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ABSTRACT

The aim of this work is to obtain a positive, smooth, even and homoclinic solution to

the problem
—(A(w)d) () + ut) = Aar () [u(®)|"" + [u@®) P + g(lW'(t)]), inR.

Considering 1 < ¢ <2 <p<+oo and a; € L*(R)NC(R), s = ﬁ, a positive even function.

Also A: R — R a Lipschitz, smooth (at least C*(R)), nondecreasing function satisfying
Iy € (0,1) such that 0 <y < A(t) VteR,
and g : R — R a continuous function satisfying
0 < sg(s) < |s|’ for alls € R, where 2 < 0 < 3.

By homoclinic we mean “homoclinic to the origin” or “homoclinic to zero” , i.e, the solution

must verify lim, ,4., u(x) = 0.

Keywords: Galerkin Method. Homoclinic Solution. Quadratic Growth on the Derivative.

Differential Equation.



RESUMO

O objetivo principal deste trabalho é obter uma solucao positiva, suave, par e homoclinica

para o problema
—(A(wd) () + u(t) = Aar (O)|u®) | + [u@) " +g(ju'(B)]), em R.

Considerando 1 < ¢ <2 <p<+ooea; € L*(R)NC(R), s = 2%(]7 uma fungao positiva e par.

Também A : R — R uma funcio Lipschitz, suave (minimo C'(R)), ndo decrescente e
satisfazendo
dy e (0,1) tal que 0 < v < A(t) VteR,

e g : R — R uma func¢do continua satisfazendo
0 < sg(s) < |s|’ para todos € R, onde 2 < 6 < 3.

Por homoclinica estamos nos referindo a “homoclinica para a origem” ou “homoclinica para

zero”, isto é, a solugdo deve verificar lim, ,4., u(z) = 0.

Palavras-chave: Método de Galerkin. Solu¢ao Homoclinica. Crescimento Quadratico na

Derivada. Equagao Diferencial.



List of Figures

Figure 1 — Construction with K to obtain s; .

Figure 2 — Construction with K19 to obtain s1gg



1.1
1.2
1.3
1.4
1.5

2.1

3.1
3.2

4.1
4.2
4.2.1
4.3

Contents

INTRODUCTION . . . . . .o e et e e et e 12
MOTIVATION FOR THE PROBLEM . . . .. ... ... ... ....... 12
MAIN HURDLES . . . . . . 13
STRAUSS APPROXIMATION . . . . . . .. . . o o . 14
FURTHER READING . . . . ... .. . . 15
DISPOSITION OF THE CHAPTERS . . . . . . . . . .. ... ... .. ... 16
SOBOLEV’S SPACES . . . . . . . . o ittt it e e e 17
DEFINITION AND BASIC PROPERTIES . . . . ... ... ... ... ... 17
HOLDER’S SPACES . . . . . ittt i e e e e e e e e 24
DEFINITION . . . . . . 24
EMBEDDING THEOREM . . . . . .. ... . . .. 24
MAIN PROBLEM . . . . . . ottt et et e e e e e e e e e 27
SOLUTION IN A BOUNDED INTERVAL . . .. ... ... ... ...... 27
APPROXIMATE PROBLEM . . . . . ... ... .. ... . .... 29
Constructing a Solution to Problem (#,) . . ... ... ... ... ... 40
SOLUTION IN R . . . . . . e 45
APPENDIX A - MISCELLANIES .. ... ... .......... 49

Bibliography . . . . . . . . . .. e e 52



12

1 INTRODUCTION

The aim of this work is to obtain a positive, smooth, even and homoclinic solution to

the problem

—(A(w)u')' () +u(t) = dar(O)u®)| " +Ju®) P~ +g(lW'(®)]), nR. (1.1)
Considering 1 < ¢ <2 <p<+oo and a; € L*(R)NC(R), s = QL_q, a positive even function.

Also A : R — R a Lipschitz, smooth (at least C*(R)), nondecreasing function satisfying
Iy € (0,1) such that 0 <y < A(t) VteR, (1.2)

and g : R — R a continuous function satisfying
0 < sg(s) < |s|’ for alls € R, where 2 < 6 < 3. (1.3)

By homoclinic we mean “homoclinic to the origin” or “homoclinic to zero” | i.e, the solution

must verify lim, 4 u(x) = 0.

1.1 MOTIVATION FOR THE PROBLEM

The idea to consider this problem came after a careful reading of the article [1], where
the authors considered a similar equation but with a different set of hypothesis; namely their

formulation was focused in the study of the equation

—(A(w)u') 4+ u(t) = h(t,u(t)) + g(t,u'(t)) in R
u(£o0) = u/(+o0) = 0,

with
(Hy) h,g:R?* — R locally Holder continuous, even on the first variable and h(t,0) = ¢(¢,0) = 0;

(H,) there exist constants 0 < r1, 75 < 1 and smooth functions b € L'(R) N L>(R) with b(t) > 0
2
for all t € R, a; € L*(R) and ay € L™ (R), satisfying

bl < hit, ) < ar(t) + ax(®)|ul™, V(t, ) € B

(H3) there exist a constant 0 < r3 < 1 and smooth functions as € Lﬁ(R) and a4 € L*(R)
satisfying
0 < g(t,n) < as(t) +as(t)nl™  V(t,n) € R

(H,) the function A is smooth, nondecreasing and there exists v € (0, 1) satisfying

0<y<A(t) VteR.



13

Comparing with our work, we considered sup-linear growth on u and «’, terms involving
this type of growth are not covered in [1]. Another aspect that we would like to emphasize is
the weakening of the hypothesis over g: comparing with [1], we asked only for continuity over g,

instead of Holder continuity.

Although the formulation presented here is not an immediate consequence of [1], some
techniques therein proved to be quite solid and very useful in the study of this type of problem,
transcending the circumstances framed by the authors. In this respect, we would like to
emphasize the [1, Thm. 3.1], which became (in this dissertation ) Theorem 19 and the final
part of the arguments presented in [1, Thm. 4.3]; these arguments were used here to prove

Proposition 31.

1.2 MAIN HURDLES

Our formulation presented some interesting challenges, for instance, the problem is not
variational. Among the non-variational techniques we chose the Galerkin Method as a tool
to gather information about existence of weak solutions. Although proving itself beneficial,
the Galerkin Method presented us with other types of challenges to circumvent. For example,
the nonlinear term g(|v/(¢)]) with 0 < sg(s) < |s|? and 2 < § < 3 enables us to take g(s) =
sign(s)|s[®. Thus estimations involving [, |u/|* become essential to the calculations but, at the
same time, a mystery: this is due to the lack of information about u’, since all embedding

theorems of H}(Q2) do not provide a substantial information about u’ as it does for u.

We consider the case § = 3 as the critical one and treat it separately in our estimations.
For 6 > 3 we would get expressions involving [ |u’|’"! that we could not control, because
0 —1 > 2 and we only know that «/ € L?; for this reason, we limited < 3, and 0 > 2 was

required because we wanted to focus on the sup-linear case.

There are some literature about equations on domains in R" involving the term |Vu|? in
the nonlinearity (see [2, 3, 4]), some authors call this type of growth : “critical growth on the
gradient”. Simple changes in how this term appears in the equation can have dramatic effects
on the outcome. For instance, a simple change in the sign of [Vu|? can lead to a total failure
to obtain a solution (even in the weak sense), see the article [3] for more information. With
that been said, we consider the possibility to take g(s) = sign(s)|s|*> a major contribution of

our work to the study of equations following the same type as (1.1).

The methods applied in our work require certain symmetry, which is due mainly to a
lack of a comparison principle (known to the author) to guarantee that some limit-functions are
not zero almost everywhere (a.e). This necessity is expressed in the hypothesis of Theorem 19;
with emphasis on the items 2 and /. To overcome this obstacle we founded this work focusing
on the set EJ(I) = {u € HJ(I);u(t) = u(—t) a.e }, I C R an interval, which is the subset of
H{(I) consisting of even functions. This set can be understood as the set of radial symmetric

functions in R.
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1.3 STRAUSS APPROXIMATION

In order to develop our study, we used the Galerkin Method to construct a solution to a
problem approximating (1.1) in a bounded interval; this approximation is due to a sequence
of Lipschitz functions (fy) converging to g that has been called Strauss Approximation, after
appearing in the article [5]. This approximation was useful because it helped us to work with

the necessary estimations without extra hypothesis over g. In detail, our approximation was

—(A(@)'Y () + u(t) = A (Ou®)|" + [P + filld O + 5, in (=n,n)
u(n) = u(—n) =0,

(1.4)

considering 1) € L?*(—n,n) a positive and even function; the term % was utilized to guarantee

that a solution of (1.4) is not identically null. Regarding this approximation, we proved that

Theorem. There exist A* > 0, 5 € (0,1) and k* € N for which the problem (1.4) admits a

nontrivial, even, non-negative C**[—n,n] N C?(—n,n) solution for every A € (0, \*) and k > k*.

The proof of this theorem is a direct consequence of Proposition 27 and Proposition 29.

We followed [6] in the definition and presentation of the properties of the sequence (f).
In this article, the authors used this approximation to avoid the usage of Ambrosetti-Rabinowitz

condition and were able to obtain a positive solution to the equation

—Au = "+ f(r,u) in B(0,1)
u>0 in B(0,1)
u=">0 on 0B,

see [6] for more information.

We would like to emphasize that, in [6], the authors used this approximation in a term
involving u; namely they used it to approximate f(r,u). In our work we used it in «’. As far
as we can tell, this is the first time that this approximation was used in a term involving the

derivative of wu.

