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RESUMO

Nesta tese de doutorado, explora-se o sistema hibrido rede elétrica/ar (do inglés, hybrid power
line/wireless system - HPWS), que consiste no uso da rede elétrica e do meio de comunicagdo
sem fio em paralelo, para melhorar o desempenho da comunicacdo de dados ponto-a-ponto.
Neste contexto, os topicos estudados sdo: alocacdo de poténcia e permutacdo de subportadoras
em esquemas de multiplexacdo ortogonal por divisao em frequéncia, bem como a aplicacio de
esquemas de multiplexagdo ortogonal por divisdo em chirp (do inglés, orthogonal chirp-division
multiplexing - OCDM) ao HPWS. Ao longo do trabalho, considera-se a transmissao simultinea,
através da rede elétrica e do ar, de simbolos iguais de forma que a combinac¢do 6tima possa
ser empregada no receptor. Com relacdo a alocacdo de poténcia, a taxa de dados alcancgdvel
e a probabilidade de erro de bit média sdo otimizadas separadamente sob duas e distintas
restricoes de poténcia de transmissdo. Independente da restri¢cao de poténcia, ¢ demonstrado
que apenas um meio de comunicacdo deve ser usado no mesmo indice de subcanal quando
objetiva-se maximizar a taxa de dados alcan¢dvel ou minimizar a probabilidade de erro de bit
média. Consequentemente, solu¢des conhecidas sdo adaptadas a algoritmos de alocacdao de
poténcia que demandam baixo custo computacional. Andlises numéricas validam os algoritmos
propostos, comprovando sua otimalidade e superioridade em relacdo a outros algoritmos da
literatura. No que diz respeito a permutacdo de subportadoras, sua otimalidade € analisada tanto
para maximizar a taxa de dados alcangdvel como para minimizar a probabilidade de erro de
bit média, levando-se em consideragdo as alocagdes de poténcia uniforme e 6tima. Para todos
os casos, € demonstrado que as subportadoras utilizadas em um meio devem ser ordenadas de
forma crescente com relagdo as relacdes sinal-ruido normalizadas e entdo combinadas com as
subportadoras utilizadas no outro meio ordenadas, por sua vez, de forma decrescente com relagao
as relagdes sinal-ruido normalizadas. Resultados numéricos mostram que ganhos mais elevados
desta permutacdo de subportadoras sdo obtidos a medida que a seletividade em frequéncia
aumenta e que a permutacdo de subportadoras pode ser extremamente Util para aumentar a taxa
de dados alcancdvel ou diminuir a probabilidade de erro de bit média. Acerca da aplicacao de
esquemas OCDM ao HPWS, processos aleatdrios estaciondrios de sentido amplo sao estudados
de forma que a técnica de combinagdo de méxima relagdo sinal-ruido possa ser derivada no
dominio discreto de Fresnel. Além disso, a alocacdo 6tima de poténcia € analisada. Em seguida,
andlises numéricas mostram que o HPWS baseado em OCDM pode ser a escolha mais adequada
para minimizar a probabilidade de erro de bit quando o transmissor tem pouco conhecimento
(um bit de informag¢ao) ou nenhum do estado do canal. Por fim, um simbolo piloto que habilita
tanto a estimacao do canal como a sincronizacao € derivado para esquemas OCDM operando na

rede elétrica e no ar. Resultados numéricos baseados em medi¢des validam o simbolo proposto.

Palavras-chave: Alocagdo de poténcia. Sistemas de comunicacdo hibridos. Multiplexacao
ortogonal por divisd@o em chirp. Multiplexacao ortogonal por divisao em frequéncia. Permutacdo

de subportadoras.



ABSTRACT

This dissertation investigates the hybrid power line/wireless system (HPWS), which consist of
using power line and wireless media in parallel, to improve point-to-point data communication
performance. In this context, the studied topics are: power allocation and subcarrier permutation
in orthogonal frequency-division multiplexing schemes, as well as the application of orthogonal
chirp-division multiplexing (OCDM) schemes into the HPWS. Throughout the dissertation, the
simultaneous transmission of the same symbols through power line and wireless channels is
considered so that maximal-ratio combining can be employed at the receiver. Regarding power
allocation, the achievable data rate and average bit error probability are individually optimized
under two and distinct transmission power constraints. Regardless of the power constraint, it is
demonstrated that at most one medium must be used in the same subchannel index when the
objective is to maximize the achievable data rate or to minimize the average bit error probability.
Consequently, well-known solutions are adapted to provide power allocation algorithms that
demand low computational costs. Numerical analyses validate the proposed algorithms, proving
their optimality and superiority in relation to other algorithms of the literature. With respect to
subcarrier permutation, its optimality is analyzed to either maximize the achievable data rate or
minimize the average bit error probability, assuming the optimal or uniform power allocations.
For all cases, it is shown that the subcarriers used in one medium must be sorted in ascending
order of normalized signal-to-noise ratios (nSNRs) and then combined with the subcarriers used
in the other medium sorted, in its turn, in descending order of nSNRs. Numerical results show
that higher gains of this subcarrier permutation are obtained as frequency selectivity increases
and that subcarrier permutation can be extremely useful for increasing the achievable data rate
or decreasing the average bit error probability. Regarding the application of OCDM schemes
into the HPWS, wide-sense stationary random processes in the discrete-Fresnel domain are
studied so that the maximal-ratio combining technique can be derived. In addition, the optimal
power allocation is analyzed. Numerical analyses then show that the OCDM-based HPWS may
be a suitable choice if the aim is to minimize the bit error probability and the transmitter has
partial (one bit of information) or no knowledge of the channel state. Finally, a pilot symbol
that enables joint channel estimation and synchronization is derived for power line and wireless

OCDM schemes. Numerical results based on measurements validate the proposed symbol

Key-words: Hybrid communication systems. Power allocation. Orthogonal chirp-division

multiplexing. Orthogonal frequency-division multiplexing. Subcarrier permutation.
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1 INTRODUCTION

Telecommunication systems play a pivotal role in modern society, impacting the social,
cultural, and economic life of people. Hence, astonishing and increasing demands for con-
nectivity among people and things have prompted research efforts toward the development of
effective data communication technologies that meet the requirements of emerging applications,
such as those of Smart Homes, Smart Cities, Smart Grid (SG), Internet of Things (IoT), and
Industry 4.0 [1-6]. Those applications are expected to require massive telecommunication
infrastructures to support the connectivity among a large number of users and machines deman-
ding distinct quality of service (QoS) or quality of experience (QoE). Indeed, a recent global
forecast predicts over 5.3 billion total Internet users by 2023, compared to approximately 3.9
billion in 2018 [7]. Moreover, there is an expectation of 29.3 billion networked devices by 2023,
which significantly contrasts with the 18.4 billion in 2018.

Motivated by those explosive demands for connectivity, the telecommunications indus-
try and R&D institutions have been examining different media and frequency bandwidths to
introduce new generations of efficient and effective data communication technologies, which
can include wireless communication, power line communication (PLC), visible light communi-
cation (VLC), as well as their combination [8—13]. In this context, wireless media and electric
power grids have been recognized as two among the most important media, due to their ubiquity,
implementation feasibility, and low cost. These media, however, present unique characteristics
related to signal propagation and, as a consequence, inherent distinct challenges to be overcome.

Regarding electric power grids, the main challenges are the impedance mismatching and
time-varying behavior of loads that result in time-varying frequency selectivity; the increasing
signal attenuation along with frequency and distance; high-power impulsive noise presence
due to load dynamics; the use of unshielded power cables; the power cable degradation due
to aging effects; and the restrictive regulatory constraints, see [1, 11] and references therein.
On the other hand, wireless communication has to deal with the lack of line-of-sight (LOS);
the increasing signal attenuation along with distance and frequency; the susceptibility to co-
channel interference; the stochastic time-varying behavior of channel conditions; the adoption
of restrictive constraint on the total transmission power; and scarcity of spectrum, see [8—10]
and references therein.

In the literature, there are several attempts to mitigate the negative impacts of the afore-
mentioned drawbacks and, at the same time, to maximize the channel resource usage. Among
them, cooperative communication was introduced to increase the transmit diversity not only in
wireless communication systems [ 10], but also in other scenarios, such as the PLC ones [14-16].
The idea behind this strategy is the use of intermediate nodes (called relays) between transmitter
and receiver nodes to emulate a multiple-input multiple-output (MIMO) communication system.
Nonetheless, a relay node is not always available and therefore new strategies have to be pursued.
In this regard, advanced digital signal processing techniques have been continuously exploited

to improve data communication, for instance, by mitigating impulsive noise effects [17, 18] or in-
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troducing advanced data transmission schemes, such as the orthogonal time-frequency division
multiplexing (OTFDM) [19], the orthogonal chirp-division multiplexing (OCDM) [20-22], and
the classic orthogonal frequency-division multiplexing (OFDM) [23,24]. Another often-used
strategy refers to the use of frequency-domain power allocation techniques, which consists of
optimally distributing the available total transmission power along with the frequency [24-26].
In the case of the OFDM scheme, for instance, the waterfilling-based algorithm is well-known
as the optimal power allocation solution for maximizing the achievable data rate [24,27].

The aforementioned discussion shows that exists several research directions to advance
digital communication systems for either PLC or wireless communication technologies. Howe-
ver, the limitations associated with power line and wireless media have driven research efforts
not only into their individual improvements but also into the design of new technologies and
standards that use both media jointly [28—44]. In this context, power line and wireless communi-
cation interfaces can be used individually or simultaneously, just as illustrated in Figures 1 and 2.
Figure 1(a) shows the power line and wireless communication interfaces being used individually
and operating within different frequency bands. In this type of hybrid communication system,
an intermediate node must have an up-converter to retransmit through the wireless channel
the signal that was received from the power line channel, and a down-converter to retransmit
through the power line channel the signal that was received from the wireless channel [28-30].
Figure 1(b) depicts the use of power line and wireless communication interfaces individually
that does not require intermediate nodes due to the use of the same frequency band for PLC and
wireless communication [31-34]. In this system, the transceivers are connected to either power
line or wireless media and can communicate with each other because electric power grids are
composed of unshielded power cables. On the other hand, Figure 2(a) shows the use of power
line and wireless communication interfaces simultaneously and within different frequency bands
[35-38], whereas Figure 2(b) illustrates power line and wireless communication interfaces si-
multaneously and within the same frequency band [41-44]. Note that a cross-talk between both
channels appears in the last as the same frequency band is used for both data communication

interfaces.

Figure 1 — Hybrid communications systems in which power line and wireless communication interfaces
are used individually

(a) Different frequency band (b) Same frequency band

Source: Personal collection.



19

Figure 2 — Hybrid communication systems in which power line and wireless communication interfaces
are used simultaneously

(a) Different frequency band (b) Same frequency band

Source: Personal collection.

Of the four types aforementioned, the hybrid communication system in which power line
and wireless communication interfaces are used simultaneously and within different frequency
bands - named as hybrid power line/wireless system (HPWS) or hybrid PLC/radio frequency (RF)
system - has been more studied since the complementary characteristics/diversity of power line
and wireless media can be better exploited to minimize existing impairments that degrade the
QoS between two nodes. Furthermore, an HPWS has a large number of applications as it
does not rely on efficient antennas within the frequency band regulated for PLC systems, i.e.,
below 86 MHz. For example, in the context of Smart Homes, many devices are connected
to the electric power grids and, with the advancement of technologies focused on the IoT
[45], more and more devices are manufactured with wireless communication technologies.
Therefore, if new generations of smart home devices will be connected to both wireless media
and electric power grids, why not jointly exploit both channel resources to make more efficient
and effective data communication systems? Turning to the context of SGs and/or Smart Cities,
such kind of hybrid communication system could also be used for assisting advanced metering
infrastructure (AMI) to implement smart metering technologies, as pointed out in [4]. Wherever
two wireless communication devices are powered by the same electric power circuit, the HPWS
can be employed. There are hence numerous applications in which the HPWS can be useful
to improve the QoS of a data communication system. For this reason, the HPWS - the hybrid
communication system displayed in Figure 2(a) - will be the focus of this dissertation henceforth.

