicted quantity.

These results are similar to those presented by Rodriguez et al. (2007). The difference is

that the model in (4.15) was obtained using only voltages and currents related to phases a and

b, which were taken into the αβ domain using the ab-αβ transformation in (3.3) (FURTADO &

BARBOSA, 2019).

4.5.3 DEAD-TIME COMPENSATION

It is described by Rodriguez and Cortes (2012) that calculation times influence the perfor-

mance of the MPC due to the delay between the data acquisition and the application of the

chosen VSC output. This error causes high-frequency ripple in output currents i f a, i f b and i f n.

Aiming to improve the performance of the MPC used in this work, it is implemented a dead-

time compensation method as described by Rodriguez and Cortes (2012). This improvement

needs the prediction of variables two sampling periods in the future (k+2). These predictions
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can be obtained as:
ip

f α
(k+2) =

(
1−

r f Ts

L f

)
ip

f α
(k+1)+

Ts

L f

[
v f α (x)− vα (k)

]

ip
f β
(k+2) =

(
1−

r f Ts

L f

)
ip

f β
(k+1)+

Ts

L f

[
v f β (x)− vβ (k)

] . (4.16)

Therefore, the MPC used in this work employs the predictions obtained through (4.16) to

evaluate the cost function g(x) for each possible switching state (RODRIGUEZ & CORTES, 2012).

4.5.4 COST FUNCTION

After predicting currents for each VSC state x, a cost function is evaluated. The cost func-

tion g(x) used in this work is a measurement of the future current error if each switching state

x is applied at the present sampling period. This cost function is composed by the sum of ab-

solute errors in the α and β reference frames, considering that reference signals do not change

significantly in two sampling periods (RODRIGUEZ et al., 2007; RODRIGUEZ & CORTES, 2012).

The cost function is expressed by:

g(x) =
∣∣∣i∗f α (k)− ip

f α
(k+2)

∣∣∣+ ∣∣∣i∗f β
(k)− ip

f β
(k+2)

∣∣∣ (4.17)

After the cost function is evaluated for x = 1 . . .8, the value of x which returns the optimum

(i.e., minimum) value of g(x) is stored as xopt . Then, switching state the VSC must be set is xopt

(RODRIGUEZ et al., 2007; RODRIGUEZ & CORTES, 2012).

4.5.5 FIXED SWITCHING FREQUENCY

According to the general MPC presented by Rodriguez et al. (2007), the switches states are

set directly by setting sa, sb and sn (FURTADO & BARBOSA, 2019). This working mode leads to

variable switching frequency, which is limited by the sampling frequency (VAZQUEZ et al., 2009;

RODRIGUEZ & CORTES, 2012). It causes the current spectrum to present a wide range of high

frequency content due to switching (VAZQUEZ et al., 2009; RODRIGUEZ & CORTES, 2012). This

characteristic can cause problems such as interferences and difficult the design of passive filters

(VAZQUEZ et al., 2009; RODRIGUEZ & CORTES, 2012). Aiming to overcome this issue, Cortés

et al. (2008) proposed the use of a band-stop filter at the cost function. A different approach

found in literature is the integration between MPC and the fixed switching frequency provided

by the Space Vector Modulation (SVM) (VAZQUEZ et al., 2009). In this configuration, the MPC

selects the voltage which minimizes the current error. This voltage reference is provided to the
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SVM algorithm, which generates the drive signals for VSC switches. SVM presents advantages

such as the fixed switching frequency, optimization of converter hardware utilization (BUSO &

MATTAVELLI, 2006) and it is so well established that optimal SVM algorithms can be found

ready for use in digital signal controllers. Thus, the SVM can be used to generate the VSC

output voltages which minimizes the cost function (i.e., the current error) at each sampling

period (VAZQUEZ et al., 2009; FURTADO & BARBOSA, 2019).

4.5.6 MPC ALGORITHM

The algorithm to be implemented for the 2φ3w MPC was reported by Furtado and Bar-

bosa (2019). The first step in this algorithm is to sample the variables: PCC voltages va and

vb and APF currents i f a, i f b and i f n. Then VSC output is set according to the switching state

v f (xopt), which has been selected in the previous sampling period. Afterwards, the controlled

variables are estimated at the instant tk+1 according to the system model (4.15). The estima-

tions ip
f a (k+1), ip

f b (k+1) and ip
f n (k+1) are calculated only for the switching state v f (xopt),

which was just applied. Then the predictions ip
f a (k+2), ip

f b (k+2) and ip
f n (k+2) and the cost

function g(x) are evaluated for each possible VSC switching state (x = 1, . . . , 8). Finally, the

switching state which minimizes g(x) is stored as xopt to be used in the next sampling period.

The whole MPC algorithm implemented in simulations studies presented in this work is illus-

trated in Figure 70
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Figure 70 – Algorithm of the 2φ3w adapted MPC current controller.

Source: adapted from Furtado and Barbosa (2019).
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4.6 GENERAL CONTROL BLOCK DIAGRAM

An overview of the proposed control scheme is illustrated in Figure 71.

Figure 71 – Block diagram of the proposed 2φ3w APF control system.

Source: Own authorship.

Simulation studies were performed aiming to validate the 2φ3w shunt APF control tech-

niques proposed in this chapter. The description of the simulated system and the results obtained

in digital simulations are presented and discussed in the following chapter.
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5 SIMULATION AND EXPERIMENTAL RESULTS

This chapter aims to present and discuss some preliminary results obtained up to this point

in this research. An experimental laboratory prototype is used to evaluate the effectiveness

of the two-phase positive-sequence detector of Section 4.2 under real voltage conditions. The

experimental results obtained are presented in the next section. Simulations are performed to

validate the proposed concepts of 2φ3w instantaneous powers as a whole, specially the control

systems described in Chapter 4.

5.1 EXPERIMENTAL RESULTS

5.1.1 TWO-PHASE POSITIVE-SEQUENCE DETECTOR

This section presents some preliminary experimental results obtained with the proposed

two-phase adaptation of the DSOGI-PLL discussed in Section 4.2. The experiment was per-

formed under real voltage conditions in an existing experimental setup at the Power Electronics

and Automation Group (in Portuguese, Núcleo de Automação e Eletrônica de Potência) (NAEP)

laboratory of the Federal University of Juiz de Fora (in Portuguese, Universidade Federal de

Juiz de Fora, Brasil) (UFJF). It is worth mentioning that the experimental setup contained step-

down transformers (ratio 4:1) to work with reduced voltages, which does not represent any issue

for evaluating the proposed positive-sequence detector. An schematic view of the experimental

prototype used is shown in Figure 72.

The positive-sequence detector adapted for 2φ3w systems was implemented in a TMS320

F28335 DSC. For comparison purposes, the three-phase DSOGI-PLL, as described by Ro-

driguez et al. (2006) was also implemented in the same laboratory setup. Both algorithms were

executed simultaneously. It is important to know that the adapted 2φ2w DSOGI-PLL run with

the informations of phase voltages va and vb only. On the other hand, the third phase voltage

(vc) was also measured and provided for the three-phase DSOGI-PLL aiming to compare the

results with the proposed 2φ3w adaptation.
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Figure 72 – Schematic of the experimental setup.

Source: Own authorship.

The data points stored in internal DSC variables were exported to a computer to generate

the presented graphs and waveforms. The results obtained are shown in Figure 73 to Figure 75.

In these figures, the signals expressed as va, vb and vc (red waveforms) represent the phase

voltage signals measured in the laboratory power supply. The signals va1,3φ , vb1,3φ and vc1,3φ

(blue waveforms) are the results obtained through the conventional three-phase DSOGI-PLL.

These signals are taken as reference results, as they represent exactly the positive-sequence

fundamental-frequency sinusoidal signals, as demonstrated by Rodriguez et al. (2006). Finally,

the signals va1,2φ , vb1,2φ and vc1,2φ (black waveforms) in Figure 73 to Figure 75 are the results

obtained through the proposed two-phase positive-sequence detector. Even though vc1,2φ has
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no physical/application purpose in 2φ3w circuits, it was calculated as

vc1,2φ =−(va1,2φ + vb1,2φ ) (5.1)

and displayed in Figure 75 to allow the comparison with the correspondent three-phase signal.