After this step we were able to prove

Theorem. The equation

—(A(w)u')' () + u(t) = Adar (Ou@)| " + [u@) P~ + g0’ (@)]),  in (=n,n)
u(n) = u(—n) =0,

(1.5)

has, for all A € (0, \*), a positive C1*[—n,n] N C?(—n,n) even solution for some «a € (0, 3).

This was proved in Proposition 31 .

With this theorem we obtained a sequence (u,) of solutions in W12(R), (indexed with

“n” from the interval (—n,n)), that had converging subsequences when restricted to intervals
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such as K; = [—7, j|, and these candidates (the limits of the subsequences) could be extended
to a solution in R of (1.1). Using [7, Thm. 1] and some standard arguments, we were able to

prove that

Theorem. The equation
—(A(uu) (1) + ult) = Aar(O)[u(®)]* + Ju@®) +g(jW/ (1)),  nR. (1.6)
has an even, positive and C?(R) solution that satisfies

for all A € (0, \*).

The construction of such solution was the main goal of Section 4.3.

1.4 FURTHER READING

In literature one can find a range of equations similar to (1.1) also seeking homoclinic or

heteroclinic solutions. We would like to, briefly, expose some of these works:

o Article [8] studies the existence of homoclinic solution, using arguments of lower and upper

solutions and fixed point theorem, for the equation
u'(t) — ku(t) = f(t,u(t),'(t)) a.et €R (1.7)
considering f : R* —+ R a L'—Carathédory function, that is, f verifies:
(i) for each (x,y) € R? t + f(t,z,y) is measurable on R;

(i) for almost every t € R, (z,y) — f(t,z,y) is continuous on R?;

(iii) for each p > 0, there exists a positive function ¢, € L'(R) such that, whenever
T,y < [_pa p]a then
|f(t,l',y)| S Sop(t), aeteR.

Comparing with our work we have proposed new arguments and utilized the weight A(u)
on the therm involving the second order derivative, not covered in [8]. This article also
presents some examples and applications of the Duffing-type equation, related to this

topic.
 Article [9] investigates the existence of positive solution to the equation
u" + cu'a(t) f(u) =0

in unbounded intervals. The author considered ¢ > 0 and f(z), a(t) non-negative functions;

moreover, the assumptions over these functions were:
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(H1) f: Ry — R, is a locally Lipschitz function such that f(0) = 0, and there exists
d > 0 such that f(z) >0if 0 <z < d.

(H2) a:R — R is a continuous function such that, for some a > 0; a < a(t) < 1.
The author analyzed two types of problems of his interest:
Type 1 f has a zero, e.g. f(1) =0, with f(u) > 0 whenever 0 < u < 1. In this case, he
searched for heteroclinic solutions which where strictly decreasing.
Type 2 Whether the proposed problem has a non-trivial positive solution defined in an
unbounded interval such as [ty, +00] and satisfying u(ty) = 0 = u(+00).

« Article [1] was previously discussed but, for completeness, we also mention it here.

« Article [10] searches heteroclinic solution for the problem

(a(z(t)2'(t)) = f(t,x(t),2'(t)) aet €R (1.8)

considering a(x) a non-linear, continuous and positive function and f : R®> — R a nonlinear
Carathédory function. In some aspect we think that is article, the article [1] and our work

complement each other in the investigation of equations of type (1.8).

1.5 DISPOSITION OF THE CHAPTERS

Chapter 2 deals with some basic properties of Sobolev Spaces; the main result therein

is an embedding theorem used afterwards.

Chapter 3 deals with the basic definition of Hélder Spaces and, again, the goal here is

to prove an embedding theorem.

Chapter 4 is where we treat the stated problem. We recommend the reader some
basic knowledge in measure theory and functional analysis; objectively, the topics covered from
chapters 1 to 8 of [11].
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2 SOBOLEV’S SPACES

Our main goal in this chapter is to prove the following theorem:

Theorem. There exists a constant C' (depending only on |I| < oo) such that
1. HuHLoo(]) < CHunl,p([)Vu € Wl’p([), V1 < P < 0.

In other words, W'?(I) < L*(I) with continuous injection for all 1 < p < oo.

Further, if I is bounded then

2. the injection WP(I) < C(I) is compact for all 1 < p < oo,

3. the injection W'(I) < L4(I) is compact for all 1 < g < co.

This theorem was used multiple times throughout the argumentation of chapter 4. We
will follow the order and arguments from chapter 8 of [11]. The goal of this chapter is to
only discuss some basic properties of the Soblev Spaces in the context of R so, to a thorough

explanation, consider reading this great book.

2.1 DEFINITION AND BASIC PROPERTIES
Given I C R an open interval and 1 < p < oo we define
W'P(I) = {u € LP(I);3g € LP(I) such that /ucp’dt = —/gcpdt, Voe Cg(D)}.  (2.1)
I I

These classes of sets are called Sobolev spaces. If p = 2 we may use the notation H'(I) = Wh2(I).

These sets are normed vector spaces with the norms — which are all equivalents— given by

L lullwrr = {lulle + llu'l] 2r;

2. for 1 < p < oo, [lullwis = (fullf, + [lu/|7,)""

Moreover, we have that:

the space WP is a Banach space for 1 < p < o0;

it is reflexive for 1 < p < oo;

it is separable for 1 < p < oc;

e H!'is a separable Hilbert space, with inner product given by :

(U, 0) g1 = (u,v) o + (U, 0") 5
H L L

Lemma 1. Let f € L},.(I) be such that

/I Foldt =0 Y e CX(I).

Then there exists a constant C such that f = C a.e on I.
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Proof. See [11, Pag. 204, Lemma 8.1]. O

Lemma 2. Let g € L}, (I); for yo € I fived, set

T

o(z) = /y g(t)dt, zel.

0

Then v e C(I) and
/vw’dt = —/ggodt Vo € C3°(1).
I I

Proof. See [11, Pag. 205, Lemma 8.2] O

Theorem 3. Let uw € W'P(I) with 1 < p < oo, and I bounded or unbounded; then there exists

a function @ € C(I) such that u=u a.e on I, and
a(z) — aly) = / d(t)dt Yoy eT.
Yy
Proof. Let yo € I and define u(z) = [ v'(t)dt. By Lemma 2 we have

/ﬂgp’dt: —/u'gpdt Vo € C5°(1).
I I

Thus, [;(u —u)¢" =0 for all ¢ € C§°(I). It follows from Lemma 1 that there exist a constant
C such that w — @ = C a.e on I. Then, taking u(x) = u(x) + C we finish the proof. O

Proposition 4. Let u € LP(I) with 1 < p < 0o. The following properties are equivalent:
(i) uw e WhP(I);
(ii) there is a constant C' such that
[ ugtdt| < Cliglog, e e CE)

where 1/p+1/p = 1.
Furthermore, we can take C' = ||u||Lr(1).

Proof. (i) = (ii) follows from the definition of Sobolev Spaces.

(17) = (i) Define the linear functional
peCye(I) — /ugo/dt
I

and notice that, since p' < oo, C°(I) is dense in L¥ (I) [See 11, pag. 97, thm. 4.12].
This functional is continuous for the L” (I) norm and, therefore, by Hahn-Banach theorem

there exists an extension F' defined on L (I). By the Riesz representation theorem there exist
g € LP(I) such that

Flg) = [ gedt Wpe L' (1).
In particular,
/ugp’dt = /gcpdt Vo € C5°(1),
I I
thus u € WhP(I). O



19

Proposition 5. A function u € L®(I) belongs to WH>°(I) if and only if there exists a constant
C' such that
lu(z) —u(y)| < Clx —y| for a.e. z,y € I.

Proof. 1f w € WH*(I) we can apply Theorem 3 to obtain:
u(z) —u(y)| < |o'l|=]z =yl for ae. z,y € 1.

Conversely, let ¢ € C3°(I). Since ¢ has compact support, for |h| small enough the following

integral is well defined:
/1 u(z + h) — u(@)]p(e)dz.
Moreover, we have that
J [t + 1) — u@lp(@)da = [ u(@)lp(e —h) - pl)da.

Thus,

[ u@)lo(e — h) - o)) de

[t + 1) = u@)le@)dz| < Clhll].

Dividing by |h| and letting h — 0 we obtain

[ugdt| < Cligl vp € C(D.
Thus, by Proposition 4 we conclude that v € Wh>(T). H
Definition 6. Let v : R — R and h € R. We define the function m,v by (m,v)(z) = v(z + h).
Proposition 7. Let u € LP(R) with 1 < p < co. The following properties are equivalent:
(i) u e WIP(R);
(ii) there exists a constant C' such that, for all h € R,

||7'hu — UHLP(R) S C‘h|

Moreover, one can choose C = ||t/|| 1r(w) -

Proof. (i) = (ii) By Theorem 3, for all z, h € R we have:

z+h

w(x + h) —u(z) = / o' (t)dt = h/o1 u'(x + sh)ds.

x

Thus, by Hélder’s inequality we have

1
u(z + h) — u(@)]P < \h\p/ [/ (2 + sh)[Pds.
0
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Then,
1
/ lu(z + h) — u(z)|Pde < |h]? / / /(2 + sh)[Pdsda
R R JO
1
- |h|p/ /|u’(:)s+sh)|pd:vds
0 JR

1
= P [ s = 1P

and so we obtain the inequality (7).

(17) = (i) Let ¢ € C§°(I). For all h € R we have

/R[U(x + h) — u(z)]p(z)dr = / w@)[plz — h) — o(x)]dx.