In the context of HPWSs, there is a number of important aspects that can provide
further improvements to the data communication performance and that are still unexplored in
the literature. For instance, power allocation techniques have not been studied to improve the
HPWS performance in terms of either achievable data rate or average bit error probability (BEP).
Regarding HPWSs, the literature has already studied the simultaneous transmission of equal
symbols that are later combined using maximal-ratio combining (MRC) at the receiver. Still,
the power allocation of this hybrid system has not been addressed yet. Power allocation in HPWSs
is quite different from that of PLC and wireless communication due to the characteristics of each
media and the application of combining techniques to the received symbols. From a practical
perspective, power allocation is essential to show how to optimally design HPWSs transceivers.

However, it is also extremely important from a theoretical perspective to quantify the optimal
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performance of the hybrid system. Therefore, power allocation must be precisely formulated and
examined for HPWSs, despite being well established for non-hybrid communication systems.

Furthermore, subcarrier permutation has been studied only to maximize the achievable
data rate under uniform power allocation [46]. This technique considers an OFDM scheme in
which the information transmitted through a specific subcarrier of the power line medium is
transmitted through a different subcarrier of the wireless medium. This permutation is undone
at the receiver and then the power line and wireless received symbols are combined. This
technique allows a better use of the diversity between two media and therefore it needs to be
investigate not only to maximize the achievable data rate but also to minimize the average BEP.
Also, subcarrier permutation and power allocation have to be jointly analyzed.

Finally, the investigation of the OCDM scheme in HPWSs has not been addressed in the
literature yet. Recently, the OCDM scheme has attracted interest from researchers as a promising
alternative to the well-known OFDM scheme. In non-hybrid contexts, OCDM-based systems
have presented higher robustness against multipath propagation, intersymbol interference (ISI),
and impulsive noise. Hence, the combination of HPWS and OCDM must be discussed as
well. Moreover, timing and frequency synchronization for OCDM-based systems have not been
investigated and therefore these subjects need to be addressed so that the OCDM scheme can be
used in HPWSs.

1.1 OBJECTIVES

Given the aforementioned discussion, the current dissertation has its main objectives

described as follows:

* To investigate the optimal power allocation for maximizing the achievable data rate in
hybrid power line/wireless systems under two different approaches for limiting the trans-
mission power, which are based on the sum power constraints (SPC) and the sum power-
channel constraints (SPCC). To do so, the same symbols are simultaneously transmitted
through parallel media to be later combined using MRC technique and frequency-selective

channels are taken into account.

* To provide a complete discussion on power allocation in hybrid power line/wireless
system by also studying it with the aim of minimizing the average BEP. To this end,
the investigation also encompasses the two approaches for bounding the transmission
power and considers the simultaneous transmission of equal symbols through parallel and
frequency-selective channels. Also, OFDM scheme and MRC technique are employed

and the same modulation is considered in all subcarriers.

* To study the optimal subcarrier permutation in hybrid power line/wireless system to better
exploit the frequency selectivity of power line and wireless media. In particular, the

subcarrier permutation is optimized to improve the data communication performance in
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terms of both achievable data rate and average BEP. Also, the subcarrier permutation
is analyzed for uniform power allocation and optimal power allocation under the two

approaches for bounding the transmission power.

* To propose an OCDM-based HPWS, i.e., an HPWS in which power line and wireless
transmitted data are equal and modulated onto orthogonal subchirps based on the discrete
Fresnel transform (DFnT). In this regard, the combining weights to perform the MRC
technique are derived based on the assumption of wide-sense stationary (WSS) random
processes in the discrete-Fresnel domain. Also, the investigation of the optimal power
allocation in OCDM-based HPWSs is aimed.

* To solve synchronization issues in the OCDM scheme with Schmidl & Cox synchronization
technique [47]. The Schmidl & Cox technique, widely used in OFDM schemes, relies on
a pilot symbol with two equal halves in the time domain. Therefore, the aim is to provide
an OCDM pilot symbol in the discrete-Fresnel domain (considered in OCDM schemes)
that has two equal halves in the time domain, enabling the application of the Schmidl &

Cox technique into OCDM schemes.

1.2 DISSERTATION OUTLINE

The remainder of this document is organized as follows:

» Chapter 2 presents the hybrid power line/wireless system considered throughout this
document. In this regard, this chapter presents the state-of-the-art research on the HPWS
as well as its major fundamentals and associated definitions. Also, a general model that
covers the hybrid communication systems used in subsequent chapters is mathematically

described and the major assumptions are clearly stated.

* Chapter 3 formulates the optimization problems associated with the optimal power allo-
cation in hybrid power line/wireless system for maximizing the achievable data rate under
SPC and SPCC. Then it shows analytical solutions to each of them and proposes power
allocation algorithms to obtain such solutions. Based on numerical results, this chapter

also compares the proposed solutions with alternative ones from the literature.

» Chapter 4 describes the problem formulation of the power allocation for minimizing the
average BEP in hybrid power line/wireless systems. In sequel, it proposes power allocation
algorithms to this problem, considering both SPC and SPCC. Again, a comparative
analysis between the proposed and previous solutions is discussed based on numerical

results.

 Chapter 5 discuss the subcarrier permutation in hybrid power line/wireless systems. In this
sense, this chapter formulates optimization problems related to the maximization of the

achievable data rate and minimization of the average BEP. Solutions are then presented
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when uniform and optimal power allocation (under SPC and SPCC) are taken into account.

Finally, numerical analyses validate the presented solutions.

* Chapter 6 introduces the OCDM-based HPWS. In this context, the behavior of wide-
sense stationary random processes are investigated in the discrete-Fresnel domain and the
power allocation of the previous chapters is extended to the OCDM-based HPWS. The
OCDM-based HPWS is then numerically compared to the OFDM-based HPWS in terms
of achievable data rate and average BEP.

* Chapter 7 models the effect of non-perfect synchronization in OCDM schemes and then
provide a discrete-Fresnel domain pilot symbol that can be used for enabling Schmidl &
Cox synchronization in OCDM-based systems. Then a comb OCDM symbol structure
that can be adopted for joint channel estimation and Schmidl & Cox synchronization is
presented. Numerical analyses based on effective measurements validate the obtained
findings.

* Chapter 8 ends this Doctoral dissertation by stating its concluding remarks.
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2 HYBRID POWER LINE/WIRELESS SYSTEM

In the early 2000s, a data concentrator equipped with both PLC and wireless com-
munication interfaces was presented as a solution to provide a reliable and wide-range data
communication infrastructure [48,49]. At that time, a simple measure of the channel quality
was carried out to decide which interface to use and, although both channels were not used
simultaneously, the parallel implementation of the two technologies already characterized the
so-called HPWS. In fact, any parallel (and usually simultaneous) use of power line and wireless
channels defines the HPWS.

Currently, the HPWS is undoubtedly the most investigated hybrid system based on PLC
and wireless communication technologies since there are several applications for its usage (e.g.,
smart metering and smart home applications). The use of different frequency bands in power line
and wireless transmissions make it possible to adapt the existing technologies for these media,
enabling a faster implementation of the HPWS. Furthermore, due to the intrinsic physical
differences, power line and wireless media have distinct characteristics that complement each
other when both are used in parallel.

In order to maximize the resources available in an HPWS, however, it is necessary to
understand its behavior, which means e.g. knowledge of the state-of-the-art research as well
as channel and noise characteristics. In addition, a suitable modeling of the HPWS has to be
adopted for achieving realistic findings and conclusions. In this context, the main contributions

of this chapter are stated as follows:

* The detailed description of hybrid systems in which power line and wireless media are
connected in parallel, i.e., the HPWS. In this sense, the major fundamentals, definitions,
and the state-of-the-art research of the HPWS are discussed. Also, the main effects that

influence channel and noise characteristics in power line and wireless are presented.

* The introduction of the HPWS model that is considered in the next chapters. In this sense,
a hybrid communication system with a general number of parallel channels is described
in order to be able to draw more general conclusions. In other words, the number of
considered media is not always assigned as two (i.e., power line and wireless media).

Also, the considered assumptions are clearly stated.

The remainder of this chapter is presented as follows: Section 2.1 provides an historical
evolution of the HPWS; Section 2.2 discusses channel and noise characteristics in HPWSs;
Section 2.3 describes a general hybrid communication systems model that encompasses the
HPWS.

2.1 FUNDAMENTALS, DEFINITIONS, AND STATE-OF-THE-ART RESEARCH

HPWSs were firstly proposed with the aim of increasing the data communication re-

liability. According to [4, 50], PLC and wireless communication are subjected to distinct
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environmental influences and effects of signal propagation; hence, both channels must be simul-
taneously harmed for data communication to be interrupted, which considerably increases the
robustness of the data communication system. In particular, [4] interestingly pointed out how
PLC and wireless communication characteristics complement each other in the context of IoT
and SG, presenting numerically a continuous achievable data rate, even when the uptime of one
channel is not constant.

In order to benefit from the HPWS, however, it is required that the SNRs of the two
media fall within similar ranges. Otherwise, the two media cannot support the same application
requirements. In this regard, prior investigation is needed to assess whether the use of the
HPWS is advantageous or not. To illustrate it, [36,51] carried out SNR indoor and broadband
measurements for house and office environments, concluding that the average SNRs of power
line and wireless channels are within similar and wide ranges. Based on this result, the authors
stated the existing diversity between power line and wireless channels could be exploited in
benefit of indoor data communication as the SNR of either power line or wireless channels is
not dominant over the other.

Once power line and wireless channels are available and their SNRs fall within similar
ranges, the major constraint that remains is related to the hardware resources. In this regard,
focusing on narrowband applications, [52-54] implemented and discussed relevant issues on
HPWS transceivers design. For instance, [53] highlighted the difficulties in either creating a
hybrid standard or using two different standards (one per interface) and then concluded that using
a PLC standard can be an adequate choice since a wireless one would not be able to deal with
the hardness of the power line medium. In addition, [53] showed that HPWS transceivers may
consume only 12% more energy and require 50% more hardware resources than a conventional
PLC transceiver, which is quite low compared to the reliability benefits that they can provided.
On the other hand, [52] revealed a high power consumption if separated hardware and standards
are assumed for PLC and wireless communications. Yet, it presented a robust HPWS transceiver
capable of meeting the demands of SG communications.

Over the years, besides justifying and motivating the use of HPWSs, several studies
aimed to efficiently explore the existing diversity between power line and wireless channels.
In the vast majority of such studies, OFDM scheme was applied over power line and wireless
channels regardless of considering broadband or narrowband transmissions. Since power line
channels are mostly frequency selective, this seams to be the most suitable choice. In addition,
the contributions often considered the unlicensed industrial, scientific and medical (ISM) band
(900 MHz, 2.4 GHz, or 5.8 GHz) for wireless transmission, whereas narrowband (3 — 500 kHz)
or broadband transmissions (1.7 —86 MHz) were taken into account for the power line operation.
Due to the existence of more mature technologies, these frequency bands have been preferred in
the study of HPWSs. Moreover, the HPWS has already been investigated in outdoor and indoor
scenarios. Figure 3(a) shows the use of HPWS in an outdoor scenario, whereas Figure 3(b)

illustrates a typical application of HPWS in an indoor scenario.
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Based on the given frameworks, there are a number of diversity strategies to explore the

availability of power line and wireless channels. In the literature, the most prominent are:

 Source diversity: this strategy assumes the transmission of different information through
power line and wireless channels [S1]. The two branches defined by power line and
wireless media work as independent systems, with the major objective being to increase

the data rate.

* Transmit diversity: this strategy also assumes the transmission of different information
through power line and wireless channels, but the received symbols are combined at the
receiver side (see [55] for further details). To correctly decode the information, two

Figure 3 — Typical scenarios for the use of the hybrid power line/wireless system

(a) outdoor scenario
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Source: Personal collection.
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time slots are required and, for this reason, it has been investigated only in a cooperative

scenario.