Figure 73 – Two-phase positive sequence detection (waveforms - phase a).
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Figure 74 – Two-phase positive sequence detection (waveforms - phase b).
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Figure 75 – Two-phase positive sequence detection (waveforms - phase c).
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Aiming to observe these signals in the frequency domain, an offline Fast Fourier Transform

(FFT) was applied using the software Matlab. The representation in terms of frequencies are

shown in Figure 76 to Figure 78. The spectrum is shown up to the 20 th component to ease the

observation of the most relevant information.

Figure 76 – Two-phase positive sequence detection (spectrum - phase a).
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Figure 77 – Two-phase positive sequence detection (spectrum - phase b).
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Figure 78 – Two-phase positive sequence detection (spectrum - phase c).
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The presented results show that measured signals (in red) are unbalanced and contain har-

monic components, specially the 3rd. The outputs of the three-phase DSOGI-PLL (in blue) con-

tain only the positive-sequence fundamental-frequency component with expressive amplitude.

The output of the 2φ3w DSOGI-PLL presents nearly the same amplitude in the fundamental

frequency. The presence of the 3rd harmonic components is also observed, even though they

are attenuated in relation to original signals.

It can be observed that the two-phase approach presents an error if compared with the origi-

nal three-phase DSOGI-PLL. This error is caused by the presence of zero-sequence components

in voltages, which cannot be eliminated by the ab-αβ transformation in (3.3), as discussed in

Section 4.2. On the other hand, the preliminary results show that the 2φ3w adaptation of the

DSOGI-PLL could approximate the fundamental-frequency positive-sequence components of

measured phase voltage signals. The proposed 2φ3w DSOGI-PLL can be subject of further

investigation, as for example to model and quantify the observed errors and to stablish an error

acceptability range for practical applications.

5.2 SIMULATION RESULTS

5.2.1 SIMULATED SYSTEM TOPOLOGY

The topology of the simulated 2φ3w system is illustrated Figure 79. The power source

representing the distribution grid is represented by a three-phase four-wire solidly-grounded

voltage source. Three conductors are derived from the grid to feed the load: phases a and b and

the neutral. Neither the load nor the APF any kind of connection to phase c, which is consid-

ered open in the context of this work. The power cables that connect the load are represented by

their equivalent inductances Ls and resistances rs. The same characteristics are considered for

all feeders because the neutral must have the same cross-sectional area as phase conductors in

2φ3w circuits (ABNT, 2008). The 2φ3w load is composed by four different circuits, comprising

linear and non-linear components. The load is also unbalanced between phases a and b, i.e.,

drains different currents in each phase. There are a linear resistive-inductive and a diode recti-

fier loads connected between phase a and neutral. Another diode rectifier circuit is connected

between phase b and neutral. Finally, a resistive load is connected from phase a to phase b. The

2φ3w shunt APF is composed by a three-leg VSC, a DC-link capacitor represented by a capaci-

tance C and output inductive filters represented by inductances L f and parasitic resistances r f .

The main system parameters used to perform simulation studies are listed in Table 4.
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Figure 79 – Simulated system topology.

Source: Own authorship.
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Table 4 – Simulation setup parameters.

Part of circuit Description Value

Mains

phase rms voltage (va, vb)
line rms voltage (vab)
frequency ( f )
line resistance (Rs)

line inductance (Ls)

127 V
220 V
60 Hz
1 mΩ

50.0 µH

2φ3w
APF

sampling frequency ( fs)

switching frequency ( fsw)

DC voltage (Vdc)

DC-link capacitance (C)

output inductance (L f )

output resistance (r f )

40 kHz
40 kHz

400 V
24.2 mF
2.5 mH
0.1 Ω

Load # 1
(a-n)

Diode Rectifier (nonlinear)
Input Inductor (L1)

Output Capacitor (C1)

Resistive load (R1)

2.9 mH
100 µF
50 Ω

Load # 2
(b-n)

Parallel RL (linear)
Resistance (R2)

Inductance (L2)

10 Ω

20 mH

Load # 3
(a-b)

Resistive (linear)
Resistive load (R3) 10 Ω

5.2.2 SIMULATED LOAD

This section presents the behaviour of currents and powers of the simulated load. The

waveforms in this section illustrate the way a generic unbalanced two-phase nonlinear load

absorbs power from the grid. These characteristics are important for the sake of comparison

with the results of the two-phase shunt compensation in the following sections.

The current drawn by the load in phase a is shown in Figure 80. These are the currents to

be provided by the source if no compensation is applied. It can be observed that this current

contains harmonic components and is advanced in relation with the phase voltage va. The

load current waveform in phase b is shown in Figure 81. As the load connected to phase b is

resistive-inductive, this current is sinusoidal and lags the phase voltage vb.



113

Figure 80 – PCC phase voltage and load current - Phase a.
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Figure 81 – PCC phase voltage and load current - Phase b.
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For the sake of comparison, the load currents iLa, iLb are also illustrated again in Figure 82,

which also shows the neutral current iLn demanded by the load. It is possible to notice in this

figure the difference of the amplitude of currents in phases a and b and in the neutral.

Figure 82 – Load currents - Phases a, b and neutral.
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The harmonic spectrum of load currents is compared with the recommended limits of the
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IEEE-519 standard (IEEE, 2014) in Figure 83, Figure 84, and Figure 85. The comparison consid-

ers harmonic components up to the 50 th order (IEEE, 2014). It is possible to note that currents

iLa and iLn present 3 rd and 5 th harmonics beyond the limits. The 7 th harmonic of iLn is also

higher than recommended. On the other hand, it is possible to observe that iLb has all harmonic

components below the recommended limits.

Figure 83 – Harmonic spectrum of load current - Phase a.
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Figure 84 – Harmonic spectrum of load current - Phase b.
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Figure 85 – Harmonic spectrum of load current - Neutral.
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The load characteristics can also be evaluated quantitatively through currents rms values,

Total Harmonic Distortion (THD), the Power Factor (PF) in each phase and the loss due to the

feeder resistances Rs. These measurements are listed in Table 5.

Table 5 – Load currents THD, rms values , PF and losses.

Part of Circuit rms THD PF Loss

Load

Phase a

Phase b

Neutral

Total

25.97 A

43.88 A

19.35 A

–

14.51 %

0.10 %

19.71 %

–

0.8543

0.7769

–

–

0.674 W

1.925 W

0.374 W

2.973 W

Finally, the two-phase instantaneous powers p2φ and qL2φ absorbed by the load are shown

in Figure 86. It can be seen that these waveforms present an oscillation twice the grid frequency,

caused by load unbalances and the flow of reactive power. These waveforms also contain com-

ponents in other frequencies due to the current harmonics demanded by the load. It can also

be observed that both real and imaginary powers become negative during part of their periods,

which indicates the flow of power back to the source during these time intervals.

Figure 86 – Two-phase instantaneous powers demanded by the load.
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The effects of 2φ3w shunt compensation are presented, from the source perspective, in the

following sections. It is worth commenting that the same load was considered for both DSPS

and ZNCS compensation simulations.
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5.2.3 SIMULATION RESULTS OF TWO-PHASE SHUNT COMPENSATION USING
THE DOUBLE SINGLE-PHASE STRATEGY

The compensation currents synthesized by the simulated 2φ3w shunt APF, as well as their

reference signals, are illustrated Figure 87, Figure 88 and Figure 89. It can be observed the

presence of some high-frequency ripple in APF output currents due to VSC switching. These

figures also show that APF currents follow their references, which validates the implemented

current control loop using a MPC.

Figure 87 – DSPS compensation - APF current and reference - Phase a.
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Figure 88 – DSPS compensation - APF current and reference - Phase b.
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Figure 89 – DSPS compensation - APF current and reference - Neutral.
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The main result of DSPS compensation is illustrated in Figure 90 and Figure 91, which

show compensated currents provided by the source. It can be seen that phase currents are

nearly sinusoidal and in phase with voltages, despite load nonlinear and reactive characteristics.

Figure 90 – DSPS compensation - PCC phase voltage and source current - Phase a.
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Figure 91 – DSPS compensation - PCC phase voltage and source current - Phase b.
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Phase and neutral currents provided by the source are shown together in Figure 92. It can
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be observed that the two-phase APF could reduce significantly the load unbalances. Actually,

there is still some unbalance in source currents due to oscillations in the APF DC voltage. These

oscillations are transmitted to APF output currents through the inner voltage control loop and,

consequently, affect compensated source currents. This is a topic proposed in this work for

further investigation.