R

Using this equality, Holder’s inequality and (ii) we conclude

[ u@le@ — b) = el@)dz| < Clhlel v oy
Dividing by |h| and letting A — 0 we obtain
[ ugd] < Cllgll s
By Proposition 4 we have that u € WP (R). O

Theorem 8 (Extension Theorem). Let 1 < p < oo. There exists a bounded linear operator

P:WYr(I) — WHP(R), called an extension operator, satisfying the following properties:
(i) Pul; =u Yue W'P(I);
(ii) || Pull ey < Cllull ey Yu € WHP(I);

(i) 1Pullwroey < Cllulwroy Vu € WH2(D)

where C' depends only on |I| < oco.

Proof. See [11, Pag. 209, Thm. 8.6]. O

Theorem 9. Let u € W'P(I) with 1 < p < co. Then there exists a sequence (u,) in C5°(R)
such that u,|; — w in WHP(I).

Proof. See [11, Pag. 211, Thm. 8.7]. O

Theorem 10. There exists a constant C' (depending only on |I| < co) such that
1. ||u||Loo(1) S C'||u||W1,p(1)Vu € Wl’p([), V1 S Y% S Q.

In other words, WYP(I) < L>®(I) with continuous injection for all 1 < p < oo.

Further, if I is bounded then
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2. the injection WP(I) — C(I) is compact for all 1 < p < oo,
8. the injection WH(I) < L(I) is compact for all 1 < q < co.
Remark 1. To prove this theorem we will need the following result:

Theorem. Let F be a bounded set in LP(R™), with 1 < p < co. Assume that

|}111|n[10 |70 f — fllzr = 0 uniformly in f € F,

i.e, for all € > 0 there exists § > 0 such that |7, f — f||» < € for all f € F, for all h € R™ with
|h| < 0.

Then the closure of Flg in LP(Q2) is compact for any measurable set 2 C R"™ with finite

measure. (F|q denotes the restriction to €2 of the functions in F).
The proof of this theorem can be found in [11, pag. 111, thm. 4.26].

Proof. We’ll begin proving item 1 for I = R; the general case follows from this case and
the extension theorem. Let v € C°(R); if 1 < p < oo set G(s) = |s|P"'s. The function
G(v) € C*(R) and

(G(v)) =G0 = plof~'.

Then, for all x € R, we have
(@)l o(e) = Go() = [ pl(ol o @),
thus, using Holder’s inequality
D <p [P @l

<o ([ o) " ([ ape-va)”

= pllv o |0l 7w

/

< pllvlliys-
and so we can obtain
[0l @) < Cllollwre, (2.2)
where C' is a universal constant independent of p, because p'/? < e'/¢ for all p > 1.

Now, given u € WIP(R), there exists a sequence (u,) in C$°(R) such that u, — u in
W1P(R). Using (2.2) we see that (u,) is a Cauchy sequence in L>(R); thus u,, — v in L>=(R)

and we obtain the item 1.

Proof of 2. Let B be the unit ball in W'?(I), with 1 < p < co. For u € B we have
lu(z) — u(y |—’/ dt‘< ||| e I)|x—y|1/p <l|z -y Vr,yel (2.3)

Then, from Arzela-Ascoli theorem, B has a compact closure in C'(7).
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Proof of 3. Let B be the unit ball in W1(I) and P be the extension operator. Define
D = P(B), so that B = D|; := restriction to I of the functions in D. By the Theorem 8 D is
bounded in W11(R); therefore D is also bounded in L4(R), due to the interpolation inequality,
since it is bounded both in L'(R) and in L®(R).

By Proposition 7, for every f € D we have

I f = fllovwy < [P ovw) < Clh,

since D is a bounded subset of W' (R). Thus,

[ 1md = frat = [ \mf = £ e = flat (24)
< [ (mf [+ 1£)" 7 f - Flde (25)
< @ flle)™ [ Imf = fldt (2:6)
= @) lrnf = Fllg < Clh. (27)

Then
7 f — fllzawy < C|h|Y4

and limy, 0 || 7n.f — f|Le(r) = 0. Consequently, by [11, pag. 111, thm. 4.26] we obtain the desired
result. O

Remark 2. Let I be a bounded interval, then W'2(I) < L?*(I) is compact.

Indeed, let B be the unit ball in W'?(I) and P : Wh*(I) — WH(R) the extension
operator. Define D = P(B). By Theorem 8 D is bounded in W!#(R) and this implies that D
is bounded in L?(R). Using Proposition 7 we have, for all f € D

|70 f — fllezw) < | lle2mwylh| < CA|,

where C' is a constant independent of f (C' is the constant of the extension operator). Thus
limp—o |70 f — fllz2@) = 05 by [11, pag. 111, thm. 4.26] we conclude that the embedding is

compact.

Corollary 11. Suppose that I is an unbounded interval and v € WHP(I) with 1 < p < co. Then

lim u(x) =0.
|| =00

Proof. See [11, Pag. 214, Corl. 8.9]. ]
Definition 12. Given 1 < p < oo, denote by W, ”(I) the closure of C$°(I) in WP(I). Set

Hy(I) = Wy (D).

The space W, (I) is equipped with the norm of W'(I), and the space H{(I) is equipped
with the inner product of H'(I). The space W, (I) is a separable Banach space. Moreover, it
is reflexive for p > 1; the space H}(I) is a separable Hilbert space.
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Proposition 13 (Poincaré’s inequality). Suppose I is a bounded interval. The there ezists a

constant C' (depending on |I| < co) such that
Hu”wl,p([) S CHUIHLp([) Vu € WOLP(I)
In other words, on Wy*(I), the quantity |[u'|| o1y is a norm equivalent to the W'»(I) norm.

Proof. See [11, Pag. 218, Prop. 8.13]. O
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3 HOLDER’S SPACES

In order to obtain the solution of the proposed problem in chapter 4 we will need to
juggle between multiple normed spaces called Hélder spaces; this will be useful because there are
certain embedding theorems among them, providing a tool to obtain converging subsequences.

For more information concerning Hélder Spaces see [12].

3.1 DEFINITION
Let 2 be an open subset of R” and f : {2 = R a k—differentiable function in z € €. For

v=(7,---,7) € N we define |y| = > ;v and

ol f

- Oxy oz 7" -+ Oz (z)

DV f(x) Vv < k.

Definition 14. (a) We say that f is a Hdélder continuous function with exponent A, or

A—Holder continuous, in the set €2 when f satisfies

_ /(=) — f(y)]
[F1A(Q) : %pg woyp T

in this case, we say that f € C*Q).
(b) We define:
C*(Q) = {f € C*(Q); D" f is bounded and uniformly continuous in Q@ V|y| < k}
with || flos ) = maxy < |07 |0 and
CPANQ) = {f e C*(Q); D' f € CNQ) V|y| <k}
The sets C**(Q) are vector spaces called Hélder Spaces; they are Banach with the norm

[fllcrea@y = 1l or @ + max[D7 f1A(€2).

[vI<k

Remark 3. We may use the notation | - |4 for the norm || - || ces g)-

3.2 EMBEDDING THEOREM

Theorem 15 (Arzela-Ascoli). Let K be a compact metric space and let H be a bounded subset

of C(K). Assume that H is uniformly equicontinuous, that is,
Ve > 036 > 0 such that d(xy,x2) <0 = |f(x1) — f(za)] <€ VfeH.

Then the closure of H in C(K) is compact.

Proof. See [13, Pag. 290, Thm. 47.1] O
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Remark 4. The proof of the following theorem was extracted from [14, Pag. 175, Thm. 9.6];
currently this material has no English translation.

Theorem 16. Let 2 C R™ be an open set. Then, for all k € N and 0 < A < 8 <1 we have the

following continuous embeddings:

CM(Q) — C*(Q) (3.1)
CPMNQ) — C*(Q) (3.2
CH(Q) — CPNQ). (3.3)

If Q) is bounded, then the last two embeddings are compact; moreover if §) is convexr and bounded,

then all embeddings are compact.

If Q is convez, there are two more embeddings:

CH1(Q) — CR(Q) (3.4)
CH1(Q) s CFA (@), (3.5)

the last one been compact if Q) is also bounded.

Proof. First we will show the existence of the continuous embeddings. From the clear inequalities

I ller@y < Ifller @)
I llor@ < Ifllera@):
we establish the embeddings (3.1) and (3.2).

Now notice that, for z,y € 2, 0 < A <  and |y| < k:

If 0 < |z —y| <1 then |z —y|* > |z — y|’. Thus

DV f(x) = DV f(y)| DV f(x) = DV f(y)|
sup, p— < s, P— = [D7f15(9).
0<|z—y|<1 £y

If |z —y| > 1 then |z —y|* > 1. Thus

D7) = D ()

z,yeN |x - yl)‘
lz—y[>1

< 2||D,yf||00(§)7

so we conclude that || fl|cragy < 3I[fllons@)-

To obtain (3.4) and (3.5), suppose that Q is convex. Let f € C**1(Q); given 2,y € Q
and |y| < k, by the Mean Value Theorem there exists z € € belonging to the segment line

joining x and y such that

DVf(x) = DV f(y) = VDV f(2)(z —y).
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Then,
D7 f(x) = D" f(y)l < | fllerir@le — vl
for all z,y € Q and for all |y| < k, implying that f € C*1(Q) and

[fllera@ < 1fllern )
The embedding (3.5) follows from (3.3) and (3.4).