 Selection diversity: this strategy considers that the transmitter chooses the best channel (or
subchannels in OFDM scheme) to use while the other channel is put on standby. The major

objective is to yield an improved performance and save total transmission power [56].

* Receive diversity: this strategy, also called modulation diversity, assumes the transmission
of equal data symbols through power line and wireless channels and later the received

signals copies are combined [51].

Among the diversity strategies, receive diversity is the most employed because it enables
a significantly improvement of data communication reliability at a low cost w.r.t computational
complexity. For this reason, there are several investigations that analyzed the performance of
well-known combining techniques for receive diversity in the HPWS context, such as equal
gain combining (EGC), selection combining (SC), and MRC [37,38,57-62]. There are other
investigations, however, that proposed new combining techniques focused on the specific cha-
racteristics of PLC and wireless communication [36,62—-64]. In this context, [36] introduced
the optimum combining (OC) and saturated metric combining (SMC) techniques for dealing
with the additive white Gaussian noise (AWGN) noise model in the wireless medium and the
Middleton Class-A noise model in the power line medium [65]. By comparing them with
the MRC technique, the authors showed improved performances once the receiver knows the
instantaneous (in case of OC technique) or statistical (in case of SMC technique) parameters of
the power line noise. In [36], the authors also showed the MRC technique is suitable for several
in-home scenarios, where the power line noise is not severely impulsive. A few years later,
[62-64] investigated combining techniques for a different HPWS, more precisely, narrowband
transmission was considered and then the power line noise was modeled differently. Assuming
coherent modulation, [62,63] proposed two combining techniques based on the knowledge of
the instantaneous or average noise power. Similar to [36], the MRC technique was used as a
benchmark and then analogous conclusions were drawn. Also, in [62, 64], the authors proposed
combining techniques for differential modulation based on the PLC noise characteristics and
proved the superiority of the proposals over conventional combining techniques.

In the past decade, some works addressed different ways of exploiting the existing
diversity between power line and wireless channels. For example, based on OFDM scheme,
[46] proposed a subcarrier permutation strategy to increase the capacity in HPWS. In summary,
the same information is transmitted through power line and wireless channels but in distinct
subchannels; at the receiver side, subcarrier permutation is carried out before symbol combining,
enabling the capacity increase. By assuming uniform power allocation, [46] demonstrated that
the subcarrier of a medium should be sorted in ascending order of their SNRs and then combined
with the subcarrier of the other medium sorted in descending order of their SNRs. Another

interesting idea was presented in [66—68]. The authors proposed an advanced framework to
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estimate and then cancel the impulsive noise (in the power line branch) and the narrowband
interference (in the wireless branch) based on their sparsity in time and frequency domains,
respectively. In other words, it was assumed the narrowband interference affected few subcarriers
and, likewise, the impulsive noise degraded few samples of the same OFDM block; afterwards,
it was shown different ways to estimate their values using the compressive sensing theory.
Following, [56] demonstrated that transmitting only through the best channel provides a gain of
3 dB in the received SNR compared to the SC at the receiver due to the power saved.

In the meantime, HPWSs were also investigated to increase the receiving SNR in coo-
perative scenarios [35,55,69-72]. Data communication between source and destination nodes
could be therefore aided by relay nodes besides exploiting the power line and wireless channels
diversity. On this subject, [55, 69, 70] assumed hybrid dual-hop channel models and showed
improvements in terms of end-to-end capacity, bit error rate, and outage probability. First,
[69] presented improved capacity and error rate performances for in-home data communication
systems by selecting the adequate route between power line source-destination link and wire-
less source-relay-destination link. In [70], closed-form expressions were derived to evaluate
the benefits that a relay node can offer when it is able to select the signal which is received
with higher SNR. In other words, a dual-interface relay node that can apply SC technique
was investigated. On the other hand, [55] studied a receive diversity scheme in which equal
symbols are transmitted through power line and wireless channels and the received symbols are
then combined with MRC technique at the relay and destination nodes. Also, [55] proposed a
transmit diversity scheme that achieves higher capacity if a specific condition of the power line
and wireless SNRs is met. In such scheme, different symbols are transmitted through power line
and wireless channels and yet they are combined at the relay node to exploit channel diversity.

Also regarding cooperative scenarios, [35,71,72] did not assumed the dual-hop channel
model in the HPWS, but rather the single-relay channel model. In this case, the destination node
receives four signals, which originate from: power line and wireless source-relay-destination
links, and power line and wireless source-destination links. Hence, further improvements can
be yielded based on two distinct diversities. Within this context, [35] compared the ergodic
achievable data rate and outage probabilities of the hybrid single-relay channel model with
its non-hybrid versions. Based on analytical and numerical results, the authors pointed out
the outstanding performance of HPWSs regardless of relay position and cooperative protocol
(e.g., amplify-and-forward and decode-and-forward). In its turn, [71] carried out a performance
analysis of the incomplete version of the hybrid single-relay channel model, i.e., by taking into
account the absence of any link or communication interface. Again, the advantages of the HPWS
were stated. At last, [72] demonstrated SNR gains in the context of non-orthogonal multiple
access (NOMA) networks even applying the HPWS only between relay and destination nodes.

In 2013, [73] suggested the parallel exploitation of power line and wireless channels
to increase security of data communication systems. In a SG scenario, it showed that such

a hybrid system is more robust to jamming attack than non-hybrid systems. A few years
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later, eavesdropping attacks were also addressed in the literature [74—76]. In this regard, [74]
investigated the ergodic achievable secrecy rate and the secrecy outage probability of the HPWS
in the presence of one eavesdropper. The study considered the complete and incomplete versions
of the HPWS, proving that both are beneficial to security, especially when the eavesdropper has
only one data communication interface. On the other hand, [75] analyzed the application
of the HPWS in a dual-hop channel model and then derived closed-form expressions for the
average secrecy capacity in case of one eavesdropping attack. Numerical results then showed
the advantageous of the hybrid system once again. Finally, [76] introduced an artificial noise
scheme to improve the physical layer security. It proposed to use the best channel for data plus
artificial noise transmission (legitimate transmitter to legitimate receiver) and the worse channel
for artificial noise transmission (legitimate receiver to legitimate transmitter). In this way, if the
eavesdropper does not have access to both communication channels simultaneously (power line
and wireless), its SNR is null or severely degraded, and then the secrecy capacity is increased
significantly. Overall, HPWSs were proved to have great potential to increase the physical layer
security.

More recently, [77] applied the HPWS to a cooperative scenario focusing on energy
harvesting. Although PLC devices (and also HPWS ones) are directly connected to the electric
power network, energy harvesting enables the capture of the energy received out of the main
frequency in PLC systems. In this context, [77] showed the most efficient way of exploiting
the HPWS is to use both power line and wireless channels for data transmission and energy
harvesting simultaneously, based on power splitting, instead of selecting one channel for data

transmission and other for energy harvesting.

2.2 CHANNEL AND NOISE CHARACTERISTICS IN THE HPWS

By considering the HPWS in which power line and wireless communications operate
in different frequency bands, it is straightforward that both channel and noise characteristics
are independent in power line and wireless media. As a consequence, HPWSs face distinct
dynamics of power line and wireless media, which creates a unique type of diversity between
these media. In order to understand the origin of this diversity, the following paragraphs discuss
the basic characteristics of channel and noise in power line and wireless media.

Power line channels originate from the multipath propagation scenario created by the
multiple reflections in loads connected to the electric power grid [78]. These loads have an
impedance mismatch with the electric power grid, which creates a frequency-selective channel
regarding both narrowband (3 — 500 kHz [1]) and broadband (1.7 — 86 MHz [79]) applications.
In addition, the electronic loads connected to the electric power grid are usually characterized
by high-frequency parameters that change with the voltage amplitude of mains frequency and,
therefore, a linear periodically time-variant (LPTV) behavior is observed in power line channels
[80, 81]. This effect, however, is usually slow and can be disregarded for short symbol time

intervals. Moreover, the attenuation of power line channels increases with the distance and
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frequency. Note that power lines are primarily designed to maximize power transfer at the mains
frequency (50 or 60 Hz). Hence, there is a natural physical constraint associated with high
frequency usage in electric power cables, which is observed through the attenuation levels.

Wireless propagation is also characterized by several reflections that the transmitted
signal suffers before arriving at the receiver. There are, however, some scenarios in which
the LOS component is stronger than the non-line-of-sight (NLOS) ones and hence the multiple
reflections can be disregarded. The existence of NLOS components typically varies significantly
with the scenario and frequency bands that are considered. In addition, the presence and absence
of those components respectively define a wireless channel with flat and selective behavior in
the frequency domain. Within the so-called ISM bands, wireless channels can be usually
considered flat if a narrow frequency bandwidth is assumed or frequency selective if broadband
communication is considered [8]. Therefore, wireless channels are usually less frequency
selective than power line channels, which is associated with the smaller delay spread of wireless
channels compared to power line ones. In addition, the path loss is usually more intense on
wireless than on power line channels.

The noise effect in wireless communication, on the other hand, can be considered less
severe than in PLC. In wireless communication, interference from different communication
systems and thermal noise are often assumed as the main sources of noise. Interference occurs
when two or more RF devices of distinct communication systems use the same frequency band;
hence, the signal transmitted in one communication system is captured as noise in the other
and vice versa. This kind of noise is not always present and is more observed in wireless
communication systems that use unlicensed frequency bands, such as the ISM bands. Thermal
noise instead is unavoidable and present in every RF device. It is generated by the agitation
of electric charges in any conductor, i.e., it does not depend on either material or shape of the
conductor [82-84]. The power density of the thermal noise is naturally proportional to the
temperature and does not vary with frequency (except at extremely high frequencies). Also,
it follows a Gaussian distribution, which enables the proper modeling of thermal noise by the
well-known WSS random process AWGN.

Regarding the PLC, the noise is considerably more complex. The literature describes five
components that form the additive noise in the power line medium [85,86]: colored background
noise, narrowband noise, periodic impulsive noise asynchronous to the mains frequency, periodic
impulsive noise synchronous to the mains frequency, and asynchronous impulsive noise. Each
of these components has a different source, except for the periodic impulsive noise components
since both originate from switched power supplies. Based on this mix of noise components, the
time-domain additive noise on power line systems is classified as a non-Gaussian random process
with non-stationary behavior. However, the asynchronous components can be disregarded due
to low amplitude and/or rate of occurrence. As a consequence, the power line noise can be
modeled by a cyclostationary random process (with respect to the mains frequency). Under

this assumption, it can be also modeled as an additive colored Gaussian noise (ACGN) in the
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frequency domain. According to [87, 88], since the Fourier transform performs a sum of several
phase-shifted variables, the central limit theorem (CLT) shows that the resulting variable is
Gaussian distributed.

Note that channel and noise characteristics of power line and wireless media are influ-
enced by different factors. Furthermore, the distance between two HPWS devices, the chosen
ISM frequency band for the RF transmission, and the constraints on the transmitted signal power
spectral density (PSD) impact the HPWS performance. As a consequence, power line and wire-
less SNRs may be within different or similar ranges. In the former case, hybrid communication
systems are rarely recommended because the worst communication channel cannot support the
same applications that the best can. Hence the performance of the hybrid communication sys-
tem is equal to the performance of the best communication channel. In the latter case, however,
the loss of one communication channel can be overcome by the other and the difference in
frequency selectivity of both media can be exploited, using combining techniques, to obtain an
advanced data communication system. Based on the assumption that power line and wireless
SNRs are within similar ranges, the mathematical model of the HPWS considered in part of this

dissertation is presented in the next section.

2.3 HYBRID COMMUNICATION SYSTEM MODEL

This section describes a hybrid communication system that can be used to represent the
HPWS in several scenarios, such as indoor and outdoor, narrow and broadband, etc. In this
system, the preamble symbols (used e.g. for synchronization and channel state acquisition) are
designed individually for each medium, whereas the data symbols are equally transmitted over
all channels. The discrete baseband representation of the HPWS model is depicted in Figure 4.
In this figure, dashed lines stand for the wireless medium (subscript “1”"), whereas continuous
lines indicate the power line medium (subscript “2”). Moreover, the transmitter (denoted by
Tx) and the receiver (denoted by Rx) can perform data communication over both power line
and wireless media. The other variables in Figure 4 will be described throughout this section.
Furthermore, a general hybrid communication system model is assumed in order to cover a
wider range of scenarios, i.e., a higher number of involved media.