Figure 92 – DSPS compensation - Source currents - Phases a, b and neutral.
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The harmonic spectrum of source currents obtained with DSPS compensation are presented

in Figure 93, Figure 94 and Figure 95. There was some introduction of harmonics, specially

the 3rd, in isb compared with iLb due to the APF operation. However, all current harmonics

in source currents are bellow accepted limits according to IEEE-519 recommendations (IEEE,

2014).

Figure 93 – DSPS compensation - Harmonic spectrum of source current - Phase a.
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Figure 94 – DSPS compensation - Harmonic spectrum of source current - Phase b.
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Figure 95 – DSPS compensation - Harmonic spectrum of source current - Neutral.

2 5 10 15 20 25 30 35 40 45 50
0

1

2

3

4

5

Harmonic Order

Pe
rc

en
t o

f
Fu

nd
am

en
ta

l F
re

qu
en

cy

 

 

IEEE 519 Limits
i
sn

Source: Own authorship.

The information of effective values, harmonic distortion, PF measured in the power source

and conduction losses during DSPS compensation are presented in Table 6. These data show

the THD of currents was reduced significantly. The THD in phase b, which load current was

sinusoidal, was increased in acceptable levels due to APF operation. The PF in phases a and b

was increased to nearly the unity. Also, the unbalances in source currents is considerably small

compared with load currents. The difference between the highest and the lowest rms values

in source currents (i.e., neutral and phase b, respectively) is less than 5 %, whereas the same

index is 126 % for load currents (compared iLb versus iLn). Also, it is possible to observe that

conduction losses are reduced to 2.638 W. These numbers represent a reduction of 11.23 %

in conduction losses in comparison with 2.973 W of conduction losses observed in the load

without compensation, as shown in Table 5.
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Table 6 – DSPS compensation - Souce currents THD, rms values and PF.

Part of Circuit rms THD PF Loss

Source

(DSPS)

Phase a

Phase b

Neutral

Total

29.61 A

29.04 A

30.31 A

–

3.21 %

3.43 %

3.69 %

–

0.9958

0.9983

–

–

0.876 W

0.843 W

0.918 W

2.638 W

The two-phase instantaneous powers, in terms of αβ quantities, provided by the power

source during DSPS compensation are shown in Figure 96.

As all the imaginary power demanded by the load is provided by the APF in DSPS, the

source imaginary power qs2φ is nearly zero. The real power ps2φ delivered by the source

presents an average value and a relatively small oscillating component with twice the grid fre-

quency (2ω). As previously mentioned, the oscillation observed in ps2φ is related with the

control loop of the APF DC-link voltage.

Figure 96 – DSPS compensation - Two-phase instantaneous powers fed by the source.
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The powers provided by the source (psab) and demanded by the load (pLab), calculated in

terms of ab voltages and currents, can be compared in Figure 97. It is observed that both have

nearly the same average value and present an oscillation with twice the grid frequency, which is

a natural condition for a two-phase three-wire circuit. However, due to the APF compensation,

the oscillation in the power delivered from the mains is considerably reduced in comparison to

the power demanded by the load.
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Figure 97 – DSPS compensation - Source and load powers in terms of ab quantities.
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The difference between source and load powers is provided or absorbed by the 2φ3w shunt

APF. When psab < pLab, energy is taken from the DC-link and injected at PCC. On the other

hand, when psab > pLab, the APF stores energy in the capacitor represented by C f . This charge-

discharge process can be observed in Figure 98, which illustrates the DC-bus voltage Vdc in the

APF. This figure also shows that the DC voltage, in steady-state, oscillates around its reference

value (400 V), which validates the proper working of the inner voltage control loop.

Figure 98 – DSPS compensation - APF DC-bus voltage.
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The results shown in this section demonstrated the effectiveness of the DSPS algorithm pro-

posed in this work to control a two-phase three-wire shunt APF aiming to compensate current

harmonics, load unbalances and reactive power. Next section presents and discusses simulation

results obtained with ZNCS compensation.
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5.2.4 SIMULATION RESULTS OF TWO-PHASE SHUNT COMPENSATION USING
THE ZERO NEUTRAL CURRENT STRATEGY

The reference signals and currents synthesized by the 2φ3w APF are illustrated in Fi-

gure 99, Figure 100 and Figure 101.

Figure 99 – ZNCS compensation - APF current and reference - Phase a.
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Figure 100 – ZNCS compensation - APF current and reference - Phase b.
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Figure 101 – ZNCS compensation - APF current and reference - Neutral.
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The compensated phase currents, those provided by the source when ZNCS is applied, are

shown in Figure 102 and Figure 103. These currents are sinusoidal, but they are displaced

in relation to phase voltages. As previously discussed, the objective in ZNCS is to make the

compensated load to behave like a single-phase circuit connected phase-to-phase. Therefore,

the source current in phase a is in phase with the line voltage vab as shown in Figure 104.

Figure 102 – ZNCS compensation - PCC phase voltage and source current - Phase a.
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Figure 103 – ZNCS compensation - PCC phase voltage and source current - Phase b.
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Figure 104 – ZNCS compensation - PCC line voltage and source current.
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The current in phase b is the negative of isa, whereas the source neutral current is nearly

zero, as shown in Figure 105. These results show the shunt APF, controlled according to the

proposed ZNCS, could effectively mitigate the neutral current demanded from the source. Also,

currents flowing from source phases are sinusoidal and with nearly the same amplitude, despite

load nonlinearities and unbalances.

Figure 105 – ZNCS compensation - Source currents - Phases a, b and neutral.
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The harmonic spectrum of phase currents provided by the source in ZNCS compensation

is shown in Figure 106 and Figure 107. The harmonic spectrum of the neutral current is not

shown in this case because it is basically composed by high-frequency harmonics and switching

noise. It can be observed that all harmonic components in isa and isb are below IEEE-519

recommended limits (IEEE, 2014).

Figure 106 – ZNCS compensation - Harmonic spectrum of source current - Phase a.
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Figure 107 – ZNCS compensation - Harmonic spectrum of source current - Phase b.
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The two-phase instantaneous powers, defined in terms of αβ voltages and currents, pro-

vided by the power source in ZNCS compensation are shown in Figure 108. It is interesting to

observe that ps2φ oscillates with twice the grid frequency around an average value, whereas the

imaginary power qs2φ oscillates with zero average.

Figure 108 – ZNCS compensation - Two-phase instantaneous powers fed by the source.
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The load and source powers, calculated in ab reference frame, can be compared in Fi-

gure 109. It can be noticed that the compensated source power does not become negative,

which happens during part of the period in load currents.
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Figure 109 – ZNCS compensation - ab Power fed by the source.
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In this strategy, the 2φ3w APF absorbs power like single-phase circuit connected phase-to-

phase at PCC. The waveform of the APF DC-bus voltage during ZNCS operation is illustrated

in Figure 110. It can be observed a permanent 120 Hz oscillation. In this case, a low-frequency

damped oscillation is also observed because, compared to the waveform shown in Figure 98,

the DC-voltage control response in ZNCS is slower.

Figure 110 – ZNCS compensation - APF DC-bus voltage.
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Finally, the simulation results obtained with ZNCS compensation are expressed numerically

in Table 7. It can be observed the reduced THD of phase currents, as well as the nearly equal rms

value. The neutral current is considerably small compared to the current flowing through source

phases. The high THD of the neutral current is due to the reduced value of its fundamental

frequency, since this current is mostly composed by residual harmonics and switching noise.

For the ZNCS compensation, the PF is measured using current in phase a and the phase-to-

phase voltage. The result shown in Table 7 confirms that the compensated source current is in

phase with the phase-to-phase voltage. Also, the total conduction losses in ZNCS compensation

are 27.35 % smaller than the losses observed in the load without compensation.
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Table 7 – ZNCS compensation - Source currents THD, rms values and PF.