Now we will address the stated compactness. Assume that 2 is bounded; we start
proving that the embedding (3.2) is compact for the case k = 0. Let (f;) be a bounded sequence
in C*M(Q) = C*(Q), then there exist M > 0 such that || f;||oa @ < M for all j. Then

|fj(x)] < M for all x € Q and for all j.
Thus (f;) is uniformly bounded and
|fi(2) = fi(y)| < Mz —y* Va,y € Qand Vj.

Therefore the sequence (f;) is equicontinuous. By the Arzela-Ascoli Theorem, (f;) has a
converging subsequence in C°(€2); this establish the compactness of the embedding (3.2) in the
case k = 0. For k > 0, if (f;) is a bounded sequence in C**(Q), then it is a bounded sequence
in C%*(Q). By the previous case (k = 0) (f;) has a converging subsequence in C%*(2) (that we
still denote by (f;)); thus there exists f € C°(Q2) such that f; — f in C°(Q). Notice that, for
|y =1, (D7f;) is also bounded in C°(2); then there exists a subsequence of (f;) (that we still
denote by (f;)) and fl € C°(Q), such that D7 f; — f; in C°(Q). Thus f] = D7 f, because the
convergences are uniform. Continuing this process of extracting subsequences, one concludes
that, for all |y| < k, D7f; — D7f in C°(Q2). Meaning that f; — f in C*(Q), proving the
compactness of the embedding (3.2).

To obtain the compactness of (3.3) we'll use the compactness of (3.2); notice that, if (f;)
is a bounded sequence in C*7(Q), say || fillors @ < M, then we have:

|DY fi(x) = DY f;(y)| ( D7 fi(x) — D7 f;(y)]
lz —yA Iﬂf —y|?

)ﬁ D) — D ()
M? (D7 f(x) — D7 f(y) 7.

| /\

Thus,

(D7 1A(Q) < 23 ME DT Lo

Using (3.2) one obtains a converging subsequence of (f;) in C*(Q). The above inequality implies
that, each and every on of the partial derivatives of this subsequence converges in C%*(Q). Then
this subsequence converges in C**(Q2). Finally, if  is convex and bounded, the compactness
of (3.1) and (3.5) follows from the composition of the continuous embedding (3.4) with the
compact embeddings (3.2) and (3.3) for the case A = 1:
CH Q) — CH(Q) = CHQ)
compact
C* Q) — CP(Q) = CFA(Q). O

compact
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4 MAIN PROBLEM

This chapter deals with the main purpose of this work:

Theorem (Main problem). Consider the equation

—(Aw)u') () + u(t) = Ay (O)|u@)"" + [u®)P~ + g(lW'(@)]), R

(4.1)
lim, 400 u(z) = 0.
With:
(H) 1<g<2<p<+oocanda; € *(R)NC(R), s = %q a positive even function;
(Hy) A:R — R a Lipschitz, smooth (at least C*(R)), nondecreasing function satisfying:
J7v € (0,1) such that 0 <y < A(t) VteR;

(H;) g: R — R a continuous function satisfying:

0 < sg(s) <|s|’ for all s € R, where 2 < 6 < 3. (4.2)

Then there exist A* > 0 such that, for all A € (0, \*), problem (4.1) has an even, positive and
C?*(R) solution.

To tackle the problem we reduced it to a simpler one: first obtain a solution to functions
defined on an interval (—n,n), with n € N. From there we were able to infer the existence of a
solution to (4.1).

4.1 SOLUTION IN A BOUNDED INTERVAL
Consider the problem

—(A(w)u) (1) + u(t) = Ay (Olu(®)|*" + @) + gl (D)), in (=n,n)

Pn
u(n) = u(—n) = 0. e

With the same set of hypothesis (H;), (Hs) and (H3).

Remark 5. We will use the notation || - ||y1.2 for the usual norm of Hg and for (|Jul|zz + [|u||z2) or
(lullz2 + ||v/]|z2)?. Since these norms are equivalent the results will not change but the constants
may. In most of the cases ||u||w12 = ||ul|z2 + ||o/||z2 . We also emphasize that, when the context

is clear, we will omit the domain in norms such as those from the spaces L(—n,n).

Definition 17. We will call w € H}(—n,n) a weak solution of (P,) if

/ A(w)w'v’+/ wv:/ )\a1|w|q_1v+/ |w|p_1v+/ (|

-n —

for all v € H}(—n,n).
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Remark 6. The following construction of the sequence (fy) is due to [5].

Define G(s) = [ g(t)dt so that G is differentiable and G'(s) = g(s). By means of G we
shall construct a sequence of approximations of g by Lipschitz functions f : R — R. Let

“K[G(—k = 1)~ G(—k)], ifs<—k
—k[G(s — 1) — G(s)], if —k<s<=
fuls) = Ks[G(F2) — G(F)]; if 7+ <s<0 43)
k2s[G(2) — G(3)], if0<s<z
kIG(s+ 5) — G(s)], if 1 <s<k
k[G(k + 1) — G(k)], if s>k

Theorem 18 (Lemma 1 from [6]). The sequence fi as defined above satisfies:

1. sfr(s) >0 for all s € R;

2. for all k € N there is a constant c(k) such that |fi(§) — fr(n)| < c(k)|€ —nl, for all
§neR;

3. fr converges uniformly to g in bounded sets.

Remark 7. From the definition of the sequences f, and the fact that sign(g(s)) = sign(s) Vs € R,
it follows without difficulties that I is true. In [6, Pag. 6, Prop. 5] one can find a detailed proof

of 2 , so we will only prove & by an alternative argumentation.

Proof. Let m € N, to prove & we only need to prove that it holds in intervals such as (—m,m).

We may also assume that & > m. Consider the following cases:

Casel. - m<s< %1 Here we have that

s = 99 = |-k [ (5= 1) ~ 6] - 905

—1 _g(5> :

Then, by the Fundamental Theorem of Calculus we conclude that f; — ¢ uniformly.
CaseII._?lgsgo

Since g(0) = 0 and ¢ is continuous, given ¢ > 0 there exists § > 0 such that [t| <
implies |g(t)| < €/2. Let ky € N be such that kg > m and ky > 2/§. Then, for k > kg

) = 9 = 125 |6 (7) = ¢ ()] - 9t
<0l | [ loola] + lote)
< k2(k12); + % =€ Vse€ [_]{:1,0].

Proving the desired convergence.

For the cases 0 < s < % and % < s < m the arguments are similar.
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The next theorem is our comparison principle. It will be useful to guarantee that, after
applying the Galerkin Method, our candidate solution to problem (P,) won’t be the identical

null solution. See Proposition 31 for information about its usage.

Theorem 19 (Theorem 3.1 from [1]). Let ¢ : (0, +00) — R be a continuous function such that

the mapping (0, 4+00) > s — ws) g strictly decreasing and p > 0. Suppose that there exist even

s

functions v,w € C*(—p, p) N C[—p, p] such that:
L (Alw)w') —w +(w) <0 < (A()') — v +9(v) in (=p,p);
2. v,w > 0in (—p,p) and v(p) < w(p);
3. {x € (—p,p);v(x) =0} and {z € (—p, p);w(z) = 0} have null measure in R;
4.0 -w' >0in (—p,p);
5. v w' e L®(—p,p).
Then v <w in (—p,p).

See [1, Pag. 2419, Thm 3.1] for the proof; although slight different statement, defining

Yl — 0 for s € {x € (—p, p); w(x) = 0} is sufficient to completely adapt the demonstration

w(s)
gave in [1] for the above formulation.

4.2 APPROXIMATE PROBLEM

Let ¢ € L?*(—n,n) be an even and positive function. In order to solve (P,) we will focus

our attention on the approximate problem

—(A(u)u) () + u(t) = Aar ()@ + @) + fulld' () + 5. in (=n,n)
u(n) = u(—n) =0.

(Pr)

which carries significant information about (P, ), as result of the properties of fy. This approach
aims at constructing a sequence of solutions for (P¥) that will, eventually, converge to a solution
of (P,). In order to obtain such sequence, we will use the Galerkin method together with the

following Lemma 20

Remark 8. We observe that the usage of the Strauss Approximation on a term involving u’ is a

novelty of our work.

Lemma 20. Let § : RY — RY be a continuous function such that (F(x),z) > 0 for all v € RY
with ||z||gy = r. Then there exist xq in the closed ball B[0,r] such that §(xy) = 0.

Proof. See [15, Chap. 5, Thm. 5.2.5]. ]

Lemma 21 (Lemma 2 from [6]). Let g : R — R be a continuous function satisfying (4.2). Then

the sequence fi of Theorem 18 satisfies
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1. Forallk € N, 0 < sfy(s) < Cis|” for every |s| > 1;

2. for allk € N, 0 < sfi(s) < Cils|* for every |s| < 1.
where C1 is a constant independent of k.

For the proof of this result see [6, Pag. 8, Lemma 2].

Definition 22. A function w € Hi(—n,n) is called an E-weak solution of (P¥) if w is an even

function satisfying
[ Awwe + [ wo= ["daulr o [ o 1 aue+ [1 Ve

for all ¢ € E}(—n,n) = {u € Hj(—n,n);u(t) = u(—t) a.e }.

Definition 23. We will call w € H}(—n,n) a weak solution of (P¥) if
/ A(w)w’v’+/ wv:/ )\allwlq”vjt/ ]w]p’lv—i—/ fk(lw’\)v+/ lli}v
for all v € H}(—n,n).

Lemma 24 (Lemma 4.1 from [1]). Let w € H}(—n,n) be an E-weak solution of (P¥). Then w

is a weak solution of (PF).