Let a hybrid communication system composed of Nc channels in parallel operate in a
frequency bandwidth equal to By. As Nc = 2 is considered, one has the HPWS. In such a
system, the transmission of each symbol occurs during a symbol time interval equal to Tsymp. In
particular, wireless channels are considered static depending on the application, whereas power
line channels are usually classified as a LPTV system [81]. Hence, the hybrid communication
system should be classified as LPTV as well. However, it is common to assume that 7y, < TCH,

in which TH is the hybrid coherence time such that 7' = min{7"}, with T™ denoting the
m

coherence time of the m™ channel!. Under this condition, the hybrid communication system

1 The coherence time of a channel can be defined as the time interval within which variations are irrelevant
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Figure 4 — Hybrid power line/wireless system model
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Source: Personal collection.

can be considered linear time-invariant (LTI) within each symbol time interval. Therefore, the
CIR of the m™ medium can be represented by the L,,-length sequence {/,,[n] }f:fl, m € {1,2},
then the time-domain signal received in the m™ medium can be expressed as

Ymln] = xp[n] * hy[n] + vy [n], (2.1)

where {x,,[n]} and {v,,[n]} are time-domain sequences that stand for, respectively, transmitted
signal and additive noise in the m™ medium, which are modeled as stationary random processes,
and x denotes the linear convolution operator.

In addition to the sequence representation used in (2.1), the CIR of the m™ medium can
be expressed as a vector h,, = [, [1] hwu[2] ... hw[L,]]". In the discrete-frequency domain,
the vector of length Ng that represents the channel frequency response (CFR) of each medium
is then expressed as H,, = W[hz;l 01xns— Lm]T, in which W is the Ng-size discrete Fourier
transform (DFT) matrix and 01yx(ys-z,,) is @ null row vector of length Ns — L,,. Each channel
is therefore divided into Ns subchannels through which Ng subcarriers are used. Furthermore,
CFRs can be rewritten as H,,, = [Hy,1 Hp2 - .. Hm,NS]T, such that H,, ; denotes its k™ element
and k € {1,2,...,Ns}. If no ISI is experienced, the frequency-domain representation of a

symbol received in the k™ subchannel and m™ medium can be expressed as

Ym,k = VPm.k Hm,k Xm,k + Vm,k- (22)

With respect to (2.2), X, x is arandom variable with zero mean, i.e., E{X,, x} = 0, Vm, k and unit
variance, i.e., E{|X,,.x|>} = 1,Vm, k that represents the frequency-domain transmitted symbol
at the k™ subcarrier and m™ medium, whereas Pm.k € R" is the transmission power allocated to
that subcarrier. In its turn, the noise on the k™ subchannel and m™ medium is represented by a

Gaussian random variable V,,, € C, with E{V,,, x} = 0, Vm, k.

and therefore it can be considered LTI.
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Note that the power line noise can be modeled as an ACGN in the frequency domain
due to application of the Fourier transform - see [87] - and the wireless noise follows an AWGN
random process. Nonetheless, the AWGN can be seen as a special case of ACGN where the
noise variance is the same along with the entire frequency band. Moreover, the additive noise
at the output of different media can be assumed to be independent from each other, whereas at
the output of different subchannels it can be modeled by uncorrelated random variables [87].
Mathematically, E{Vm,kV;:’k} =0, Vm # p, as well as ]E{Vm,kvl;i’j} = E{Vm,k}E{V:w.}, Vk # J,
with (-)* denoting the complex conjugate operator. Nonetheless, if m = p and k = j, then
E{Vn iV, i} = PV, such that py, , € R* refers to the noise power on the k™ subchannel
associated with the m™ medium.

Following, the normalized signal-to-noise ratio (nSNR) - or channel-to-noise gain - can

be defined as )
|Hm,k|

A

’Ym,k =

,Ym, k. (2.3)

Vm,k
The nSNR is different from the conventional SNR [89]. The nSNR considers unit transmission

power in each subchannel, whereas the SNR assumes a different transmission power and therefore
it is given by
')’m,k = Pm,k?m,k’ v m, k' (2.4)

Notice that the nSNR depends only on the immutable characteristics of the media, such as
channel and noise, and thus it cannot be changed. The SNR, on the other hand, may be
controlled by changing the transmission power.

The nSNR is also relevant to determine the total number of subcarriers Ng in a multicar-
rier system. In this study, it is considered that each subcarrier occupies a frequency bandwidth
narrower than the nSNR hybrid coherence bandwidth, i.e., the smallest nSNR coherence band-
width? among the Nc media [89]. In other words, it is assumed Ay < B?, with Ay = By/Ns
indicating the frequency spacing between adjacent subcarriers and B! = min{B”} representing
the nSNR hybrid coherence bandwidth, in which B’ is the nSNR cohere]:ﬂnce bandwidth asso-
ciated with the m™ medium. Since the nSNR coherence bandwidth is different over each of
the considered media, distinct numbers of subcarriers could be assumed over different chan-
nels. However, the amount of information transmitted over the channels with fewer subcarriers
would be smaller and a zero-padding would be require to combine the received symbols in the
frequency domain [90].

Furthermore, two sets of transmission power constraints are regarded along the current

study. They are as follows:

* Sum power constraint (SPC): The transmitter node has a total transmission power, Py € R*,
to be shared among all transmitters; therefore it can be mathematically expressed as

Y Pmk < Pr. Moreover, p,, i > 0,Vm, k.

m,k

2 The nSNR coherence bandwidth is defined as the bandwidth within which the nSNR associated with a
medium can be considered flat.



33

* Sum power-channel constraint (SPCC): The transmitter node has a maximum transmission
power to be used to transmit data through each channel. In other words, there are N¢

constraints described by Y puix < Py, m € {1,2,...,Nc}, in which P, € R* is the
k

transmission power to be used in the m™ medium. Also, Pmik = 0,Vm, k.

Note that the former set of constraints defines a theoretical approach that intends to yield the
highest performance possible, whereas the latter is a practical and useful set of constraints
for designing and implementing a hybrid communication system that exploit parallel channels.
The term practical here means that the SPCC takes into account the existing power constraints
associated with all channels (e.g., the distinct power constraints applied to power line and

wireless communication systems).

2.3.1 MRC Signal-to-Noise Ratio

In this dissertation, distinct information is assumed to be initially transmitted over
subcarriers with different indices, while the same information is sent through subcarriers with
the same index but in different media, i.e., X1 = Xox = ... = Xk, Vk. Note that different
power can be transmitted over distinct subchannels and media in a hybrid communication system
such as the HPWS. This characteristic makes those systems differ from single-input multiple-
output (SIMO) systems, where p1x = p2k =...= Pnck, Vk. At the receiver side, the MRC
technique is applied to combine the N¢ copies of received data symbols from different media.
This combining technique is optimal for a stationary process and is here carried out in the
frequency domain for every subcarrier index.

In order to understand the combining technique, the k™ subchannel of the Nc media
in parallel can be analyzed (see Figure 5). Observe that applying a combining technique
corresponds to compute a weighted sum of the symbols received from the considered media.
Therefore, by using the weight factor a,, x € C for the k™ subchannel and the m™ medium, the

resulting symbol after using the combining technique is expressed as

Yo = ) amiYus V& (2.5)
m

= (Z A NPk Hm i

m

Xi+ ) @iV Vk. (2.6)

At this point, the frequency-domain additive noise is a weighted sum of the noise in each of the

considered media. Since those noise components are modeled by independent Gaussian random

variables, the resulting noise can be modeled by a Gaussian random variable as well [91].
From (2.6), it is clear that Y is the sum of the transmitted symbol weighted by power

and channel terms as well as a noise term. As the transmitted symbol, X}, has unit variance and
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Figure 5 — Parallel subchannels combined with MRC technique
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zero mean, the SNR of the received symbol after combination can be expressed as
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(2.8)

With the purpose of finding the maximum value of the above SNR, (2.8) can be rewritten as

2

2 ArBy
m

Y1Ak?
m

Yk = (2.9)

where Ay = @ k+\/PV,., and Bi = HyxA/Pmi/Pv,, - Then the use of the Cauchy-Schwarz
inequality results in

2
> Ax By S1AP Y |Bi?
m m m _ 2
S S el 210
= > PukVmi- 2.11)
m

Therefore, by applying the MRC technique, the SNR of the resulting symbol is equal to the
sum of the SNRs of the combined ones. In addition, the equality holds if A¢/B; =1 and then

AUk = \/pm,kH;;’k/me,k, Vm, k.
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3 POWER ALLOCATION FOR MAXIMIZING THE ACHIEVABLE DATA RATE

Power allocation is a classic topic for data communication researches that has already
been very studied in non-hybrid contexts. Focusing on maximizing the achievable data rate, it
is well-known that the waterfilling yields the optimal power allocation solution for non-hybrid
communication systems. Depending on the type of hybrid communication system, the power
allocation can be easily derived from non-hybrid solutions. For instance, the optimal power
allocation for hybrid independent system (HIS)! is obtained by concatenating the normalized
signal-to-noise ratio of power line and wireless media, then running the waterfilling algorithm.
Regarding the HPWS, on the other hand, the power allocation problem is considerably different
from that for non-hybrid systems due to the characteristics of each media and the use of combining
techniques. To the best of the authors’ knowledge, no study reports how to compute the optimal
performance of the HPWS in terms of achievable data rate, which requires its power allocation
technique.

Moreover, [53] discussed and designed a prototype of a narrowband HPWS transceiver
and concluded that the hardware resources required by such data communication system can be
significantly low. Recently, [51] showed that the maximum data rate of the so-called HIS is higher
than the one achieved by HPWS. However, hardware complexity of an HIS transceiver is similar
to the hardware complexity associated with two transceivers (one for power line and another for
wireless communication). According to [53], this hardware complexity is considerably higher
than the hardware complexity offered by a HPWS transceiver.

Based on the achievements related to HPWSs discussed in [51, 53], this hybrid system
appears as an attractive alternative for improving the achievable data rate in comparison to HIS
when a constraint on hardware resource availability is taken into account. In this context, power
allocation algorithms that aim to maximize the data rate of an HPWS must be investigated
(e.g., to demonstrate how to achieve the optimal performance of this hybrid system). Focused
on power allocation for maximizing the achievable data rate in HPWS, this chapter look into
the optimal power allocation in this type of hybrid communication system by pointing out the
circumstances in which the usage of channels resources can be optimally exploited, assuming
the combining technique most adopted in the literature (i.e., MRC). In this regard, the main

contributions of this chapter are summarized as follows:

* The investigation of the optimal power allocation in HPWS by assuming two different
constraints on the transmission power (i.e., the sum power and the sum power-channel
constraints). To this end, this chapter formulates the optimization problems that encom-
passes the achievable data rates of both power constraints and discusses their mathematical

solutions. Moreover, it proposes power allocation algorithms for both power constraints.

1 Hybrid independent system refers to the use of independent power line and wireless channels for data
communication between transmitter and receiver nodes, i.e., the transmission of distinct information
through power line and wireless channels. It is also referred as hybrid system with source coding
diversity [51].
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* The comparative analysis among the proposed power allocation algorithms and previous
power allocation algorithms that are well-established for non-hybrid systems, such as
waterfilling [24] and uniform power allocation. In this regard, interior point (IP)-based

algorithms are also used in order to validate the proposed power allocation algorithms.

The remainder of this chapter is organized as follows: Section 3.1 addresses the for-
mulation of the optimization problems; Section 3.2 discusses the sum power constraint and
its associated power allocation algorithm, whereas Section 3.3 does the same for the sum
power-channel constraint; Section 3.4 focuses on numerical results and their analyses, whereas

Section 3.5 summarizes the most important findings.