Part of Circuit rms THD PF Loss

Source

(ZNCS)

Phase a

Phase b

Neutral

Line a–b

Total

32.81 A

32.92 A

0.77 A

–

–

2.45 %

2.50 %

–

–

–

–

–

–

0.9917

–

1.076 W

1.083 W

0.000 W

–

2.159 W

5.2.5 COMPARISON OF COMPENSATION STRATEGY

Previous sections showed the operation of a 2φ3w shunt APF using two compensation

strategies: DSPS and ZNCS. A comparison between the effects of these two compensation

strategies was previously published by Furtado et al. (2015c). Aiming to illustrate the compari-

son of these compensation strategies in the context of this work, the simulation results presented

in previous sections are repeated together in Table 8.

Table 8 – Load currents THD, rms values and PF.

Part of Circuit rms THD PF Loss

Phase a

Load

Source (DSPS)

Source (ZNCS)

25.97 A

29.61 A

32.81 A

14.51 %

3.21 %

2.45 %

0.8543

0.9958

–

0.674 W

0.876 W

1.076 W

Phase b

Load

Source (DSPS)

Source (ZNCS)

43.88 A

29.04 A

32.92 A

0.10 %

3.43 %

2.50 %

0.7769

0.9983

–

1.925 W

0.843 W

1.083 W

Neutral

Load

Source (DSPS)

Source (ZNCS)

19.35 A

30.31 A

0.77 A

19.71 %

3.69 %

–

–

–

–

0.374 W

0.918 W

0.000 W

Regarding some differences observed in compensation strategies, it can be seen that in

ZNCS compensation, a higher phase current level is demanded from the source. On the other

hand, the load flowing through the neutral in DSPS equals phase currents, which can cause

power losses in the neutral conductor. However, it can be observed that both strategies could
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reduce the THD of currents in phase a, which feeds a nonlinear load circuit, whereas the har-

monic distortion in phase b was kept in acceptable levels. It is also shown that load unbalances

were also compensated in both compensation strategies, since the current level in both source

phases is nearly equal. Additionally, the PF seen by the source is close to the unity in both

DSPS and ZNCS compensation.

This chapter described the system topology considered for studies in this research. Pre-

liminary experimental results were presented aiming to validate the working principle of the

proposed two-phase positive sequence detector based on the SOGI-PLL. Simulation results

were also presented to show the effectiveness of the algorithms proposed to control a 2φ3w

shunt APF to compensate a load with nonlinear, reactive and unbalanced characteristics.

Next chapter presents the final discussions of this work, as well as the subjects proposed for

future studies.
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6 FINAL REMARKS AND FUTURE STUDIES

6.1 CONCLUSIONS

The main contribution of this research is the proposal of the use of two-phase three-wire

power electronic converters for grid-connected applications of power conditioning. These con-

verters may be useful to perform power conditioning functions in electrical installations fed by

two phases and neutral derived from a three-phase four-wire distribution network. This kind of

circuit topology is typically used for residential and small commercial consumers, which are

present in large number in electric networks. Therefore, 2φ3w power converters are an interes-

ting resource for the integration of these consumers in a scenario of constant modernization of

electric power networks.

In this context, this doctoral thesis proposed concepts for instantaneous power definitions

for two-phase three-wire circuits derived from three-phase four-wire networks. A bibliogra-

phy review discussed the definitions of instantaneous powers in three-phase and single-phase

electric circuits, namely the pq Theory and the single-phase pq Theory. The review also dis-

cussed briefly the application of these concepts in algorithms for reference current calculation

for electronic power conditioning equipment.

A linear transformation was proposed to represent two-phase voltages and currents in the

orthogonal αβ reference frame. The proposed two-phase powers are calculated in terms of ins-

tantaneous values of αβ voltages and currents. A time-domain analysis was presented aiming to

investigate the meaning of each two-phase instantaneous power component. The nature of 2φ3w

instantaneous powers were compared with the powers in the pq Theory and with those defined

in the single-phase pq Theory. It was discussed that, in general terms, interactions between vol-

tages and currents in the same frequency and phase sequence generate constant powers. On the

other hand, interactions between voltages and currents with different frequencies and/or phase

sequences produce oscillating power components. However, it could be observed that the in-

teractions between zero-sequence components, including triplen harmonics, with components

in the same and/or other frequencies may produce both constant and oscillating power parcels.
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This is the main difference between the proposed 2φ3w powers and those in the original form

of the pq Theory.

It was also described the application of two-phase power definitions in the design of con-

trol algorithms conceived for 2φ3w electronic power conditioners, specially for shunt active

power filters. It was shown in this work that grid-connected 2φ3w converters may be controlled

to work according to two different strategies: Double Single-Phase Strategy (DSPS) and the

Zero Neutral Current Strategy (ZNCS). In DSPS, 2φ3w converter act as a superposition of two

single-phase converters. Applied to shunt APF control, this strategy results in source phase

currents with sinusoidal waveforms and in phase with each phase voltage. In ZNCS, 2φ3w

converters work as a single-phase converter connected phase-to-phase, with no neutral current

demanded from the source. Applied to shunt APF control, ZNCS results in source phase cur-

rents with sinusoidal waveforms and in phase with each phase voltage.

A DSOGI-PLL-based 2φ3w fundamental-frequency positive-sequence detector was deve-

loped for two-phase control algorithms. This detector is useful in the design of control systems

for grid-connected converters. The algorithm was implemented in an laboratory prototype. Ex-

perimental results showed the system worked satisfactorily under real voltage distortion and

imbalance conditions, despite the error caused existing by zero-sequence components.

A 2φ3w MPC was designed to implement the current control loop for two-phase grid-

connected converters. Simulation studies were presented to validate the proposed power con-

cepts and their application in the design of a control system of a 2φ3w shunt APF. The APF

could provide harmonic currents and the reactive power demanded by the load, avoiding it to

flow from the source. It was shown the considerable difference of THD and PF between load

(without compensation) and (compensated) grid quantities. Furthermore, simulation studies

have shown that the APF reduced two-phase imbalances, so that the source could provide cur-

rents with nearly the same amplitude in phases a and b. In ZNCS compensation, it was also

shown that the compensated source current is nearly zero in the neutral conductor, as expected.

Due to this feature, the control of active filters with ZNCS compensation is specially interesting

for applications that aim to avoid or reduce zero-sequence voltage unbalances and their adverse

effects in distribution systems and microgrids. Therefore, simulation results have shown the

effectiveness of both DSPS and ZNCS for two-phase shunt compensation.

6.2 PUBLICATIONS

This section presents a list of submitted and published works during the development of

this research.
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6.2.1 JOURNAL PUBLICATIONS

FURTADO, P. C. de S.; RODRIGUES, M. C. B. P.; BRAGA, H. A. C.; BARBOSA, P. G. Two-

phase three-wire shunt active power filter control by using the single-phase p-q theory. Revista

Eletrônica de Potência. v. 19, n. 3, p. 303–311, August 2014.

6.2.2 CONFERENCE PUBLICATIONS

FURTADO, P. C. de S.; BARBOSA, P. G. Model predictive controller for two-phase three-wire

grid-connected converters. In: 2019 IEEE 15th Brazilian Power Electronics Conference and

5th Southern Power Electronics Conference (COBEP/SPEC) (Accepted for publication). 2019.

p. 1–5.

RODRIGUES, M. C. B. P.; FURTADO, P. C. de S.; RODRIGUES, C. R. B. S.; FERREIRA, R.

A. F.; FERREIRA, A. A. ; BARBOSA, P. G. ; BRAGA, H. A. C.; Development of a small-signal

model for a two-phase three-wire active power filter. In: 2017 Brazilian Power Electronics

Conference (COBEP), 2017. p. 1–7.

FURTADO, P. C. de S.; FOGLI, G. A.; ALMEIDA, P. M.; BARBOSA, P. G.; OLIVEIRA, J. G.

Topology and control of a two-phase residential pv system with load compensation capability.

In: 24th International Symposium on Industrial Electronics (ISIE). 2015. p. 1127–1132.

FURTADO, P. C. de S.; BARBOSA, P. G.; RODRIGUES, M. C. B. P. A shunt active compen-

sation strategy with zero neutral current in two-phase three-wire systems. In: IEEE PowerTech

Eidhoven. 2015. p. 1–5.