Proof. First we will prove that w is a weak solution in (—n,0) U (0,n). Let ¢ € C§°(0,n) and

define:
¢(t), ifte(0,n);

((t) =10, ift=0;
C(—t), ifte (—n,0).
Thus ¢ € E{(—n,n) and
[ Awp? + [" wt= [ daiful = [ ol [ e [ ;fc.

Since w, v, a; and ¢ are even functions, all the integrands above are also even functions; so the

above equality can be rewritten as
[ w4+ [t = [Dafop T [ [ Rwer [MET
0 0 0 0 0 o k

Using that Z\(O,n) = (, from the above equality one can conclude that w is a weak solution in

(0,mn). Similarly we also obtain that w is a weak solution in (—n,0).

Given ¢ € H}(—n,n), let 1) € E}(—n,n) be such that 9(0) = ¢(0). Defining

Oy(t) =

o(t) —(t), ifte(0,n)
0, if t € (—n,0]
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Bo(t) = 0, ) if t €[0,n)
o(t) —Y(t), ifte (—n,0]

we have that @, := D1 (0,0 € Hy(0,n) and D, = Dol (—n0) € Hj(—n,0). Thus

[ Awwd + [Cwdy = [Dafu @ [Cer@ o [+ [TV @)

0 ., 0o 0 = 0 = 0 N 0 )~
| Awu'®) + [ wd = [ daul 8+ [ el [ B+ [ 2, (45)

-n —

Since ¢) € El(—n,n) we also have that

/" A(w)w'zﬂ’Jr/:w?ﬁ:/Z)\al]wlq11;+/T; ywyplm/’;fk(yw'\)w/z Z@Z. (4.6)

n

Combining (4.4),(4.5) and (4.6) we conclude

[ Awwe + [ wo= ["raul o [ o 1 aue [ Ve @)

i.e, w is a weak solution. O

Proposition 25. Properties of Ef(—n,n) :

(1) it is a Hilbert Space;
(II) it is separable;

(I111) is has an orthonormal basis.

Proof. See Appendix A. n
Remark 9. For information concerning orthonormal basis in Hilbert spaces, see [16].

Let E}(—n,n) = {u € Hj(—n,n);u(t) = u(—t) a.e } and (e;){°; be an orthonormal basis
of E{(—n,n).

Define Vi = span{ey, ..., en}; then for every u € V), there exist &, ...,&y in R such
that u = YM | &e;. By means of T: Vyy — RM T(u) = T(XX, &ei) = (&1,...,€n), which is a

linear isomorphism and preserve norm, we may define § : RM — RM such that

§(&) = (F1(8), -, Fm(§)) (4.8)

and

5161 [ A [y [ e~ [ e~ e, [ e

where j € {1,..., M} and u = T 1(§), for all £ € RM.

Lemma 26. The function § is continuous.
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Proof. Given £ = (&,...,&y) € RM let (&), be a sequence in RM such that ||&§ — &||ga — 0.
By means of T we can identify T71(&) = u = S, ;& and T7Y(&) = uy = =M, e;&l. Since T is
isometry we have that ||u; — u|ly12 — 0. That is, ||u; — u||p2 — 0 and ||u; — u'|| 2 — 0. Taking

a subsequence if necessary, we may assume that

w(x) = u(z) a.e on (—n,n),

uy(x) = u'(x) a.e on (—n,n),

and |u(x)| < hy(x), |uj(z)] < ho(x) a.e on (—n,n), with hy,hy € L*(—n,n). Let j €

{1,2,..., M}, we will prove that f;(&) — f;(€).

[ i, - [ e < [ (uillA@) - A@]+ [A@ G - a1l (49)

since |uj(x)||A(w(z)) — A(u(m))”e;(xﬂ — 0 a.e and |A(u(x))||uj(z) — u’(x)||e;(x)| — 0 a.e, by
the Dominated Convergence Theorem (D.C.T) (4.9) tends to zero as | — +o0.

n n
‘/ we; —/ ue;| <
—n —n

[ Dl = ™) o (™ = ™)+ (FeCf) = fulw e
< [ Naal lunte=* =l sl + [ Jlea™ = ™| I

[ Ui = Al el (4.11)

[ = ullesl >0 [by (D.CT). (4.10)

since that |y|7! — |u|?! a.e and |y [P7! — |u[P7! a.e, (D.C.T) implies that the first two

integrals above converges to zero. Using the second item of Theorem 18, we have

[ i) = fultDl el < [ elhklug = ol (4.12)

Then, by (D.C.T), (4.12) converges to 0 as [ — +o0.

These estimations show us that for every subsequence () of (&), there exist a subse-
quence (&, ) of (§,) that §;(&, ) — §;(&). Therefore §;(&) — F;(). O

Proposition 27. There exist \* > 0 and k* € N for which the problem (P¥) admits a nontrivial
weak solution for every X\ € (0, \*) and k > k*.

Proof. Our aim is to use Lemma 20, with the function § defined in (4.8). Given £ € RM we
have that

3.6 = [ AP+ [ Wl [ ol [ e [ o [ Y @13)
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In the following we will estimate these integrals. We have that

| darlul e < Ml lullfe < ACalullya, (4.14)

[ o Wl s

k

Now let 4 : R — R be the extension by zero of u, then

[ tu< [y = [ g (4.16)

< ey | lul® (4.17)
= ey 1l (418)
< O 2ull 2l = O ulfy (4.19)

Where C'is the constant for the embedding W?(R) < L*(R).
Define

| =
-

0. = {s € (~nn): ()] = 1) and 9 = {s € (~n,m);0 < |u'(s)] <

Then }
[ flhu= [ gl [ gl

Notice that by Lemma 21,

/ / (71
< < —
[ ahus [ el < [ Sl

n 1/2
< Cl/ lu| < 01(2]?)

[l 2

< Cl (271)1/2

< — % lluflwra.

To estimate the integral over €2, consider the following cases :
Case 1. 2 <0 < 3.

Using Lemma 21, we have

! 16-1 " 1160—1
[, < [ Gl < [ Grlal
1 n =1
sa(f ) (L)
<o (f fara®)” st

52 2 1110—1
< 01||u||Lé”o(R [Jull 22 [ w'l| 2

-2
< OO ullyallulyallullfts = CLO™T ullfre.
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Where w = (92T1>, =2 > 2
Case 2. 0 = 3.
[ luhe< [ il < [ il Plu
Q> Q> 2
< Cllilloee 10/ < CLC ullwas ullf-

= CiClulliy2-

By the exposed necessity to consider the cases 2 < # < 3 and 0 = 3, we shall estimate (4.13) in
two cases as well.
Case 1. 2 <0 < 3.

(86, €) =7[ullirz = ACsllullfyra — C**lullfyz

we C1(2n)/? o
—o@wWW%g—(“ ) +W““’jwwwm

k k
Define Z;, : R™ — R by

— 2 1/2 2(—n,n
Zi(x) = 7132 — ACozd — CP 2P — 010721;9 _ (Cl( ]:;Z> 4 H1/1||Lk( , )) .

We would like to find x; € R} such that

2
yas — CP 22l — CleT_fo > %”y (4.20)

or equivalently,
—2

Y _9 p—2 w=2 g_
§>Cp 21:110 —i—Clexf 2,

1/(p-2) 1/(6-2)
01 = min ( 7 2) ,<7w_2> )
4Cr- 4C,C %

then for 0 < x; < 07 (4.20) is true. Consequently,

2 9n)1/2 "
Zlc(~171) > %,}/ _ )\02531 . (Cl( n) + ||77Z)||L ( n,n)) 51.

For this, if we take

k k

Define p; = %%’y — AC1. We will adjust A > 0 so that p; > 0; for this if p; > 0 it would imply
that

2 2
L1 Ty
—~ — AO%7 A
27 021>0<:>2025§>

Take Ay = D and 0 < A < A;. Thus p; > 0 and we can find k; € N such that for k > k,

20507

01 > (01(2,?)1/2 + ”d}”ﬂk(_"’")) 01 > 0. Therefore, for 0 < z; < 61, 0 < A < Ay and k > k;

Zk(l’l) > 0,

and so, with ||ul|p12 = 21,

(§(£). &) > 0. (4.21)
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Case 2. 0 = 3.

(89, €) = [ulliyre = ACallullfyre = C*lullfys

C (2n)1/2 ||¢||L2 —n,n
— CIC||U||‘3/VI,2 - ( ! 2 + k( ) HU||W1,2.

Following the same ideas as in Case 1, take

. ¥ 1/(p—2) ¥
09 = min (401’—2) ; <4010) )

For 0 < x5 < 8y and py = 96377 — ACo0%, with 0 < X < 22%2753 := Ay, we have py > 0. Let ky € N

C1(2n)1/? Il 2 )
k + k

be such that £ > ky = py > ( d3 > 0. Then, for ||u||y12 = z2 we have

(§(£). &) > 0. (4.22)

To properly use Lemma 20, let us take 0 < r < min{dy,d2}, 0 < A < A* := min{Ay, A}
and k > k* := max{ky, k2}. In this way, for ||u|ly12 = r, we conclude that (F(£),&) > 0
independent of #. By Lemma 20, there exists yy € B[0,r] such that F(yy) = 0 that is,
identifying vy = T~ (yar), for all j € {1,..., M}

/n A(var)vis€; + /n vpe; = (4.23)

= [l [ o+ [ e+ [ Ve,

Therefore (4.23) holds for all ¢ € V), because {e1,...,en} is a basis of V).