3.1 PROBLEM FORMULATION

In this chapter, it is assumed that the frequency representation of the symbols transmit-
ted through each medium is equal. Therefore, X = Xox = ... = Xn.k, Vk. Hence, symbols
simultaneously received from subchannels with the same index in different media can be com-
bined with the MRC technique. Thus the resulting symbols have SNRs equal to the sum of
SNRs of the combined symbols. In other words, the resulting SNR for the k™M subchannel can
be expressed as

Nc
Ve =) PuiVmo VK. 3.1)

m=1
As mentioned in Chapter 2, the information transmitted over each subchannel occupies
a frequency bandwidth equal to Ay and thus the total frequency bandwidth is By, = A X Ns.
Hence, assuming a sampling frequency equal to 2By, and transmitted symbols modeled by a
Gaussian random variable, the data rate of the hybrid data communication system in which the

signals received from Nc parallel media are combined with the MRC technique is given by [27]

B,
R=—) log, (1+vk). (3.2)
Ng kZ:; J25) Y

Given this data rate, an intriguing challenge is to come up with an achievable data rate denoted
by C = max{R}. In other words, it is necessary to find out the values of p,, s, Vm, k, that
maximize the data rate and hence the formulation of an optimization problem is required.

The optimization problem that defines the achievable data rates of the HPWS can be

written as
B Ns Nc
C=max — » log, |1+ Y, ) 3.3
max 9 kzz; 2 ( ’;Pm,k)’m,k) (3.3)
subject to either
Z Pm.k < PT
SPC {m.k (3.4)

Pmik =20, Vk,m
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or

me,k < Py, Vm
SPCCH & 3.5

Pmik =20, Vk,m.

Following [53], the current formulation assumes the transmission of the same informa-
tion through all Nc media and the application of the MRC technique to the received symbols per
subchannel. As a consequence, a significant part of the data and signal processing performed
at the link and physical layers, respectively, can be unified, as seen in [39,53]. Therefore, the
HPWS can increase data rate in comparison to non-hybrid systems at a lower hardware comple-
xity than HIS [53]. In this regard, the following research question arises: “How could the total
transmission power be allocated in HPWS for maximizing data rates under the sum power or

sum power-channel set of constraints?” Answers to this question are presented in Section 3.2
and Section 3.3 for the SPC and the SPCC, respectively.

3.2 OPTIMAL POWER ALLOCATION FOR HYBRID POWER LINE/WIRELESS SYS-
TEMS: SUM POWER CONSTRAINT

This section presents the solution of the optimization problem related to the SPC and
Cis

introduced, since solving the optimization problem C’ is equivalent to solving C, but with the

the algorithm to obtain it. For this purpose, a new optimization problem C’ = ym losgze

advantage of dealing with a smaller number of variables. Afterwards, a simple division by the

factor given above is enough to obtain C. The optimization problem comprising the SPC can

be then described by
= In|1+ mk¥Ymi|s 3.6
ggzn( lepwk) (3.6)
subject to
Z Pm.k < PT
SPC | m:k (3.7)

Pmik =0, Vk,m.

Note that the inequality constraints are linear and therefore convex functions, thus Slater’s con-
dition holds [92]. Hence, if the objective function is positive semidefinite on the considered set
of transmission powers, then satisfying the Karush-Kuhn-Tucker (KKT) conditions is sufficient
for a solution to be unique and optimal [92].

A possible alternative to verify the convexity of the objective function is to evaluate

whether its Hessian matrix is positive semidefinite or not. To do so, let the objective function

Ns Nc
-’ (1 ) pm,ﬁm,k) . (3.8)
k=1 m=1

be given by
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By deriving the above equation with respect to p,,, k,, all terms from the external summation

(in k) can be regarded as constants but the term k£ = k. As a consequence, one has

OR’ Y.
__ )/m|,k]_ ’ (39)
3Pm1,k1 1 +me,k1)/m,k1
m
le € {1,2,. . .,Nc} and k1 S {1,2, .. .,Ns}.
The second derivative of R’ with respect to p,, x, can be then expressed as
9*R’ _ 0 1
= Vo — (3.10)
apmz,kzapml,kl apmz,kz 1+ Pm.k1Ym K,
m
Note that 82R’/8pm2,k28pm1,k1 = 01if k1 # k. On the other hand, if k| = k»,, then
) 2
O0°R’ 1
=Ymi kY. — . (3.11)
OPmy k2 0P m &, M L+ 2 P Yok,
€ R* "
€ R*

All terms of (3.11) are real and positive numbers. As a consequence, the Hessian matrix of the
objective function is positive semi-definite within the considered domain of p,, x and thus the
objective function defined by (3.8) is convex [92].

As the optimization problem defined in (3.6) is convex, the system of equations formed by
the KKT conditions can be solved to find the optimal solution. In this regard, let the Lagrangian

for the SPC optimization problem and its derivative with respect to p,; be, respectively, given

by
L2 - Z In (1 + Z Pm,k7m,k) + 1 (Z Pmk — PT) + Z Um ik (—Pm.k) (3.12)
k m m,k mk

0.5 _7q,i

Opgi 1+ X PmiVmi
m

and

+ A g (3.13)

Vg € {1,2,...,Nc}and i € {1,2,...,Ns}; where 1 € R* and u,; € R* are Lagrange mul-
tipliers. In sequel, the KKT conditions can be used for obtaining the following system of

equations:
——74,,' —+A-pg; = 0,Yq,i (3.14)
1+ Z Pm,i¥m,i
m
A (Z P~ PT) = 0 (3.15)
g
Hqi(=Pqi) = 0,9q,i (3.16)

Based on a mathematical analysis of the system of equations given above, the following

theorem can be written:
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Theorem 1: If a hybrid system operates over Nc € N* parallel and linear channels, the
additive noise is a Gaussian (white or colored) random process, the receiver makes use of
the MRC technique, and the SPC applies, then achieving the maximum data rate imposes
that transmission of information must be through the subchannels offering the highest nSNRs.

Therefore, the equivalent nSNR for the k™ subchannel, from transmitter to receiver, is defined by
Vi = m::x{?m’k},\/k. (3.17)
Proof. The proof of Theorem 1 is a consequence of Lemma 1 and Lemma 2. O

Lemma 1: Two or more media cannot be used to transmit data through the same subchannel in
order to maximize the achievable data rate of hybrid systems that operate over parallel channels
and additive noise that is a stationary random process, that use MRC, and that are subject to

the sum power constraint.

Proof. Let us assume that a portion of the total transmission power is allocated to any two or
more media at a same subchannel. If g; and g, represent these media and / indicates the chosen
subchannel, then p,, ; # 0 and p,, ; # 0, which imply w4, 1 = pg,1 = 0, see (3.16). Thus, by
applying these values to (3.14), the following equations are obtained:

— Yol
14D Pni¥s = == (3.18)
m
and _
— Yl
1+ Pty = = (3.19)
m

Only 4 — oo solves the system of equations formed by (3.18) and (3.19) and also satisfies 4 > 0

regardless of the values of 5, ; and Y, ;. Thus, one has

1+ Pty = 0 (3.20)
m
meﬁm,l = -1 (3.21)
m
Since y,,,; € R*, Vm, there must be a value of m € {1,2,..., Nc} such that p,,; <0 to

ensure (3.20) is true. However, it violates a constraint of the optimization problem and, as
a consequence, provides the reader with the following result: for a given subchannel, I, the
assumption of the existence of any two media, g and g3, such that p,, ; # 0 and py,; # 0,
disagree with a constraint defined by the KKT conditions. Therefore, two or more media should

not transmit data through the same subchannel for maximizing the data rate. O

Lemma 2: The maximization of the achievable data rate of a hybrid system that operates
over parallel channels and additive noise (stationary random process) and that uses MRC and
is subject to the SPC implies that a given subcarrier might transmit a portion of the total
transmission power through a subchannel associated with a given medium if, and only if, its

nSNR is the highest among all media in the chosen subchannel index.
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Proof. Let g1 indicates a medium such that p,, ; # 0 and g, represents any of the Nc — 1 media

with pg, 1 = 0. Once more using (3.14) and (3.16), one has

Yail

U4 pour¥g = — (3.22)
and B
1+ Pgii¥gin = 7 Zq;’; ] (3.23)
As a consequence, _
A= g = (3.24)
Yagr.l —Yquil

Since pg4; = 0,VYg,i and 4 > 0, one can conclude that y,, ; must be greater than y,, ; to
guarantee (3.24) is true and, as a consequence, not violate the KKT conditions. As a result,
the subcarrier that might transmit a portion of the available transmission power in a specific
subchannel is the one with the highest nSNR among all media.

If more than one media has the maximum value of nSNR for a given subchannel index &,
then the transmission power allocated to the k™ subcarrier can be arbitrarily distributed among
them. O

Corollary 1: The optimal power allocation of the total transmission power based on the sum
power constraint and parallel channels implies in hybrid systems that make use of the MRC tech-

nique attaining the same achievable data rate as the hybrid systems with the SC technique [61 ].

3.2.1 Proposed Power Allocation Algorithm

Based on Theorem 1, there is a definition of an equivalent data communication channel
formed by the subchannels with the highest nSNRs among all media. It means that the resulting
nSNR associated with the k™ subchannel (index) is given by max{y,, s}, Vk. Based on that,
the power allocated to the subcarrier index of distinct media slnfowing nSNR lower than the
maximum is null. Thus, it is necessary to define how to allocate the total transmission power
among the media with the highest nSNR for a given subchannel index. Nonetheless, in case
of existing only one medium per subchannel, the computation of the achievable data rate is
well-known from the literature and it is accomplished by using the waterfilling algorithm, which
is concisely presented in Appendix A. Therefore, a proper and straightforward solution can be
conceived by running the waterfilling algorithm and taking into account only the subchannels
with the highest nSNR among the media, i.e., using the equivalent nSNRs, max{y,, ; }, Vk, as
its input parameters (see Algorithm #1 for the HPWS). "

Note that Algorithm #1 is organized into two steps. First, it defines the maximum nSNR
value per subchannel, and second, it performs the conventional waterfilling algorithm. In the
case of the HPWS, the computational complexity associated with the first step is proportional to
Ns (i.e., O(Ng)) since only one comparison operation is required per subchannel. Similarly, it

has been already shown that the conventional waterfilling algorithm may have a computational
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Algorithm #1: Power allocation algorithm for maximizing the achievable data rate in
HPWS under the SPC
Input

¥ 1. is the nSNR of the 1% medium (m = 1) and k' subchannel, k € {1,2,..., Ns}
Y2k 1s the nSNR of the 2" medium (m = 2) and k™ subchannel, k € {1,2, ..., Ns}
Pr is the total transmission power.

Output :
p1.x is the power allocated to the 1% medium and k™ subchannel, k € {1,2, ..., Ns}
D2,k 18 the power allocated to the 274 medium and k™ subchannel, k € {1,2,...,Ns}
begin
K = {1,2,. . .,Ns};
Pk =0,Yk € K;
P2k = O, Yk € 7(;

{Vit = max{y, ;.72 }. Vk € K

{q} = argmax{y, 4, ¥,4}, Yk € K;

[{p«}, 4] = waterfilling({¥ .}, Pr), Vk € K;
{pgx} =Api}s

end

complexity of order O(Ns) [93] and therefore the computational complexity of Algorithm #1
is also of order O(Ns). Note that the cyclostationary behavior of the power line characteristics
(channel and noise statistics) can be also used to reduce the computational complexity associated
with power allocation algorithms, as carried out in [81]. Finally, the use of a greedy algorithm
for allocating integer number of bits can be easily adapted from the literature [93] to accomplish
a feasible power allocation.

3.3 OPTIMAL POWER ALLOCATION FOR HYBRID POWER LINE/WIRELESS SYS-
TEMS: SUM POWER-CHANNEL CONSTRAINT

This section outlines the solution of the optimization problem related to the SPCC.

Similar to the previous section, a new optimization problem C” = 3 ll\é Sg ~ C is introduced. The

optimization problem originating from the SPCC is then given by

= In|1+ " , 3.25
;}}:2 Zn( Zp kymk) (3.25)

subject to

me,k < P,, Vm
SPCCH< & (3.26)

Pmik =20, Vk,m.