FURTADO, P. C. de S.; RODRIGUES, M. C. B. P.; BARBOSA, P. G.; Adaptation of the

instantaneous power theory for two-Phase three-wire systems and its application in shunt active

power filters. In: 2015 IEEE 13th Brazilian Power Electronics Conference and 1st Southern

Power Electronics Conference (COBEP/SPEC). 2015. p. 1–5.

FURTADO, P. C. de S.; RODRIGUES, M. C. B. P.; BARBOSA, P. G.; A comparison of two-

phase three-wire shunt compensation strategies. In: 2015 IEEE 13th Brazilian Power Electron-

ics Conference and 1st Southern Power Electronics Conference (COBEP/SPEC). 2015. p. 1–5.

FURTADO, P. C. de S.; RODRIGUES, M. C. B. P.; BRAGA, H. A. C.; BARBOSA, P. G. Two-

phase, three-wire shunt active power filter using the single-phase P-Q theory. In: 12th Brazilian

Power Electronics Conference (COBEP). 2013. p. 1245–1250.

RODRIGUES, M. C. B. P.; FURTADO, P. C. de S.; RODRIGUES, R. B. S.; FERREIRA,

A. A.; BARBOSA, P. G.; Development of a small-signal model for a two-phase three-wire
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active power filter. Accepted for Publication In: 2017 IEEE 13th Brazilian Power Electronics

Conference(COBEP). 2017. p. 1–5.

6.3 PROPOSALS FOR FUTURE STUDIES

Aiming to give continuity to this research, the following studies are proposed:

i. To make field measurements of zero-sequence and triplen harmonic voltages in real dis-

tribution network, aiming evaluate the error caused by zero-sequence components in two-

phase powers and to measure the influence of these components in the adapted 2φ3w

positive-sequence detector;

ii. To compare proposed compensation strategies DSPS ZNCS considering APF current le-

vels, the total power processed and dc-link voltage oscillation, for example. These studies

can be useful to limit the amount of power which can be processed by two-phase power

conditioners;

iii. To improve the inner control loop aiming to reduce the oscillation in the APF DC-bus

voltage;

iv. To implement the proposed control systems in a new laboratory setup and obtain further

experimental results;

v. To present experimental results comprising active power injection applications, as well as

transient results;
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APPENDIX A -- SINGLE-PHASE INSTANTANEOUS POWERS UNDER DISTORTED
VOLTAGE AND CURRENT
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q̃1φ = − 1
2 V1I2 sin

(
ωt−φv1 +φi2

)
+ 1

2 V1I2 cos
(

ωt−φv1 +φi2

)
− 1

2 V1I2 sin
(

3ωt+φv1 +φi2

)
− 1

2 V1I2 cos
(

3ωt+φv1 +φi2

)
−V1I3 sin

(
4ωt+φv1 +φi3

)
− 1

2 V1I4 sin
(

3ωt−φv1 +φi4

)
− 1

2 V1I4 cos
(

3ωt−φv1 +φi4

)
− 1

2 V1I4 sin
(

5ωt+φv1 +φi4

)
+ 1

2 V1I4 cos
(

5ωt+φv1 +φi4

)
−V1I5 sin

(
4ωt−φv1 +φi6

)
− 1

2 V1I6 sin
(

5ωt−φv1 +φi6

)
+ 1

2 V1I6 cos
(

5ωt−φv1 +φi6

)
− 1

2 V1I6 cos
(

7ωt+φv1 +φi6

)
− 1

2 V1I6 sin
(

7ωt+φv1 +φi6

)
−V1I7 sin

(
8ωt+φv1 +φi7

)
− 1

2 V1I8 sin
(

7ωt−φv1 +φi8

)
− 1

2 V1I8 cos
(

7ωt−φv1 +φi8

)
− 1

2 V1I8 sin
(

9ωt+φv1 +φi8

)
+ 1

2 V1I8 cos
(

9ωt+φv1 +φi8

)
−V1I9 sin

(
8ωt−φv1 +φi9

)
. . .

+ 1
2 V2I1 sin

(
ωt+φv2 −φi1

)
− 1

2 V2I1 cos
(

ωt+φv2 −φi1

)
+ 1

2 V2I1 sin
(

3ωt+φv2 +φi1

)
+ 1

2 V2I1 cos
(

3ωt+φv2 +φi1

)
+ 1

2 V2I3 sin
(

ωt−φv2 +φi3

)
− 1

2 V2I3 cos
(

ωt−φv2 +φi3

)
− 1

2 V2I3 sin
(

5ωt+φv2 +φi3

)
+ 1

2 V2I3 cos
(

5ωt+φv2 +φi3

)
−V2I4 cos

(
2ωt−φv2 +φi4

)
+V2I4 cos

(
6ωt+φv2 +φi4

)
− 1

2 V2I5 sin
(

3ωt−φv2 +φi6

)
− 1

2 V2I5 cos
(

3ωt−φv2 +φi6

)
+ 1

2 V2I5 sin
(

7ωt+φv2 +φi6

)
+ 1

2 V2I5 cos
(

7ωt+φv2 +φi6

)
+ 1

2 V2I7 sin
(

5ωt−φv2 +φi7

)
− 1

2 V2I7 cos
(

5ωt−φv2 +φi7

)
− 1

2 V2I7 sin
(

9ωt+φv2 +φi7

)
+ 1

2 V2I7 cos
(

9ωt+φv2 +φi7

)
− 1

2 V2I9 sin
(

7ωt−φv2 +φi9

)
− 1

2 V2I9 cos
(

7ωt−φv2 +φi9

)
−V2I8 cos

(
6ωt−φv2 +φi8

)
+V2I8 cos

(
10ωt+φv2 +φi8

)
+ 1

2 V2I9 sin
(

11ωt+φv2 +φi9

)
+ 1

2 V2I9 cos
(

11ωt+φv2 +φi9

)
. . .

(A.2)
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+V3I1 sin
(

4ωt+φv3 +φi1

)
− 1

2 V3I2 sin
(

ωt+φv3 −φi2

)
+ 1

2 V3I2 cos
(

ωt+φv3 −φi2

)
+ 1

2 V3I2 sin
(

5ωt+φv3 +φi2

)
− 1

2 V3I2 cos
(

5ωt+φv3 +φi2

)
+ 1

2 V3I4 sin
(

ωt−φv3 +φi4

)
− 1

2 V3I4 cos
(

ωt−φv3 +φi4

)
+ 1

2 V3I4 sin
(

7ωt+φv3 +φi4

)
+ 1

2 V3I4 cos
(

7ωt+φv3 +φi4

)
+V3I5 sin

(
8ωt+φv3 +φi6

)
+V3I6

1
2 sin

(
3ωt−φv3 +φi6

)
+V3I6

1
2 cos

(
3ωt−φv3 +φi6

)
+V3I6

1
2 sin

(
9ωt+φv3 +φi6

)
−V3I6

1
2 cos

(
9ωt+φv3 +φi6

)
+V3I7 sin

(
4ωt−φv3 +φi7

)
+ 1

2 V3I8 sin
(

5ωt−φv3 +φi8

)
− 1

2 V3I8 cos
(

5ωt−φv3 +φi8

)
+ 1

2 V3I8 sin
(

11ωt+φv3 +φi8

)
+ 1

2 V3I8 cos
(

11ωt+φv3 +φi8

)
+V3I9 sin

(
12ωt+φv3 +φi9

)
. . .

+ 1
2 V4I1 sin

(
3ωt+φv4 −φi1

)
+ 1

2 V4I1 cos
(

3ωt+φv4 −φi1

)
+ 1

2 V4I1 sin
(

5ωt+φv4 +φi1

)
− 1

2 V4I1 cos
(

5ωt+φv4 +φi1

)
+V4I2 cos

(
2ωt+φv4 −φi2

)
−V4I2 cos

(
6ωt+φv4 +φi2

)
− 1

2 V4I3 sin
(

ωt+φv4 −φi3

)
+ 1

2 V4I3 cos
(

ωt+φv4 −φi3

)
− 1

2 V4I3 sin
(

7ωt+φv4 +φi3

)
− 1

2 V4I3 cos
(

7ωt+φv4 +φi3

)
− 1

2 V4I5 sin
(

ωt−φv4 +φi6

)
+ 1

2 V4I5 cos
(

ωt−φv4 +φi6

)
+ 1

2 V4I5 sin
(

9ωt+φv4 +φi6

)
− 1

2 V4I5 cos
(

9ωt+φv4 +φi6

)
+V4I6 cos

(
2ωt−φv4 +φi6

)
−V4I6 cos

(
10ωt+φv4 +φi6

)
+ 1

2 V4I7 sin
(

3ωt−φv4 +φi7

)
+ 1

2 V4I7 cos
(

3ωt−φv4 +φi7

)
− 1

2 V4I7 sin
(

11ωt+φv4 +φi7

)
− 1

2 V4I7 cos
(

11ωt+φv4 +φi7

)
− 1

2 V4I9 sin
(

5ωt−φv4 +φi9

)
+ 1

2 V4I9 cos
(

5ωt−φv4 +φi9

)
+ 1

2 V4I9 sin
(

13ωt+φv4 +φi9

)
− 1

2 V4I9 cos
(

13ωt+φv4 +φi9

)
. . .