Remark 10. Notice that our choice of r does not depend on M ,n or k. This free determination
of r will be useful further down in the argumentation, because using the embedding W1?(R) —
L>*(R) we will be able to obtain an uniform upper bound, in the norm of L*(R), for the
sequence of solutions of the problem (PF). Then this upper bound will naturally be transferred

to also bound the sequence of solution of (P,).

Since ||var|lwre < 7 there is vy € Ej(—n,n) such that vy — vg in Hi(—n,n). By the
compact embedding W1?(—n,n) < L*(—n,n) we conclude vy; — vg in L*(—n,n). Our goal is
to show that vy is a weak solution of (P¥). Let Ty : Vay — V3 and By : Vi — Vi be defined
by

(Cur(w) o) = [ Ay (4.24)

—-n

and (4.25)

(Bur(o)) = [ (=04 Aol 4 =4 Al + )



36

Hence, (I'ys(var) — Bu(var), o) = 0 for all ¢ € V).

Denoting Py : EY(—n,n) — Vi the projection of Ej(—n,n) onto Vj,(that is, if u =

S, age; then Py (u) = SX, aye;) we have
(Car(var) — Bar(var), v — Pavo) = 0,
SO

<FM(UM),UM — PMU0> = <BM(UM),UM — PMU0> = (426)

— [ <—’UM + )\|UM,H + ,UM’IH + fr(Jviy]) + zﬁ) (vpr — Prvg).

Letting M — oo one can see without difficulties that (I'y;(var), var — Pavg) — 0 (see Appendix

A). This convergence allows us to prove the following
Lemma 28. vy, — vy strongly, i.e in the norm of Hy(—n,n).

Remark 11. The idea to consider the operators I'y; and B); was an inspiration from the

arguments presented in [17].

Proof. The limit ||vas — vo| 2(—n,ny — 0 has been established before,thus we will focus our efforts

demonstrating the same for ||v), — vy||2(—nn)- Let @ar, @, Vo, (ur € (E§(—n,n))* be given by

By (w) = /_ : Alvas ! (4.27)
®(w) = [ "HA@O)%w' (4.28)

Uy (w) = /_7; A(vpr) Pyogu’ (4.29)
Cur(w) = [ ZA(UO)PMvgw’. (4.30)

Then, by a straightforward calculation, (see Appendix A), |®y — ®| — 0,|¥pr — Ppy] — 0
and [(y — @] — 0 in (E}(—n,n))*. Thus |¥y — (| — 0 in (Ej(—n,n))*, since |¥yr — (| <
W — Pps| + [ Pas — @) + | — (|- Writing Wy, = (Vs — () + (s yields that Uy, — & in
(E}(—n,n))*. Remembering the weak convergence vy, — vy one can conclude (vy — Ppvg) — 0
in E}(—n,n) because for all f € (Ej(—n,n))*

|f(var) = f(Pavo)| < [f (var) = fvo)l + [ f][llvo = Parvollwre.
Consequently, letting M — oo, Wy (v — Pyvg) — ®(0) = 0. This means that

/ A(var) Paty (v, — Part) — 0. (4.31)
Also, rewriting (4.26)
/ A(vp)vhy (v, — Puyvg) — 0as M — oo. (4.32)

—n
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Therefore, from (4.32)—(4.31)

/n A(vag) (v, — Payvp)? — 0as M — oo. (4.33)

Since A(x) > v > 0 for all x € R we conclude [|v}; — Pyvg| r2(—nny — 0 as M — oco. Then
|03 =05l L2(=nny — 0 as result of |[vh, — vl 2(—nm) < [[Vhr = Prrvoll 2(—nm) + 1196 — Prrvg || L2(—nm),

proving the Lemma. O

We know that for every ¢ € Vi,

[ Al + [ v = (4.34)

n B n B n nw
= [alout e+ [l o+ [ fllble+ [ 2o

By the previous lemma, taking a subsequence if necessary, we may assume that v}, (z) converges
a.e to vj(z) and there exists h € L?>(—n,n) such that |[v},;(x)| < h(x) a.e. Then notice that

< ([ 1Aty - Awo?) Il (035

—n

[ (At = A

and exists @ > 0 such that ||vas]|ec < @ for all M € N, because vy, converges to vy in C°[—n, n]
due to the embedding W'?(—n,n) — C°[—n,n]. We can suppose @ big enough so that
Q) > max{||vo||ec + A(0), ||var|lec + A(0)} . Since

|A(vpr ()0 () — A(vo(2))vg(z)] — 0 a.e (4.36)
and

[ A(var (2))vyy (@) = Alvo(@))op(@)F < (|A(var (@)l ()] + [Alvo () )vg (2)])°
< |A(var (@) vy ()
+ 2[A(v ()| A(vo (@) [vas ()] [vg ()]
+[A(vo(2)) Plvg ()
< AQh(x) + 24°Q? vy (2) h(x) + A*Q? g ()

almost everywhere, we conclude by (D.C.T) that

/n Alvpg) vy —>/ (vo)up’ as M — oc. (4.37)

—-n

Also, by direct calculation, the following convergences are true

/ ng0—>/ (% (4.38)
/ )\a1|vM\q_1cp—>/ Aay|vo|9 (4.39)
[ e T (4.40)

[ e > [ it (4.41)
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as M — oo. Thus, for every ¢ € Vi
/ A(vo)vyp +/ vop = (4.42)

= [“awl o+ [l o+ [ seluaho+ [ Yo

Furthermore, for every u € E}(—n,n), it follows that

/_ZA(UO)UOPMU —>/ (vo) v (4.43)
/_r; vo Py — /_n Vol (4.44)
/_7; Aay|volT Pyu — /_7; Aai|vol? M (4.45)
/:L |vo|P ™t Pyu — /_T; [volP (4.46)
| b P [ felloghu (447)

as M — oo. Thus, for every u € Ej(—n,n)
/ A(vg)vju +/ vou = (4.48)

_/ Aaq|vo|?™ U+/ |vo "™ 1U+/ fr(lvg)) “"‘/

So vy is an E-weak solution of (P¥); by Lemma 24 vy is also a weak solution. This finishes the
proof of Proposition 27. ]

In what follows we will make k& — oo thus we can consider ¢ = 1, because the term %

will converge to 0 as k — oc.

Proposition 29. The above weak solution vy satisfies:
1. vy € CYP[—n,n] N C?*(—n,n);
2. vo(t) > 0.

Proof. To prove 1, we will use the Theorem 1 of [7, Pag. 1]. Let F': [-n,n|x[-Cr,Cr] xR — R
be defined by F(x,z,p) = A(z)p, where C is the embedding constant for W1?(R) — L>(R),
and B(z,z,p) = z — (Aai(2)|2|97" + [2[P~* + fi(|p|) + 7) be defined in the same domain. Then,

problem (PF¥) may be rewritten as

divg F(z,u(x),u'(z)) + B(z,u(x), v (z)) = 0.
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In order to use Theorem 1 of [7, Pag. 1] we must verify the existence of nonnegative
constants [, L, My, m, x with [ < L such that

OF

afp(fw,p)é2 > I(k + [p])" €%, (4.49)
oF

'%(x,z,p) < L(k+[p)™, (4.50)

|F(x,2,p) = Fy,w,p)| < L1+ [p)™ - [z —wl, (4.51)

|B(x,2,p)| < L(1+ [p|)"*? (4.52)

for all (z,z,p) € {—n,n} x [—My, Mo] x R, w € [— My, My] and £ € R. Since %—l;(a:, z,p) = A(z),
inequality (4.49) follows from A(z)&? > ~€2, that is, [ = .

To prove the remaining inequalities take My = C'r,
T > max{Cr 4+ Amax{|a;(—n)|,|a;(n)|}|Cr|T" + |Cr[P~t + 1,20y, A(Cr), A},

L =2T,k =0 and m = 0, where A is the Lipchitz constant of A. Then :

(4.50)
|%Z;(x, z,p)| =A(z) < A(Cr) < L;
(4.51)
|F(x,2,p) = Fy,w, p)| = |A(z)p — A(w)p| < Alp[|z —w| < L(1 + |p])|z — wl;
(4.52)
|B(z,2,p)| = |2 — (a1 (@) [T + |27 + fi(|p]) + ;)I (4.53)

< Cr + Amax{|a;(—n)|, |ar(n)|}|Cr|*™  + |CrP~" + 1/k + Cy (1 + |p|”™)
<T+Ci(1+ 1+ [p)"™)

< T +2Ci(1+ [pl)®

ST+ 1+ p)?)

< 2T(1+ |p|)* = L(1 + |p|)*.

Therefore, by Theorem 1 of [7] there exists 5 € (0, 1) and a constant C, independent of k, such
that vy € C1#([—n,n]) and

vol115 < C. (4.54)
It follows from [18, pag. 317, Chap. 6, Thm. 4] that vy € W*2?(—n,n) and since v is a weak

solution of (P*) we have

o = 0= Aar|vo|?" — [wo|P7t — fu(lvpl) — 1/k — A'(wo)|vg|? (4.55)
A(wo)
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showing that v{ is continuous, thus vy € C*(—n,n).

To prove that v(t) > 0 for all t € (—n,n) we first notice that v, (t) = max{0, —vo(t)} €
Hj(—n,n). We will borrow the argument presented in [6, Pag. 14]. Using v, (¢) as a test

function in the definition of weak solution provides

n B n L n L n B n 1 B

~ [ Awlg = [ i = [ dalul e+ [ ot + [ fullethes + [ e
(4.56)
Then —v||vg |32 > 0, thus [lvg ||y = 0 implying vy = 0 a.e. Since vy is continuous, vg(t) > 0

for all t € (—n,n).
[

4.2.1 Constructing a Solution to Problem (P,)

Let v, be the (strong) solution of problem (P¥) — obtained just above — with k varying.