Observe that the objective function is the same as the one in the previous section and thus it is

convex on the considered set. Also, the inequality constraints are linear and convex functions.
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Therefore, meeting the KKT conditions yields the optimal solution.
By applying the KKT conditions to this optimization problem, the following system of

equations is obtained:

_yqi
— =+~ i = 0,¥q,i (3.27)
T+ pimg 0 H 7

m

Aq (qu,i_Pq) = 0,Yg (3.28)
Hqi(=pqi) = 0,Yq,i (3.29)

Now, consider a € {1,2,...,Nc} and b € {1,2,...,Nc}, with a # b. From (3.27), the
following equation arises: _

Yai _ Aa = Hai

Yoi Ab— Mbi

A careful analysis of (3.30) for a given subchannel 7 € {1,2,..., Ns} can be helpful.

, Vi, (3.30)

First, consider ¥, ; /¥, ; > Aa/Ap, with 1, > 0, and then apply it to (3.30). The following

inequality is obtained:

A Ag —
Lo o La” Pal (3.31)
Ap  Ap— Hp1
By contradiction, one can show that uj, ; # 0. Assuming that 5 ; = 0, one can obtain

A Ag —

Aa o AaTHal _, (3.32)

Ap Ap

= Ay < Ag— HMal, (3.33)

which is evidently false since 4, > 0 and p,; > 0. As a consequence, uj ; cannot be equal to
zero if y, ;/Yp; > Aa/Ap. Similarly, one can find that g s # 0ify, ;/7, ; < Aa/Ap. Based on

the fact that either y,; or p,; has to be equal to zero - see (3.16) - one has:

Val A
e If 2% > 24 then =0.
Yo1 /lb’t €N pp,1 0

Ya,l /la
. , —
If Yor < T then Pal = 0.

Notice that a and b can be any combination of N¢ taken two at a time and therefore

interesting conclusions can be drawn. First, an amount of power will be allocated in both media
a and b if, and only if, ;Zj = ﬁ—z However, this is likely to happen only if a and b have

precisely the same nSNR value or the total power intended to one of them is too low in relation

to that intended for the other. Also, it can be extended to a higher number of media by taking
different combinations of a and b and then, when dealing with media with completely different
selectivities, i.e., curves of nSNR that have considerably different behaviors, the probability of
two or more media transmitting information through the same subcarrier in order to maximize
data rate is extremely small.

Still based on the above remarks, if y,;/¥,; > Aa/Ap, Vi, then the portion of the

total transmission power assigned to the second medium would be null. On the other hand, if
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Yail Ybi < Aa/Ap, Vi, then the first medium would have null power. Therefore, assuming that
P, # 0and P, # 0, one has

mm{Za’f} <20 ¢ max {Z“”'}. (3.34)
i ei) A Yy

As the focus of this dissertation is on the HPWS, only two parallel channels (N¢c = 2)
are considered henceforth. In this context, Figure 6 illustrates the aforementioned achievements
for a decreasing nSNR ratio curve (the same could be obtained for a sorted version of a non-
decreasing nSNR ratio curve). Observe that subchannels whose nSNR ratio values are above the
A1/, ratio have null power allocated to the second medium, whereas the first medium has null
power allocated to subchannels that present nSNR ratio values below the 4;/A4; ratio. Therefore,
the nSNR ratio values above and below the 1 /1, ratio are characterized by having p,; = 0 and
p1,; = 0, respectively. By applying such values to a system of equations formed by the KKT

conditions, the following equations are obtained and used as the basis of the proposed algorithm:

* p1i=0: _
L+ paFos = hy_;ﬂz (3.35)
and —_
pai > AT%Z - % (3.36)
* p;i=0: B
L+ P11 = T (3.37)
and _
pii > ﬂ:;i - % (3.38)

3.3.1 Proposed Power Allocation Algorithm

First of all, it is worth mentioning that the /™ subcarrier has a transmission power
different from zero allocated to both first and second media if, and only if, ¥, ;/y,; = 41/4>.
However, the probability of occurring such situation is quite low (mainly for high values of Ng)
and therefore its occurrence can be disregarded. As a result, one obtains a suboptimal power
allocation algorithm that yields a solution quite close to the optimal and, most importantly, it is
feasible.

Note that (3.35) and (3.37) are equal to the equations of the conventional waterfilling al-
gorithm [24], indicating that such algorithm may be helpful for determining the power allocation
among subcarriers. Based on that, subchannels in which ' ;/7,; > 41/; constitute the set of
inputs to the conventional waterfilling algorithm related to the first medium (p,; = 0), whereas
the remainder of the subchannels feeds the conventional waterfilling algorithm associated with
the second medium (p;; = 0). In addition, the lower bound established by (3.36) and (3.38)
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Figure 6 — An example of subchannel indices associated with their corresponding null subcarriers for a
decreasing nSNR ratio curve
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Source: Personal collection.

must be obeyed for the transmission power allocated to each subcarrier. Therefore, the main
task accomplished by the proposed algorithm is to find 4y and A, that satisfy the waterfilling
equations, (3.35) and (3.37), and the constraints established by (3.36) and (3.38). In fact, from
the conventional waterfilling algorithm, finding 4; and A, results in also finding p;; and p,, Vi.

Algorithm #2 is proposed to find the values of A; and A, and hence p;; and p»;, Vi.
The main idea is to exchange the 4, /A, ratio within the range imposed by (3.34) until reaching
its suboptimal value, i.e., the one in which either few or no subchannels violate the constraints
defined by (3.36) and (3.38). In such algorithm, A and B are sets composed of subchannels
that are, respectively, above and below the A /4, ratio. Also, A, and B, represent, respectively,
subchannels that are above and below the A;/A, ratio and violate the lower bound for the
transmission power.

After initialization, Algorithm #2 starts a loop considering that the 1;/4; ratio is only
above the subchannel with smaller ¥, ;/y, ;. Two waterfilling algorithms (described in Appen-
dix A) are then performed for subchannels that are above and below the 1 /1, ratio and, after that,
the lower bound for the allocated transmission power is checked for all subchannels. Next, the if
statement is just to retain the transmission power values of the iteration in which the number of
violated constraints is the smallest. In sequel, if there are no subchannels that violate equations
(3.36) and (3.38), i.e., Ay U B, # @, then the transmission powers allocated to the subchannels
will be those defined by the current iteration. Otherwise, the loop is again performed but now
removing the subchannel with smallesty ; /7, ; from those which are above the 4; /4 ratio and
moving it to those that are below such ratio. This procedure is repeated until either there is no
subchannel that violates the constraints established by (3.36) and (3.38) or only one subchannel

remains above the 1;/A; ratio, i.e., Card{8} = Ns — 1, where Card{-} denotes the cardinality
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Algorithm #2: Power allocation algorithm for maximizing the achievable data rate in
HPWS under the SPCC

Input
71k is the nSNR of the 1** medium (m = 1) and k™ subchannel, k € {1,2,...,Ns}
¥,.x is the nSNR of the 2" medium (m = 2) and k"™ subchannel, k € {1,2,..., Ns}
P, is the maximum transmission power to be distributed in the first medium

P; is the maximum transmission power to be distributed in the second medium

Output :
p1.x is the power allocated to the 1 medium and k™ subchannel, k € {1,2, ..., Ns}

pa.x is the power allocated to the 2" medium and k™ subchannel, k € {1,2,...,Ns}
begin
Pk =0,Vk;
P2k =0,Vk;
A={L1,2,...,Ns};
B =0;
Ay = A,
B, = B;
Ny = Ns;
while [ (A, U B,) # @] & [Card{B} # Ns — 1] do
g = argmin{7, 4 /7). Ya € A;
A=A-q;
B=BUg;
[{P1.a}, 1] = waterfilling({y, ., }, P1),Ya € A;
[{P1.p}, 2] = waterfilling({¥, , }, P2), Vb € B;
Ay ={a € Alp1.a¥1,a < V2,a/12) = 1}
By ={b € Blp2.s¥Y2p < V1 p/11) = 1};

if Card{A, U B,} < N, then
X =HA;

Y =8,

Plx =Pla, VX € X;
P2y =P2b,Vy €Y;

Ny = Card{A, U B,};

end

end
Pk =DPix, Yk € X;
P2k = P2y, Yk €Y,

end
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of a set. In case there is no combination of subchanels such that A, U B, # @, the transmission
power allocated to each subchannel will be defined by the loop iteration in which the violation
of fewer constraints are observed.

In order to analyze the computational complexity of Algorithm #2, observe that before
and after the while loop there are only assignment operations and thus the associated complexity
isof order O(1). In addition, the if statement within the while loop also demands a computational
complexity O(1). Among the remaining parts, the most expensive in terms of computational
complexity are the conventional waterfilling algorithm and the search for the minimum argument,
which individually require a complexity of order O(Ns). Since both iterates at most Ns — 1 times
(i.e., the maximum number of iterations in the while loop), Algorithm #2 has a computational
complexity O(Ns?). Note that in this case there is one less degree of freedom in comparison
to the SPC, which further restricts the problem and therefore makes its solution more complex.
It is worth mentioning that due to the fact that Algorithm #2 is based on the well-known
waterfilling algorithm, its practical implementation for allocating power and also bits is perfectly
feasible. This means that the waterfilling algorithm used in Algorithm #2 may be replaced by
the Levin-Campello algorithm [93], allowing the discretization of the available power and, as
a consequence, the allocation of an integer number of bits per subcarrier. In summary, the

proposed power allocation algorithms can be eventually implemented at a usual hardware cost.

3.4 NUMERICAL ANALYSES

This section discusses numerical results for evaluating the effectiveness of the proposed
power allocation algorithms. To do so, the transmitter node has knowledge of the CSI of
the media and two are considered (Nc = 2), i.e., the HPWS. CFR and additive noise PSD
of the measured broadband and in-home PLC define the first medium, whereas wireless CFR
and circularly symmetric complex AWGN models define the second medium. In addition, the
considered frequency bandwidth is By, = 80 MHz, which comply with the wireless local area
network standard IEEE 802.11ac [94] and also with the PLC regulations [79]. In this sense,
there are three frequency bands most considered by the regulations, which are 1.7 — 30 MHz,
1.7 - 50 MHz, and 1.7 — 86 MHz. Taking the broadest frequency bandwidth as a reference, the
considered frequency bandwidth can be employed. Since realistic data based on measurement
campaigns are considered, the total frequency bandwidth is divided into Ng = 128 subchannels,
each subchannel frequency bandwidth is equal to Ay = 658.6 kHz, which is smaller than the
average coherence bandwidth of broadband and in-home power line channels [95].

The analysis of the proposed power allocation algorithms includes comparisons with
previous power allocation algorithms (such as the conventional waterfilling and the uniform
allocation (UA)). Furthermore, algorithms based on the interior-point method [96], which it
is here named as IP algorithms, are used as benchmarks. This method is used as a reference
because it provides the optimal solution for convex optimization problems and the problems

considered in this dissertation have such characteristic.
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Figure 7 — nSNRs for power line and wireless media in the considered frequency bandwidth
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Regarding the total transmission power, the following range applies for the majority of
the results Pr € {-30,5,...,30} dBm. For the results related to the SPCC, Py = aPt and
P> = (1 —a)Pr, 0 < a < 1. Therefore, the parameter « determines the percentage of the total
transmission power that is allocated to each medium. Note that for an optimal @ value SPC and
SPCC are equivalent, otherwise SPC outperforms SPCC.

3.4.1 Channel Impulse Response and Additive Noise

With respect to the first medium, CFR and additive noise PSD are those obtained
from a measurement campaign carried out to characterize broadband and in-home power line
channels, see [15] for details. To attain the noise power, which is necessary for obtaining y,,,
the multiplication of the discrete additive noise PSD by the subchannel frequency bandwidth
Ay applies. Regarding the second medium, the wideband wireless channel model (non-line-of-
sight residential scenario), reported in [97], provides samples of CFR. To select the considered
frequency bandwidth, By, the original channel undergoes a digital bandpass filtering with a
center frequency equal to 5.8 GHz. Also, the wireless additive noise is assumed to be circularly
symmetric complex AWGN.