+V5I1 sin
(

4ωt+φv5 −φi1

)
+ 1

2 V5I2 sin
(

3ωt+φv5 −φi2

)
+ 1

2 V5I2 cos
(

3ωt+φv5 −φi2

)
− 1

2 V5I2 sin
(

7ωt+φv5 +φi2

)
− 1

2 V5I2 cos
(

7ωt+φv5 +φi2

)
−V5I3 sin

(
8ωt+φv5 +φi3

)
+ 1

2 V5I4 sin
(

ωt+φv5 −φi4

)
− 1

2 V5I4 cos
(

ωt+φv5 −φi4

)
− 1

2 V5I4 sin
(

9ωt+φv5 +φi4

)
+ 1

2 V5I4 cos
(

9ωt+φv5 +φi4

)
− 1

2 V5I6 sin
(

ωt−φv5 +φi6

)
+ 1

2 V5I6 cos
(

ωt−φv5 +φi6

)
− 1

2 V5I6 sin
(

11ωt+φv5 +φi6

)
− 1

2 V5I6 cos
(

11ωt+φv5 +φi6

)
−V5I7 sin

(
12ωt+φv5 +φi7

)
− 1

2 V5I8 sin
(

3ωt−φv5 +φi8

)
− 1

2 V5I8 cos
(

3ωt−φv5 +φi8

)
− 1

2 V5I8 sin
(

13ωt+φv5 +φi8

)
+ 1

2 V5I8 cos
(

13ωt+φv5 +φi8

)
−V5I9 sin

(
4ωt−φv5 +φi9

)
. . .
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APPENDIX B -- TWO-PHASE INSTANTANEOUS POWERS UNDER DISTORTED
VOLTAGES AND CURRENTS

p̄2φ = +2V1I1 cos
(

φi1 −φv1

)
+2V2I2 cos

(
φi2 −φv2

)
+4V3I3 cos

(
φi3 −φv3

)
+2V4I4 cos

(
φi4 −φv4

)
+2V5I5 cos

(
φi5 −φv5

)
+4V6I6 cos

(
φi6 −φv6

)
. . .

p̃2φ = −2V1I2 cos
(

3ωt +φi2 +φv1

)
+V1I3 cos

(
2ωt +φi3 −φv1

)
−
√

3V1I3 sin
(

2ωt +φi3 −φv1

)
−V1I3 cos

(
4ωt +φi3 +φv1

)
−
√

3V1I3 sin
(

4ωt +φi3 +φv1

)
+2V1I4 cos

(
3ωt +φi4 −φv1

)
−2V1I5 cos

(
6ωt +φi5 +φv1

)
+V1I6 cos

(
5ωt +φ i6−φv1

)
−
√

3V1I6 sin
(

5ωt +φi6 −φv1

)
−V1I6 cos

(
7ωt +φi6 +φv1

)
−
√

3V1I6 sin
(

7ωt +φi6 +φv1

)
+2V1I7 cos

(
6ωt +φi7 −φv1

)
−2V1I8 cos

(
9ωt +φi8 +φv1

)
+V1I9 cos

(
8ωt +φi9 −φv1

)
−
√

3V1I9 sin
(

8ωt +φi9 −φv1

)
−V1I9 cos

(
10ωt +φi9 +φv1

)
−
√

3V1I9 sin
(

10ωt +φi9 +φv1

)
. . .

−2V2I1 cos
(

3ωt +φi1 +φv2

)
+V2I3 cos

(
ωt +φi3 −φv2

)
+
√

3V2I3 sin
(

ωt +φi3 −φv2

)
−V2I3 cos

(
5ωt +φi3 +φv2

)
+
√

3V2Y3 sin
(

5ωt +φi3 +φv2

)
−2V2I4 cos

(
6ωt +φi4 +φv2

)
+2V2I5 cos

(
3ωt +φi5 −φv2

)
+V2I6 cos

(
4ωt +φi6 −φv2

)
+
√

3V2I6 sin
(

4ωt +φi6 −φv2

)
−V2I6 cos

(
8ωt +φi6 +φv2

)
+
√

3V2I6 sin
(

8ωt +φi6 +φv2

)
−2V2I7 cos

(
9ωt +φi7 +φv2

)
+2V2I8 cos

(
6ωt +φi8 −φv2

)
+V2I9 cos

(
7ωt +φi9 −φv2

)
+
√

3V2I9 sin
(

7ωt +φi9 −φv2

)
−V2I9 cos

(
11ωt +φi9 +φv2

)
+
√

3V2I9 sin
(

11ωt +φi9 +φv2

)
. . .

+V3I1 cos
(

2ωt−φi1 +φv3

)
−
√

3V3I1 sin
(

2ωt−φi1 +φv3

)
−V3I1 cos

(
4ωt +φi1 +φv3

)
−
√

3V3I1 sin
(

4ωt +φi1 +φv3

)
+V3I2 cos

(
ωt−φi2 +φv3

)
+
√

3V3I2 sin
(

ωt−φi2 +φv3

)
−V3I2 cos

(
5ωt +φi2 +φv3

)
+
√

3V3I2 sin
(

5ωt +φi2 +φv3

)
−4V3I3 cos

(
6ωt +φi3 +φv3

)
+V3I4 cos

(
ωt +φi4 −φv3

)
+
√

3V3I4 sin
(

ωt +φi4 −φv3

)
−V3I4 cos

(
7ωt +φi4 +φv3

)
−
√

3V3I4 sin
(

7ωt +φi4 +φv3

)
+V3I5 cos

(
2ωt +φi5 −φv3

)
−
√

3V3I5 sin
(

2ωt +φi5 −φv3

)
−V3I5 cos

(
8ωt +φi5 +φv3

)
+
√

3V3I5 sin
(

8ωt +φi5 +φv3

)
+4V3I6 cos

(
3ωt +φi6 −φv3

)
−4V3I6 cos

(
9ωt +φi6 +φv3

)
+V3I7 cos

(
4ωt +φi7 −φv3

)
+
√

3V3I7 sin
(

4ωt +φi7 −φv3

)
−V3I7 cos

(
10ωt +φi7 +φv3

)
−
√

3V3I7 sin
(

10ωt +φi7 +φv3

)
+V3I8 cos

(
5ωt +φi8 −φv3

)
−
√

3V3I8 sin
(

5ωt +φi8 −φv3

)
−V3I8 cos

(
11ωt +φi8 +φv3

)
+
√

3V3I8 sin
(

11ωt +φi8 +φv3

)
+4V3I9 cos

(
6ωt +φi9 −φv3

)
−4V3I9 cos

(
12ωt +φi9 +φv3

)
. . .

(B.1)
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+2V4I1 cos
(

3ωt−φi1 +φv4

)
−2V4I2 cos

(
6ωt +φi2 +φv4

)
+V4I3 cos

(
ωt−φi3 +φv4

)
+
√

3V4I3 sin
(

ωt−φi3 +φv4

)
−V4I3 cos

(
7ωt +φi3 +φv4

)
−
√

3V4I3 sin
(

7ωt +φi3 +φv4

)
−2V4I5 cos

(
9ωt +φi5 +φv4

)
+V4I6 cos

(
2ωt +φi6 −φv4

)
−
√

3V4I6 sin
(

2ωt +φi6 −φv4

)
−V4I6 cos

(
10ωt +φi6 +φv4

)
−
√

3V4I6 sin
(

10ωt +φi6 +φv4

)
+2V4I7 cos

(
3ωt +φi7 −φv4

)
−2V4I8 cos

(
12ωt +φi8 +φv4

)
+V4I9 cos

(
5ωt +φi9 −φv4

)
−
√

3V4I9 sin
(

5ωt +φi9 −φv4

)
−V4I9 cos

(
13ωt +φi9 +φv4

)
−
√

3V4I9 sin
(

13ωt +φi9 +φv4

)
. . .