By the previous constructions we have that |lvg||y 1. < r independent of k, as noticed in

(_nvn)

Remark 10. Then there exists u, € Hy(—n,n), [[tn 12,y <7, s0 that vy, has a subsequence
converging weakly in H}(—n,n) to u,. From now on v, will denote this subsequence. Since the

function
Hy(—n,n) > w r—>/ Alup)ulw'
belongs to (H}(—n,n))*, we have — by the weak convergence — that

/n Alup)ul, (vp — uy,) — 0 as k — oo.

—n

This convergence will be useful in our next task: to prove that vy — u,, strongly in H}(—n,n).
Lemma 30. The following convergence is true

/n A(up)vy (v, — up) — 0 as k — .

-n

Proof. We might write
| Al on =) = [ [Aun) = Alw) + A0}, - u))
) -

:/ [ A(vg)]vg (v, — ul, +/ (i) vk (v — uz,)

I Iz
and analyze I; and [, separately.

Au

Analysis of I,. By the weak formulation of (PF)

| A =) =

J" —vk(vk — wp) + Aag|vg |77 ok — w) + Jor]P 7 (ok — wy)

+f (v — un)

n [n FelloL]) (g — ). (4.58)

(4.57)
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Since we have compact injection of Hj(—n,n) onto L?(—n,n), the weak convergence of vy to u,,
in H}(—n,n) implies ||vx, — u,||z2 — 0. Thus it is straightforward to see that (4.57) converges
to 0 as k — co. Remains to verify what happen with (4.58) in the limit. We have that

[ Ak =) < [ Cullehl + o) (o — )

by Lemma 21. Using (4.54), that is, the estimation |vg|; 3 < C which is independent of k, we
have that
[0 l”7t + o) < (6 + €

Then,
/ Fellop) (e — wa) < CL[(C) 7 + O /Z(”’“ — Up) (4.59)
< (20)2C4[(C)71 + vk — |22 - (4.60)
—0 aS k—oo

Thus, limg_,s Io(k) = 0.
Analysis of I. We also have that limy_,, I1(k) = 0, as one can see through

[ 4G - Al - )

< [ 1A@wn) — Aw) gl — )

—-n

C | [ A(un) = A(o)llvg, —

—-n
" / /
[ = vl =
-n

CAl|uy, — vl 2o — il 12

IN

!

IN
o

IN

< CA2r ||ty — vg 12
Proving the Lemma. O
Thus,
/n A(ug)ul (v — up) — 0 as k — oo (4.61)
/ A(up)vy (v, — up) — 0 as k — oo. (4.62)

From (4.62) — (4.61) we have

/n A(up)(vy, — ul)®> — 0 as k — oo (4.63)

-_n

implying that v}, — u/, in L?(—n,n), since v is a uniform lower-bound for A. Hence vy — u, in
H& <_n> n) : ]

Remark 12. Since v, — u,, in Hg(—n, n) we conclude that u, is also an even function; due to
the embedding W'2?(—n,n) < C[—n,n].

Proposition 31. The function u, satisfies:
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1. u, is strictly positive in (—n,n);

2. uy, is a solution to (P,).
Proof.

Item 1. Let a := inf e[y ai(x). We will divide our argument in two cases:

Remark 13. This division of cases is a geometric argument that we borrowed from [1].
Case 1. There exists a subsequence (v, )ien of (vg) such that v, > 0 in (—n,0) for all 7.
Consider the problem

—(A(uw)u') +u = Aajul”! in (—n,n)
u>0 in (—n,n) (4.64)

Since vj, > 0 in (—n,0) we get that v, > 0 in (—n,0), because — due to Proposition 29 -
vk, is an even solution of (P¥) and vy, > 0 ; i.e, supposing the existence of z; € (—n,0) such
that vy, (2;) = 0 implies the existence of y; € (—n,0) such that v (y;) < 0, which would be a
contradiction. Thus we see that vy, is a sup-solution for this equation. Let ¢; be an even and

positive eigenfunction for the eigenvalue problem

—u" = M\u in (—n,n)

u(—n) =u(n) =0

(4.65)

where A\ = % Thus, choosing 7 such that

7.2—(1(1 + ’}/)\1)
Aa

we have that 7¢, is as sub-solution of (4.64). By Theorem 19

—2
< ¢f

v (t) 2 Tou(t) VL€ (—n,m),

therefore, in the limit,
un(t) > 7¢1(t) >0 Vte (—n,n).

Case 2. For all subsequence of (vy) there exists a subsubsequence (v, );eny and exist a sequence
(2i)ien C (—n,0) such that v}, (z;) < 0.

Remark 14. Although the geometric argument is an inspiration from [1], we still need to adjust

it to our necessity. Lemma 32 is one of such adjustments.

1

Lemma 32. If x € (—n,n) and vy (z) > 0, then vy, (x) > (Aa)?.
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Proof. Since vy, is a solution for the problem (P*), with k = k;, for all ¢

— A (g, (8)) vy, (O — Alwr, (£)) v, (8) + v (1) > Aafog, (1) + ; (4.66)
Then, with t = x,
—A(v, (2))vy, () > Aafog, ()] = vg, (2) + A (vg, (2)) v, ()
> Aoy, (2)]771 — vy, (2).
By hypotheses v} (x) > 0, then using the previous inequality,
vk, () > Aa|og, ()97
thus vy, (z) # 0; also follows by the previous inequality that vy, (x) > (Ad)ﬁ. O

Now, in order to use this lemma, we ought to find a x; € (—n,n) such that vy (z;) >
0. Using the fact that vy, is even and v} (2;) < 0 we have that vj (—2) > 0. Let x; =
mingcp., -] Uk, (¢) and notice that x; # z; and x; # —z; indeed, there exist § > 0 such that,
if v € (2,2 +0) U (=2 —6,—%), then vy, (v) < vk, (z;) = vg,(—2;). Hence z; € (z;, —z;) and
v, (23) = 0; therefore vy (x;) must be greater or equal than 0, because if vy (z;) < 0 there would
be £ > 0 such that, for x € (25, 2; +§) C (2, —2), v}, (z) < 0; and for this neighborhood

vy, (z) < vy, (z;) — a contradiction with the minimality of ;. Thus for all 4
ok, (25) > (\a) 7.

From the compacity of [—n,n], there exist ¢ € [—n, n] such that x; — z7 when i — oo; taking

a subsequence if necessary. Then

1

U (o) = lim vk, (1) > (M\a)Ta > 0.

Finally we will conclude item 1 showing that, also in this case, w, is strictly positive in (—n,n).

Suppose by contradiction that there exists y € (—n,n) such that u,(y) = 0. Let
(d,s) C (—n,n) be the biggest interval containing y satisfying the property: if x € (d,s)
1

then wu,(z) < @ By the maximality of (d,s) and the continuity of u, we have that
1

up(d) = (’\aéﬁ, implying in particular that d > —n.

Since u,(z) < % for all = € (d,s) and vy, converges uniformly to w,, there exist

i1 € N such that, for i > i; and x € (d, s),

1

v, () < (Aa)z=a.

1
Then, by Lemma 32 vy () < 0. Using that u,(d) = %, there exist i5 € N such that i > i,

implies
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Let ip > max{iy,io} and define f : (d,s) — R by

We have that f(d) = (,\@4@ and f(s) = 0. Let U;(z) = vy, (x) — f(x) for i > ip, then

Ul'(z) <0, foraze(ds)
Ui(d) > 0,U;(s) = vg,(s) > 0.

(4.67)

By the maximum principle, the minimum of U; is reached on the border of the interval (d, s),
implying that U;(z) > 0 for all z € (d, s), that is, vy, (z) > f(z) for all z € (d, s) and i > 4.

Thus, taking z = y and making ¢ — oo, we obtain

un(y) > f(y) >0,

contradiction.
Item 2. Since the estimation (4.54) holds, that is,
|Uk’1+6 < C

for all k € N; and, for all 1 < a < 3, we have compact embedding CV#[—n, n] < CV*[—n,n],
we may assume — taking a subsequence if necessary — that there exist u, € C**[—n,n] such
that v, — w, in C"*[—n,n| as k — oco. Thus

Vg = Uy, in C'[—n,n] as k — oo

Vg — Uyp in CH*[—n,n] as k — co.
Then for all z € [—n, n] we have

n(a) = Jim v (z) = T (a),

ie, u, = u, € CH[—n,n].

Considering the definition of weak solution, for all ¢ € H}(—n,n)

/ A(vk)v,;g0'+/_nvk90 = /_n()\a1|vk|qfl + |Uk|p71>‘9+/_n fk(|v;“|>g0+/_n%

—n

By (D.C.T) is straightforward to see that the following convergences are true:

/ Uk Uksol — / ngpv
/ (%1% _>/ Un P,

| Oarlu + e = [ Qanfunl™™ + fual e

/ ? o,
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as k — oo. Let us examine the remaining integral. First notice that fi(|v},|) converges uniformly

to g(|u,|); indeed, given € > 0 there exists ky € N such that k& > ko implies
o ()] =, ()| <€ Vo € [-n,n]. (4.68)
Also there exist 0 < 0 < € such that if |z — y| < g, then

[Fel@) = fuly)l < 53 (4.69)

thus for £ > kg
| fe(|ve(@)]) = falun(2)])] < % Va € [-n,n]. (4.70)

In the perspective of Theorem 18, f; converges to g uniformly in bounded sets; since ||}, || < C,
for z € [~C, C] there exist k; € N such that k > k; implies

A

€ N
[ful@) —g(2)l <5 Voe[-C,C] (4.71)
and with all these ingredients we obtain the uniform convergence, because for k > max{ko, k1 }

(o (@)]) = g(un (@)D] < [fs(lor(@)]) = frllup @)D+ [ fi(lu (2)]) = g(lup ()] (4.72)
<e Vzx€&[-n,n|. (4.73)

Thus, by (D.C.T)
| nliibe = [ gl
as k — oo. All these convergences together show that w, is a weak solution for the problem
(Fn)-
From Theorem 4 from [18, Pag. 317, Chap. 6] we conclude that u, € W%?(—n,n); and

similarly to the argument showed in equation (4.55) we obtain that v, € C°(—n,n). Thus u,, is

a strong solution to problem (P,).