To have a fair comparison between power line and wireless media and evaluate only the
existing diversity between them, the noise power on the wireless medium is computed to make
the average value of the nSNR equal in both power line and wireless media [36,51]. In other
words, it is assumed that 3 [ ;| = X¢ [V2.«]- The obtained nSNRs for power line and wireless
media are depicted in Figure 7 for the considered frequency bandwidth.
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3.4.2 Achievable Data Rate Analysis

The first achievable data rate analysis refers to the comparison between the proposed and
[P-based power allocation algorithms. The use of the IP power allocation algorithm aims just
to validate the proposed ones. Figure 8 shows the achievable data rate in this comparison for
a = 0.1 in order to highlight the difference between SPC and SPCC. Note that the performances
of the proposed power allocation algorithms match the ones of the IP-based power allocation
algorithm even for Algorithm #2, which is a suboptimal solution. It proves that the proposed
algorithms are suitable for power allocation purposes as well as Algorithm #2 yields a negligible
performance degradation compared to the optimal solution.

Turning to Figure 9, a new parameter is analyzed to compare SPC and SPCC. It is here

called achievable data rate ratio and can be expressed as follows:
Cp(a)

Cspc(@)’

with 8 € {SPC,SPCC} and Cspc(a) and Cspcc(a@) being respectively obtained from

Algorithms #1 and #2. Observe that pg and the achievable data rate, Cg, suffer the influence

pp(a) £ (3.39)

of a. From the analysis of pg(«), it is possible to see the upper bound established by SPC for
SPCC and also to infer the optimal value of @. In fact, the optimal @ will be the one in which
pspc (@) = pspcc(a@); however, it may vary according to the total transmission power due to the
different frequency selectivity of both channels. For instance, the optimal value of « is 0.35 for
Pt = —15 dBm and approximately 0.45 for Pt = 15 dBm. Figures 9(a) and 9(b) also show a

Figure 8 — Achievable data rate as a function of Pt for Algorithms #1 and #2 and IP-based algorithms
(a=0.1)
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Figure 9 — Achievable data rate ratio versus « for different total transmission powers

(a) Pt = —15 dBm (b) Pr = 15 dBm
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comparison between hybrid and non-hybrid systems, proving that the former outperforms the
later in terms of achievable data rate. Note that if @ = 1, then all the available power is allocated
to the first medium and therefore it is the same as considering only the wireless channel. On
the other hand, @ = 0 implies in allocating the total transmission power to only the power line
medium. For Pt = —15 dBm, to use only the first (@ = 1) or the second (@ = 0) media results in
achievable data rates around to, respectively, 83% and 79% of the achievable data rate yielded
by the optimal hybrid communication. For Pt = 15 dBm, these values are respectively 93%
and 78%. Note that such percentages vary depending on the total transmission power due to
the frequency selectivity of the considered channels as well. A final performance comparison
between hybrid and non-hybrid systems is presented in Figure 10, where the achievable data
rates obtained by Algorithm #2 is displayed for distinct « values. In this figure, the dominance
of the HPWS over power line and wireless systems is clearly portrayed.

Now, a comparison among the proposed power allocation algorithms and other power
allocation algorithms for HPWS is shown in Figure 11. In this figure, for comparison purpose,
the conventional waterfilling and UA are considered as the previous power allocation algorithms.
This comparison uses & = 0.6, which is assumed to be as close as possible to the optimal when Pt
ranges from —30 to 30 dBm. Due to such choice, Algorithms #1 and #2 yield equal performances,
matching their achievable data rate results in the analyzed Pt range. By comparing the proposed
power allocation algorithms with the previous ones, one can see that uniform power allocation
yields the worst performance since it allocates power to subcarriers regardless of their nSNR
values (i.e., subchannels with high or low nSNR values receive the same amount of power). In

addition, the use of waterfilling results in the same performance as the proposed algorithms
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Figure 10 — Achievable data rate as a function of Pr for Algorithm #2 with different « values
HPWS (@ =0.6) = = =Wireless (a = 1.0) Power line (a = 0.0)
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Source: Personal collection.

when low values of Pt are applied (e.g., Pt < —10 dBm). In other words, the use of low
values of the total transmission power shows that waterfilling allocates power only to the best
subcarriers of each medium. Notwithstanding, there is a trend to the best subchannels of each
medium to be at opposite sides in the ¥, ;/¥,; curve (see Figure 6) and therefore the proposed
power allocation algorithms tend to allocate the available power to the same subcarriers as the
conventional waterfilling does. As Pt increases, the conventional waterfilling starts to allocate
power to subcarriers of a medium that are already supplied by the other and, as a consequence,
its performance decays until it matches the UA performance. The proposed power allocation
algorithms, however, continue on their upward trajectories, offering achievable data rates greater
than those of UA and waterfilling. It is worth mentioning that for Pt — oo or Pt — 0, all power

allocation algorithms tend to be equal.

3.4.3 Transmission Power Benchmarks

This subsection aims to give benchmarks for transmission powers obtained from
Algorithms #1 and #2 in order to make their reproducibility feasible. For this reason, sim-
ple and synthetic data are taken into account so that one can implement the proposed power
allocation algorithms and check the obtained results based only on the information contained
in this subsection. In this regard, it is considered that y, , = 35 dB and ¥, ; =70 — 4k dB,
Vk € {1,2,...,Ns}, with Ng = 16. Note that synthetic nSNR values are considered in this
section only to make comparisons easier. In addition, the same frequency bandwidth as the

previous results are assumed, i.e., By, = 80 MHz. Also, P; = 0.5Pt and P, = 0.5Pr, therefore
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Figure 11 — Performance comparison among the proposals, waterfilling, and uniform power allocation
(¢ =0.6)
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a=0.5.

Based on the given simulation environment, the transmission powers outputted by
Algorithms #1 and #2 for Pt = 10 dBm are listed in Table 1. Observe that for k > 9
Algorithms #1 and #2 allocate the same power to all subcarriers. This occurs because the
first medium becomes dominant and its nSNRs values are constant, being optimally used with
constant power as well. In addition, Figure 12 shows the obtained achievable data rates for

Pt €{0,2,...,30} under the same conditions.

3.5 SUMMARY

This chapter has studied the optimal power allocation for hybrid power line/wireless
systems when MRC and frequency-selective channels are considered and the additive noise is
a colored Gaussian random process. Based on the achievable data rate, optimization problems
dealing with two different situations have been formulated and solved. The former applied
the sum power constraint, which consists of limiting the total transmission power, whereas the
latter considered the sum power-channel constraint and therefore it limits not only the total
transmission power but also the given power to each medium. Both constraints have been deeply

analyzed and power allocation algorithms have been presented for them.
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Table 1 — Transmission powers obtained from Algorithm #1 and #2 (Pt = 10 dBm)

Transmission power (uW)

' Algorithm #1 Algorithm #2
P,k P2,k P,k P2,k
1 0.0 799.3 0.0 657.6
2 0.0 798.9 0.0 657.2
3 0.0 798.0 0.0 656.3
4 0.0 795.6 0.0 653.9
5 0.0 789.6 0.0 647.9
6 0.0 774.4 0.0 632.8
7 0.0 736.5 0.0 594.8
8 0.0 641.1 0.0 499.4
9 483.3 0.0 625.0 0.0
10 483.3 0.0 625.0 0.0
11 483.3 0.0 625.0 0.0
12 483.3 0.0 625.0 0.0
13 483.3 0.0 625.0 0.0
14 483.3 0.0 625.0 0.0
15 483.3 0.0 625.0 0.0
16 483.3 0.0 625.0 0.0

Source: Personal collection.

Figure 12 — Achievable data rate as a function of Pt
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4 POWER ALLOCATION FOR MINIMIZING THE AVERAGE BIT ERROR PROBA-
BILITY

Chapter 3 discussed the power allocation for maximizing the achievable data rate of
HPWSs and showed that at most one medium should be used in the same subchannel index
to maximize this parameter if MRC is used. Despite this advance, the investigation of power
allocation techniques for minimizing the average BEP in the HPWS is an open problem as
well. Motivated by recent findings on HPWS [36, 53], it was previously stated that HPWS is
an appealing alternative for increasing the achievable data rate of a data communication system
at a low computational cost; however, it can also be employed for improving the average BEP
under similar constraints on hardware resource availability.

In [25], the optimal power allocation for minimizing the average BEP of OFDM schemes
applied to a SIMO system was investigated. As the number of received antennas is equal to
unity, the algorithm proposed by [25] does for the average BEP the same as waterfilling does
for the achievable data rate. Such an algorithm, however, cannot be directly applied to HPWS
due to less control of the transmission powers in a SIMO system than in a hybrid one. For this
reason, power allocation for minimizing the average BEP of HPWS must be also investigated.
Aiming to provide a comprehensive discussion on power allocation in HPWS and precisely fill
this gap in the literature, this chapter investigates the power allocation for minimizing the average
BEP in hybrid communication systems, by taken into account the OFDM scheme and the MRC

technique. In this context, the major contributions of this chapter are stated as follows:

* The introduction of power allocation for minimizing the average BEP in hybrid commu-
nication system. In this regard, this chapter formulates the optimization problems under
sum power and sum power-channel constraints. Their mathematical solutions are then
provided for frequency-selective channels and ACGN. Consequently, it can be used to
deal with flat channels and AWGN as well.

* The proposal of feasible power allocation algorithms for minimizing the average BEP in
HPWSs for coherent modulations under sum power and sum power-channel constraints.
The introduced power allocation algorithms based on an upper bound of the Q-function
to achieve the minimal average BEP at low computational cost. Also, the proposed power

allocation algorithms are validated and compared with other power allocation algorithms.

The rest of this chapter is presented as follows: Section 4.1 formulates the optimization
problems associated with the minimization of the average BEP in hybrid communications
systems, whereas Section 4.2 discusses their optimal solutions. Section 4.3 proposes power
allocation algorithms for the HPWS. In Section 4.4, numerical simulations are provided for

realistic power line and wireless data. Finally, concluding remarks are placed in Section 4.5.
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4.1 PROBLEM FORMULATION

Let an OFDM scheme with Ng subcarriers be applied over a hybrid communication
system as the one described in Chapter 2. In such an OFDM scheme, the cyclic prefix (CP) length
is assumed to be Lcp > max{L,,} — 1, with L,, denoting the CIR length associated with the m®
medium. In addition, theWéame OFDM symbol is simultaneously transmitted over all channels
and the Nc received symbols are later combined. Therefore, Xi s = Xox = ... = Xnok, Vk. In
addition, the random symbol transmitted over the k™ subchannel is X; € M, where M denotes
an M-ary constellation. In other words, the same modulation is used over all subcarriers. By
applying the MRC at the receiver side, the resulting SNR for the k™ subchannel can be again
described as

C
Ve = PniVmo VK. (4.1)
m=1

Regardless of the assumed transmission power constraints, i.e, SPC or SPCC, each
subcarrier will experience a different SNR, vy, therefore a distinct BEP is obtained per subcarrier.
The BEP, in its turn, depends on the digital modulation and can be defined as a function of yy

as Pe i (vx). If the BEP is averaged over the subchannel indices, then it can be expressed as

Pe=— >, et (Z pmwmk) 4.2)

Notice that using a combining technique makes the average BEP calculated in (4.2) essentially
different from that of non-hybrid systems. Once the transmitter knows the values of y,, , (based
on a feedback channel, for instance), a power allocation optimization problem related to the

minimization of the average BEP in hybrid communication systems can be written as

— 1
Pe,min = min N Pe,k ( pm,k?m,k) ’ (43)
Pm,k NS ; ;
subject to either
Z Pm.k < PT
SPC {mik (4.4)
pm,k Z Oa Vk’m
or
me,k < Py, Vm
SPCC{ & 4.5)
Pmik =0, Vk,m.