−2V5I1 cos
(

6ωt +φi1 +φv5

)
+2V5I2 cos

(
3ωt−φi2 +φv5

)
+V5I3 cos

(
2ωt−φi3 +φv5

)
−
√

3V5I3 sin
(

2ωt−φi3 +φv5

)
−V5I3 cos

(
8ωt +φi3 +φv5

)
+
√

3V5I3 sin
(

8ωt +φi3 +φv5

)
−2V5I4 cos

(
9ωt +φi4 +φv5

)
+V5I6 cos

(
ωt +φi6 −φv5

)
+
√

3V5I6 sin
(

ωt +φi6 −φv5

)
−V5I6 cos

(
11ωt +φi6 +φv5

)
+
√

3V5I6 sin
(

11ωt +φi6 +φv5

)
−2V5I7 cos

(
12ωt +φi7 +φv5

)
+2V5I8 cos

(
3ωt +φi8 −φv5

)
+V5I9 cos

(
4ωt +φi9 −φv5

)
+
√

3V5I9 sin
(

4ωt +φi9 −φv5

)
−V5I9 cos

(
14ωt +φi9 +φv5

)
+
√

3V5I9 sin
(

14ωt +φi9 +φv5

)
. . .

+V6I1 cos
(

5ωt−φi1 +φv6

)
−
√

3V6I1 sin
(

5ωt−φi1 +φv6

)
−V6I1 cos

(
7ωt +φi1 +φv6

)
−
√

3V6I1 sin
(

7ωt +φi1 +φv6

)
+V6I2 cos

(
4ωt−φi2 +φv6

)
+
√

3V6I2 sin
(

4ωt−φi2 +φv6

)
−V6I2 cos

(
8ωt +φi2 +φv6

)
+
√

3V6I2 sin
(

8ωt +φi2 +φv6

)
+4V6I3 cos

(
3ωt−φi3 +φv6

)
+V6I4 cos

(
2ωt−φi4 +φv6

)
−4V6I3 cos

(
9ωt +φi3 +φv6

)
−V6I4 cos

(
10ωt +φi4 +φv6

)
−
√

3V6I4 sin
(

2ωt−φi4 +φv6

)
−
√

3V6I4 sin
(

10ωt +φi4 +φv6

)
+V6I5 cos

(
ωt−φi5 +φv6

)
+
√

3V6I5 sin
(

ωt−φi5 +φv6

)
−V6I5 cos

(
11ωt +φi5 +φv6

)
+
√

3V6I5 sin
(

11ωt +φi5 +φv6

)
−4V6I6 cos

(
12ωt +φi6 +φv6

)
+V6I7 cos

(
ωt +φi7 −φv6

)
+
√

3V6I7 sin
(

ωt +φi7 −φv6

)
−V6I7 cos

(
13ωt +φi7 +φv6

)
−
√

3V6I7 sin
(

13ωt +φi7 +φv6

)
+V6I8 cos

(
2ωt +φi8 −φv6

)
−
√

3V6I8 sin
(

2ωt +φi8 −φv6

)
−V6I8 cos

(
14ωt +φi8 +φv6

)
+
√

3V6I8 sin
(

14ωt +φi8 +φv6

)
+4V6I9 cos

(
3ωt +φi9 −φv6

)
−4V6I9 cos

(
15ωt +φi9 +φv6

)
. . .

(B.2)
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q̄2φ = −2V1I1 sin
(

φi1 −φv1

)
+2V2I2 sin

(
φi2 −φv2

)
−2V4I4 sin

(
φi4 −φv4

)
+2V5I5 sin

(
φi5 −φv5

)
. . .

q̃2φ = −2V1I2 sin
(

3ωt +φi2 +φv1

)
−
√

3V1I3 cos
(

2ωt +φi3 −φv1

)
−V1I3 sin

(
2ωt +φi3 −φv1

)
+
√

3V1I3 cos
(

4ωt +φi3 +φv1

)
−V1I3 sin

(
4ωt +φi3 +φv1

)
−2V1I4 sin

(
3ωt +φi4 −φv1

)
−2V1I5 sin

(
6ωt +φi5 +φv1

)
−
√

3V1I6 cos
(

5ωt +φi6 −φv1

)
−V1I6 sin

(
5ωt +φi6 −φv1

)
+
√

3V1I6 cos
(

7ωt +φi6 +φv1

)
−V1I6 sin

(
7ωt +φi6 +φv1

)
−2V1I7 sin

(
6ωt +φi7 −φv1

)
−2V1I8 sin

(
9ωt +φi8 +φv1

)
−
√

3V1I9 cos
(

8ωt +φi9 −φv1

)
−V1I9 sin

(
8ωt +φi9 −φv1

)
+
√

3V1I9 cos
(

10ωt +φi9 +φv1

)
−V1I9 sin

(
10ωt +φi9 +φv1

)
. . .

+2V2I1 sin
(

3ωt +φi1 +φv2

)
−
√

3V2I3 cos
(

ωt +φi3 −φv2

)
+V2I3 sin

(
ωt +φi3 −φv2

)
+
√

3V2I3 cos
(

5ωt +φi3 +φv2

)
+V2I3 sin

(
5ωt +φi3 +φv2

)
+2V2I4 sin

(
6ωt +φi4 +φv2

)
+2V2I5 sin

(
3ωt + phii5 −φv2

)
−
√

3V2I6 cos
(

4ωt +φi6 −φv2

)
+V2I6 sin

(
4ωt +φi6 −φv2

)
+
√

3V2I6 cos
(

8ωt +φi6 +φv2

)
+V2I6 sin

(
8ωt +φi6 +φv2

)
+2V2I7 sin

(
9ωt +φi7 +φv2

)
+2V2I8 sin

(
6ωt +φi8 −φv2

)
−
√

3V2I9 cos
(

7ωt +φi9 −φv2

)
+V2I9 sin

(
7ωt +φi9 −φv2

)
+
√

3V2I9 cos
(

11ωt +φi9 +φv2

)
+V2Y9 sin

(
11ωt +φi9 +φv2

)
. . .

+
√

3V3I1 cos
(

2ωt−φi1 +φv3

)
+V3I1 sin

(
2ωt−φi1 +φv3

)
−
√

3V3I1 cos
(

4ωt +φi1 +φv3

)
+V3I1 sin

(
4ωt +φi1 +φv3

)
+
√

3V3I2 cos
(
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APPENDIX C -- VOLTAGE MEASUREMENT

Paredes (2006) and Marafão et al. (2008) investigated how the choice of the reference point

for voltage measurement may influence power calculations and power quality assessment in

three-phase electric systems. These works basically discussed two approaches for three-phase

voltage measurement:

i. phase voltages in relation with the neutral conductor (va, vb and vc); and

ii. phase and neutral voltages in relation with an external virtual point (vao, vbo, vco and vno).

Figure 111 – Three-phase system with voltage measurement methods discussed by Paredes
(2006) and Marafão et al. (2008).

These measurement methods are generically illustrated in Figure 111. The virtual point

(regarded as “o” in this work) taken as voltage reference in the second method is the common
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point of auxiliary resistances Rv. For proper voltage measurements, these resistances must be

much higher than load impedances (PAREDES, 2006; MARAFÃO et al., 2008). It can also be

observed that the method “i” employs three voltage transducers, whereas the second method

requires the additional measurement of the neutral voltage in relation to the point o (PAREDES,

2006; MARAFÃO et al., 2008).

Aiming to understand the relationship between both approaches, Paredes (2006) and Marafão

et al. (2008) showed mathematically and in simulation studies the convergences and divergences

of each measurement method. Phase-to-neutral measurements va, vb and vc are exactly the vol-

tages applied to load terminals, expressed generically as
va = va++ va−+ v0

vb = vb++ vb−+ v0

vc = vc++ vc−+ v0

, (C.1)

where va+, vb+ and vc+ stand for positive-sequence, va−, vb− and vc− stand for the negative-

sequence and v0 is the zero-sequence voltage.