O

4.3 SOLUTION IN R

To obtain a solution defined in R we will utilize a subsequence construction wrapping
it up with the arguments presented in the last section. The reader should notice that the
notation “u,” used for the solution of (P,) — previously obtained — in (—n,n) is not accidental:
extending u,, by zero out of [—n,n] we obtain a sequence (u,) in H*(R). Throughout this

)

section we will use u,, to denote the solution “wu,,” and its extension. Also one can see that

lwnll i) = lunllyre_p,y < 7 for all n.

Let K; = [—1,1]; then for all n > 1 we have that ul := u, |, is well defined and u} €
H'(=1,1). By the limitation ||uy||y1.2(_, ) < 7 there exist a subsequence u,,; and s; € H'(—1,1)
such that u,; — s in H'(—1,1). Notice that the compact injection H'(—1,1) — C°[—1,1]
implies that u,; — s; in C°[—1,1].



T
+

—+

Ky

Figure 1 — Construction with K; to obtain s;
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Let Ky = [—2,2]; taking n in the set of indices of the subsequence u,, 1, for n > 2 we

have that u}, := up|r, is well defined and [|uj [|yy12(_y) < 7. Thus there exist a subsequence

Upo of u2 and sy € H'(—2,2) such that u,s — so in H'(—2,2).

T
4

+

Koo

Figure 2 — Construction with K to obtain s1gg
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Repeating the same argument, by induction we get that for all j € N there exist a
subsequence u, j of u, ;1 and s; € H'(—j, j) such that u,; — s; in H*(—j,j).

7

Remark 15. The reader should read the notation “u, ;” as follows: w, ; is the subsequence

of u, that converges weakly in H'(—7,j) to s;. As mentioned this weak convergence implies

convergence in C°[—j, j].
Lemma 33. Sj|[1—j,j—1} =Sj-1
Proof. Given x € [1 — j,j — 1] we have that

sj-1(x) = lm up ;(2) = s;(2),

because u, ; is a subsequence of uy, ;1. O

Define v : R — R by the following rule: given x € R there exist a minimum # € N such
that = € [, 1]; then v(z) = si(x). The previous lemma show us that v is well defined. This
function v is the candidate of solution in R, from here and forward we will focus our attention

in proving that, in fact, v is a smooth non-zero solution.

Let T be a compact subset of R and ¢ € N such that 7' C [~{,#]. Defining W :
[—n,n] x [-Cr,Cr] x R — R by

W(z,2,p) = 2 = (Aar(@) |27 + |27 + g(Ip])

one can se that the estimation (4.53) also holds. Then, for any n >, by Theorem 1 from [7]
there exist C'(f) > 0 and 0 < S(f) < 1 such that

Taking 0 < a(t) < B(f) < 1 we get (see the argumentation on Item 2 Proposition 31)

Uy f — U’[,gﬂ in Cl’a(f)[—f, t]

Thus, in particular, v|z € C'(T); since this is true for any T' we conclude that v € C*(R).

Now we will show that v is not identically null. Let a7 := inf,c;_; 7 a1(z); we'll use the

arguments presented in Item I from Proposition 31 in the interval [—¢,].
Case 1. There exist a subsequence (uy, )ien of (u, z) such that w,, >0 in (—,0) for all 7.

The analysis of this case follows exactly the same parameters of Case 1 from Item 1, Proposition

31. The main difference is the change of a to a;.

Case 2. For all subsequence of (u, ;) there exist a subsubsequence (uy, )ien and exist a

sequence (2;)ieny C (—1,0) such that uy, (2;) < 0.
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For this case we can reformulate Lemma 32 as follows: If € (—,%) and u] (z) > 0, then
Up, (T) > (Aag)ﬁ. This is true because we already know that u,, is strictly positive in (—Z,#),

then the estimation

— A (un, ()15, (O — Alun, () )z, (£) + wn, (£) > Naiglun, (8)|* (4.74)
is immediately established. The remaining argumentation is similar.

Thus we conclude that v|r > 0, then v > 0 in R. At last, let ¢ € C§°(R) be such that
supp(¢) = T. Then

t t t t
| A du g+ [ g = [ Oarlungd™ + fungd? e + [ gl e

When n — oo we get

t t t ) ) t

[ Awwe + [ ve= [ Qa4 1ol e+ [ g

—t —t —t —t
Since T is any compact subset of [—Z,] we conclude that v is a weak solution of the problem

—(Aw)d')' () + u(t) = Aar () [u(t)| " + [u) P~ + g(|lu'(t)]) (4.75)

n (—t,t); by the Theorem 1 from [18, sect. 6.3, thm. 1] we have that v € H2.(—t,1), thus —
using the same arguments as in (4.55)— v € C?(—t,t). Moreover, since there was no restriction
over t, v € C?(R) and is a solution for our main problem in R. From Corollary 11 we get the

homoclinic condition.
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APPENDIX A — MISCELLANIES
This appendix contains certain proofs that were omitted through out this dissertation,

for sake of clarity, from the main text of chapter 4.

Proposition 34. Properties of Ej(—n,n):
(1) it is a Hilbert space.

Proof. Indeed, it is clear that E}(—n,n) is a normed vector space. Let (v,) be a sequence
in E{(—n,n) such that v, — v in Hj(—n,n). For all n there exists a null measure subset of
(—n,n), say P,, such that

vn(t) = vp(—t) Vit € Ps.

Define P = U, P,. Due to the embedding W'?(—n,n) — C°(—n,n) we get that v, — v in
C%(—n,n). Thus, making n — oo,

v(t) =v(—t) Vte P

So v € E}(—n, n), showing that Ej(—n,n) is a closed subset of H}(—n,n). Thus E}(—n,n) is a
Hilbert space. O

(II) It is separable. (This follows from the fact that H} is separable).

(III) It has an orthonormal basis.

Proof. See [16]. O

Proposition 35. The convergence stated in (4.26) is true, i.e,

[ (o o™ 4 o+ it +

—-n

Z) (var — Pyvg) — 0 as M — oo.

Proof. Initially notice that, due to the orthogonal basis, Pyvg — vg in Hj(—n,n).
1. f (’UM PMU()) — 0.

Indeed, [, % (var — Parvo) < El1llzzloar = Parvoll 2 < 219002 (loar = vollz2 + [lvo — Parvoll2).

—0

2. ffn fk(vg\/[)(vM — PMU()) — 0.

‘/n fr(Wig) (o — Parvo)

—-n

< [ 1wh) = Su(@)lfoss = Parvo)
) [ Whelles = Parvo

c(k
< c(k)[[vall2llvar — Parvoll 2
(k

| /\

IA

c(k)r ||var — Pavol| 2 -

—0
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3. ffn(—UM + )\(11|UM|q71 + |UM|p71)(UM — PMU()) — 0.

[ (oar - Aaafoarl ™+ o) oar = Pagen)| <

n n n
/ lvar||var — Parvol +/ >\|a1||UM|q_1|UM—PMUO| +/ |UM|p_1|UM—PMU0|
—-n —-n —MNn

< Crl|lvar — Pyol|zz + /\EL(Cr)q_l(Qn)l/QHUM — Pyroo||zz + (C’r)p_l(Zn)l/2||vM — Pyvg|| 2

—0

[]

Proposition 36. The convergences of Lemma 28 are true.

Proof. Let @y, ®, ¥y, Cur € (E§(—n,n))* be given by

Oy (w) = /n A(vp)vjw'

Let w € E}(—n,n);
(i) [Brs — D] — 0.

[Py (w) w)| = ‘/ (var)vow” — A(vg)vy

‘/ A(vo)|[vg

= (/n |A(var) — A(v 0)|2|U(,)|2>1/2 [|w'|| 2.

Notice that 12
(/1400 = A@o)Pleh) = 0.as M = o

-n
because A(vyr) — A(vg) pointwise, (since weak convergence in H}(—n,n) implies convergence
in C°[—n,n]), and there exists a constant J > 0, (one can take J > max{Ar, A(r)}), such that

[A(var) — A(vo) Plugl” < 477 |g |
Thus by (D.C.T) we obtain the desired convergence. Then we conclude that (i) holds.

s (w) = yrfw)] = | [ Alww)' (P = vh)
< [ Al || Py — )
<J [ 1Py — v

< Jlwllwr2ll Parvg = voll 2



ol

Since ||Pyvy — vgllr2 — 0 as M — oo we obtain (ii).
(iii) |G — @] — 0.
() = @) = | [ Alwo)u’ (Parvh — )
< [ 1A@)lIw|1Pyrv )
<7 [ 1w/l1Parvg - v
< Jlwllwr2l| Parvg = voll 2

Since || Ppvg — vz — 0 as M — oo we obtain (iii).
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