The measurements of phase voltages in relation to the point o contain positive- and negative-

sequence components, as well as an attenuated parcel of the zero-sequence voltage component.

The neutral voltage vno is proportional to the zero-sequence voltages, including triplen harmo-

nics. The results obtained are expressed as

vao = va++ va−+
1
4

v0

vbo = vb++ vb−+
1
4

v0

vco = vc++ vc−+
1
4

v0

vno = −3
4

v0

. (C.2)

These expressions also show that both measurement approaches provide equal results if

there are no zero-sequence voltages in the grid. A method was also presented to equalize both

measurement methodologies (PAREDES, 2006; MARAFÃO et al., 2008). The authors concluded

that the measurement of voltages in relation to the virtual point o seems to be more interesting

in high-voltage three-phase three-wire systems (PAREDES, 2006; MARAFÃO et al., 2008). Mea-

surements using the neutral conductor as reference seem to be more suitable for three-phase

four-wire low-voltage systems with unbalances and harmonic distortions. This method also
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present the advantage of needing one less voltage transducer if compared to the other measure-

ment method (PAREDES, 2006; MARAFÃO et al., 2008).

Aiming to choose the most appropriate voltage measurement approach for the calculation

of the two-phase powers proposed in this work, the application of both these measurement

methods was investigated for 2φ3w systems. The achievements of such studies are described in

detail in the following subsections.

C.1 NEUTRAL CONDUCTOR AS REFERENCE

In this voltage measurement approach, the neutral conductor is adopted as reference. Vol-

tage sensors are connected at PCC between each phase (a and b) and the neutral conductor, as

illustrated in Figure 112. The two-phase voltage signals are represented in this work as va and

vb. These are the voltages actually applied to load terminals in relation to the neutral conductor.

Figure 112 – Voltage measurement with neutral conductor as reference.

In the context of this work, 2φ3w circuits are ramifications originated from three-phase

four-wire grids. Therefore, two-phase voltages can be mathematically expressed in terms of

symmetrical components that may exist in three-phase system which originated the studied

2φ3w circuit. Following this assumption, the two-phase voltages measured at PCC taking the

neutral conductor as reference can be generically written as{
va = va++ va−+ v0

vb = vb++ vb−+ v0
. (C.3)

Similarly to what happens in three-phase systems (PAREDES, 2006; MARAFÃO et al., 2008),

two-phase voltages measured taking the neutral conductor as reference are the voltages actually

applied to load terminals.
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C.2 EXTERNAL VIRTUAL POINT AS REFERENCE

As previously mentioned, an alternative method for voltage measurement employs three

resistors Rv connected between the conductors at PCC (phases and neutral) and a common (vir-

tual) point (PAREDES, 2006; MARAFÃO et al., 2008) named “o” in this work. This measurement

approach is illustrated for 2φ3w circuits in Figure 113. The voltage signals obtained with this

method at phase a, phase b and neutral are represented by vao, vbo and vno, respectively.

Figure 113 – Two-phase voltage measurement using the neutral point as reference.

Aiming to understand the meaning of vao, vbo and vco, this measurement system can repre-

sented in the simplified circuit shown in Figure 114.

Figure 114 – Simplified circuit for voltage measurement approaches in 2φ3w circuits.
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Applying the same analysis methodology used by Paredes (2006) and Marafão et al. (2008),

it is possible to verify that two-phase virtual-point-referenced voltage measurements are ex-

pressed as 

vao = +
2
3

va++
2
3

va−−
1
3

vb+−
1
3

vb−+
1
3

v0

vbo = −1
3

va+−
1
3

va−+
2
3

vb++
2
3

vb−+
1
3

v0

vno = −1
3

va+−
1
3

va−−
1
3

vb+−
1
3

vb−−
2
3

v0

, (C.4)

where it is possible to observe that measured quantities contain positive-, negative- and zero-

sequence components from phases a and b. Also, it can be verified that

vao + vbo + vno = 0. (C.5)

Furthermore, (C.3) and (C.4) can be combined to write a linear relationship between the

two measurement methods discussed
vao

vbo

vno

=
1
3


2 −1

−1 2

−1 −1


[

va

vb

]
(C.6)

or, in the inverse operation, as [
va

vb

]
=

[
2 1

1 2

][
vao

vbo

]
. (C.7)

C.2.1 TWO-PHASE INSTANTANEOUS POWERS USING VOLTAGES REFERENCED
TO A VIRTUAL POINT “O”

Aiming to investigate the possibility of using the results in (C.4) to calculate the two-phase

instantaneous powers as proposed in Chapter 3, it is interesting to observe the condition at which

two-phase voltages and currents are sinusoidal and balanced. In this condition, phase-to-neutral

voltages, are generically expressed as
va =

√
2V+ sin(ωt)

vb =
√

2V+ sin
(

ωt− 2π

3

)
, (C.8)
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that can be applied into (C.6) to obtain the voltage measurements taking the virtual point “o” as

reference, which results in

vao =
2
√

2
3

V+ sin(ωt)+

√
2

3
V+ cos

(
ωt− π

6

)

vbo = −
√

2
3

V+ sin(ωt)− 2
√

2
3

V+ cos
(

ωt− π

6

)

vno = −
√

2
3

V+ sin(ωt)+

√
2

3
V+ cos

(
ωt− π

6

)
. (C.9)

Applying the linear transformation described in (3.3) to ab quantities, it is possible to re-

present these voltages in the αβ coordinates:
vαo =

2
√

2
3

V+ sin(ωt)+

√
2

3
V+ cos

(
ωt− π

6

)

vβo = −
√

6
6

V+ sin(ωt)−
√

2
2

V+ cos(ωt)

. (C.10)

It is interesting to mention here that∫ 2π

0
vαo · vβo d (ωt) 6= 0, (C.11)

which means that vαo and vβo are not orthogonal, even though orthogonality is expected for αβ

quantities.

As also stated in Section 3.4.1, two-phase sinusoidal balanced two-phase currents are ge-

nerically expressed in ab coordinates as
ia =

√
2I+ sin

(
ωt +φi+

)
ib =

√
2I+ sin

(
ωt− 2π

3
+φi+

)
. (C.12)

and in the αβ reference frame as
iα =

√
2I+ sin

(
ωt +φi+

)
iβ = −

√
2I+ cos

(
ωt +φi+

) . (C.13)
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Using (C.13) and (C.10) to calculate two-phase powers according to (3.10) yields

p̄2φo = −
√

3
6

V+I+ sin
(
φi+
)
+

7
6

V+I+ cos
(
φi+
)
+

1
3

V+I+ sin
(

φi+ +
π

6

)

p̃2φo = +

√
3

6
sin
(
2ωt +φi+

)
− 1

6
cos
(
2ωt +φi+

)
+

1
3

sin
(

2ωt +φi+−
π

6

)

q̄2φo = −7
6

V+I+ sin
(
φi+
)
−
√

3
6

V+I+ cos
(
φi+
)
+

1
3

V+I+ cos
(

φi+ +
π

6

)

q̃2φo = +
1
6

V+I+ sin
(
φi+ +2ωt

)
+

√
3

6
V+I+ cos

(
φi+ +2ωt

)
+

+
1
3

V+I+ cos
(

2ωt +φi+−
π

6

)

. (C.14)

It is possible to observe that, using voltages referenced to the virtual point “o”, two-phase

instantaneous powers p2φ and q2φ present both average and oscillating values. This charac-

teristic is undesired for PC applications in the context of this work. The reason is because it

complicates the separation of fundamental-frequency positive-sequence components under un-

balances and harmonic distortions. Also, it was shown that two-phase αβ voltages calculated

using (3.3) are not orthogonal when measurements are made using the virtual point “o” as refe-

rence. Therefore, it can be concluded that such method of voltage measurement is not adequate

for the methodology proposed in this work to deal with powers in two-phase three-wire circuits.

For the reasons discussed above, it is adopted in this work the measurement of 2φ3w vol-

tages taking the neutral conductor as reference, as described in Section C.1. The two-phase

instantaneous powers obtained with this measurement method are described in detail in Chap-

ter 3.
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