Although [25] formulated and solved a similar problem for a SIMO system, its results
cannot be applied to a hybrid communication system with parallel channels since the last one
has less control over the transmission power. In other words, hybrid transceivers can allocate the
available power to distinct subcarriers and media, whereas a SIMO transceiver allocate the total
transmission power only to different subcarriers. In this sense, the following research question

arises: “How could the transmission power be allocated in a hybrid communication system
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Sfor minimizing the average bit error probability under the sum power or sum power-channel

constraints?” Section 4.2 and Section 4.3 present answers to this research question.

4.2 OPTIMAL POWER ALLOCATION FOR MINIMIZING THE AVERAGE BIT ERROR
PROBABILITY

To solve the optimization problem described in Section 4.1, the BEP equation must be
properly defined. The BEP is calculated at the demodulator input, which coincides with the
output of the maximal-ratio combiner. At this point, the frequency-domain additive noise can be
modeled by a Gaussian random variable - see Chapter 2. Hence the BEP equations for Gaussian

channels can be used. In this regard, they can be expressed as follows [98]:

Pei(r) ~ auQ (Vo) (4.6)

where aj; and by, are functions of the constellation order, M, and depend on the adopted
modulation; Q(-) is the complementary cumulative distribution function (CDF) of the standard
Gaussian distribution. Table 2 lists ay; and by, for some of the most used coherent modulations,
such as pulse amplitude modulation (PAM), phase-shift keying (PSK), and quadrature amplitude
modulation (QAM).

Once the BEP at the k™ subchannel is given by (4.6), the average BEP described by (4.2)

can be rewritten as
— ay _
Pe= N ; 0 \/bM ; Pk |- 4.7)

In order to investigate the convexity of P., let the derivative of (4.7) with respect to p,,, x, be

Table 2 — aps and by, as a function of the modulation order, M, for different coherent modulations [98]

Modulation ay by
2(M-1) 3
M-PAM M log, (M) M2-1
M=2 1 1
M-PSK
M>2 W 2sin®(n/M)
Rect 1 4(VM-1) 3
M-OAM ectangular Vol log, (1) T
Non-rectangular logzﬁ =

Source: Personal collection.
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given by

(9Pe apm 3 —
- M ol (b mki Yom (4.8)
OPmy ki Ns Opm, k, . ; Prta¥m

am ’ bM?ml,kl
= — \/b —],
Ns [Q ( M7kl) (2 ,_bMVkl)

Vmi € {1,2,...,Nc}yand k; € {1,2,..., Ns}, where Q’(x) = —1/V2m exp(—x%/2) represents

the derivative of the Q-function; and yx, = X Pk, Yk .- Hence, the first derivative of P, with
m

(4.9)

respect to p,,, k, 18 given by

= - EXP |~k ,le,kl. (4.10)
6pm1,k1 2NS V27|: 2 1 \/bM7k1

The second derivative of P, with respect to DPm,.k, can be then given by

9%P. -ambuVm x, 0 by 1
- p(-2y, . (4.11)
6pm2,kzapm1,k1 2Nsm apmz,kz 2 \/bMVkl
Note that BZP_e/é?pmz,kz(9pml,k1 = 0if k; # k. On the other hand, if k; = k,, then
°P. —ambm¥m, k, ( bu )bM7mz,k1
= —exp |~ Yk | T ———
OPmykyOPmy ey 2Nsm 2 2/bmyi,
b bMYm, k
- exp (—TM)’IQ) % (4.12)
2(bM7k1)2
amb2 7, T b 1+ (bayi,) ™!
_ M My l,kly 2,kq exp (—_M’ykl) ( M7kl) ) (413)
4NsV2x 2 by,
e R+ € R* c R+

All terms of the above equation are real and positive numbers. Therefore, the Hessian matrix
of the objective function is positive semi-definite within the considered domain of p,, x and
therefore (4.7) is convex [92].

In addition to the objective function being convex, all constraints established in (4.4)
and (4.5) are linear (affine) functions and therefore Slater’s condition holds [92]. The KKT
conditions can be then applied for achieving the optimal solutions. The first step to finding such
solutions is to define the derivative of the Lagrangian for the optimization problem under both
SPC and SPCC. For the SPCC, one has

L _ 1 0Pei(pgi)
dpqi Ns Opg,

+ g — Mg i» 4.14)

Vg € {1,2,...,Nc} and i € {1,2,...,Ns}; where 4, € R* and u,; € R* are Lagrange
multipliers. Whereas p,; is associated with the transmission power being equal to or greater
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than zero in every subcarrier and media, A, relates to the sum-power channel constraint. For the
SPC, one can just omit the subscript g of 4, in (4.14).

In sequel, the KKT conditions can be used for obtaining the following system of equati-

ons:
1 0Pci(pq.i)
_ T4, - ;i = 0,Vvq,i 4.15)
Ns apw_ g — Mgq, q (
Hqi(=Pqi) = 0,Yq,i (4.16)
/I(Z pq,i—PT) = 0, if SPC 4.17)
q.i
y (Z pq,i—Pq) = 0,¥q if SPCC. (4.18)
i

Based on (4.10) and (4.15), one can obtain the equation as follows

Ag—Ugi  amby exp( b_My) 1
Yai 2NsV2rn l

5 Vi —,Vq,1, (4.19)

Vbumyi

in which y; = } p.iy,,;- Note that the right side of the above equation does not depend on the

medium indexmq and, therefore, for any two media ¢ € {1,2,...,Nc} and d € {1,2,...,Nc},
one has the following equation: B
Yei _ Ac = Heii
Yai Ad—Hdi

Such an equation is precisely the same as (3.30) obtained by Chapter 3 for the maximization of

Vi. (4.20)

the achievable data rate. From now, sum power and sum power-channel constraints are addressed

separately hereafter.

4.2.1 Sum Power Constraint

As the SPC is assumed, (4.20) results in

yc,i _ A- Mec,i
7d,i A= ,

Vi. 4.21)

From (4.16), for both p.; # 0 and pg; # 0O, the values of u.; and p,; have to be null, which
would imply iny,; =y, ; from (4.21). On the other hand, in order to have p.; # 0 and p4,; = 0,
itis required that p.; = 0 and pg4; > 0, which resultiny,; > 7y, ;. Therefore, only one medium
must be used per subchannel index unless two or more media have the greatest and equal nSNRs.

Hence, a resulting nSNR in the k™ subchannel can be defined as
T £ max{7,, 4}, Vk. (4.22)
m

This finding indicates that the use of SC or MRC techniques imply in the same performance if
power allocation is performed, and it is identical to the result obtained for the maximization of

the achievable data rate in Chapter 3.
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4.2.2 Sum Power-Channel Constraint

When the SPCC is considered, the analysis of (4.20) for a given subchannel
I €{1,2,...,Ns} is helpful. Similar to Chapter 3, the following remarks can be stated:

c,I
Va1
order to decrease the denominator on the right side of (4.20). As a consequence, p;; = 0.

* For a given subchannel / for which > j—;, the value of u;, ; must be greater than zero in

* For a given subchannel / for which %j < j—;, the numerator on the right side of (4.20)

must decrease. Therefore, u. ; must be greater than zero and then p.; = 0.

7:1,]
powers p.; and p4 ; will be equal to zero or not. In a practical situation, however, the probability
of ;Zi being exactly equal to j—; is extremely low due to the frequency selectivity of the associated

channels. Thus, its occurrence can be disregarded with negligible performance losses. In

For a given subchannel / such that = ﬁ—;, it is not possible to affirm whether the transmission

particular, there are only two theoretical cases where this equality can hold: ¢ and d have equal
nSNRs; or the conditions for data communication in one medium are much better than in the
other, i.e., the nSNR values or transmission power of a medium are very high compared to those
of the other. Given that ¢ and d can be any combination of N¢ taken two at a time, the probability
of two or more media being used in the same subcarrier index for minimizing the average BEP

is quite low.

4.2.3 Further Comments

The literature has shown that transmitting the same information through different media
can benefit data communication if the SNRs are within similar ranges [36]. In contrast, it is
here demonstrates that transmitting the same information through different media (i.e., receive
diversity) may be equivalent to wasting resources (e.g., transmission power) if the transmitter
knows the instantaneous nSNRs of the considered media. Interestingly, it holds even when there
are distinct power constraints over the involved media.

Focused on maximizing the achievable data rate, Chapter 3 showed that at most one
medium should be used per subchannel if the transmitter has the instantaneous knowledge of the
nSNRs. In the current chapter, it is proved that this is also valid for the minimization of the bit
error probability and therefore it holds for data communication in general, which is significantly

strong. In this context, the following cases deserve attention:

* Case #1: All nSNR values in one medium are higher than their counterparts in the other

medium within the hybrid coherence time. For instance, y; ; > ¥, . Vk.

¢ Case #2: There is no dominance of one medium over the other in terms of nSNR within

the hybrid coherence time. Therefore, 3k|y| ;, < ¥, and 3k[y, ; = ¥, 4.

If the SPC is assumed, the media diversity should not be exploited in Case #1, i.e., HPWSs should

only allocate power to the medium with higher nSNR values to achieve the best performance.
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On the other hand, Case #2 means that the existing diversity between both channels can be
exploited to improve the system performance compared to the non-hybrid mode. Assuming
the SPCC, the occurrence of Cases #1 or #2 does not result in using only one medium over the
entire frequency band since the total transmission power must be used in all media. However,
the theoretical findings suggest using at most one medium per subchannel index for maximizing

the available resources.

4.3 POWER ALLOCATION ALGORITHMS FOR HPWSs

In this section, power allocation algorithms are proposed for minimizing the average BEP
in HPWSs under SPC and SPCC. Those power allocation algorithms aim to solve the system
of equations composed of the KKT conditions (4.15)-(4.19). Nonetheless, dealing with (4.19)
is not an easy task due to its shape. A possible solution is to implement a general optimization
solver, such as the interior-point algorithm [99]. However, it requires high computational cost to
obtain the exact solution (see [99] for further information). An alternative and feasible solution
is to use an approximation for P x(-) and consequently replace (4.19) by a simpler equation.

In [100], useful bounds for the Q-function are presented. Among them, it is that
Q(x) < (1/2) exp(—x?/2). Following [25], the given upper bound is applied into the objective

function so that it can be expressed as

—_ -b _
P.= — k exp (TM ;pm,kym’k) . (4.23)

Similar to Section 4.2, it can be proved that such an objective function is also convex and
therefore a unique and optimal solution solves the system of equations composed of the KKT
conditions. Now, (4.19) is replaced by the following equation:

Ag— Hgi amby

p— = X
Vs 4N P

—by B .
2 Zml pm,l")/m,i) > V(], L. (424)

Again, the medium index g does not affect the right side of the above equation and, for
this reason, (4.20) also holds for this objective function. As a consequence, all conclusions for
the objective function given by (4.7) are also valid for (4.23). Moreover, Park’s algorithm [25]
solves a similar system of equations with a focus on non-hybrid system; therefore, it will be

helpful hereafter.

4.3.1 Sum Power Constraint

Once the conclusions of the previous section are also valid for the current objective
function, the procedure to obtain a power allocation algorithm for the HPWS assuming the
SPC is straightforward. First, an equivalent data communication medium composed of only
the subchannels with the highest nSNRs among all media is defined based on (4.22). Then

the optimization problem subjected to the SPC is reduced to the non-hybrid case and, as a
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consequence, running Park’s algorithm [25] is sufficient to obtain the power transmission values
allocated to all subcarriers. Algorithm #3 is proposed to find the transmission powers that
minimize the average BEP in HPWS under the SPC. As a result, the final solution can be
achieved at a computational cost of order O(N) (see Chapter 3).

Algorithm #3: Power allocation algorithm for minimizing the average BEP in HPWS
under the SPC
Input

¥1.x is the nSNR of the 1% medium (m = 1) and k™ subchannel, k € {1,2,..., Ns}

¥« is the nSNR of the 2" medium (m = 2) and k™ subchannel, k € {1,2,..., Ns}
Pr is the total transmission power

M od is the coherent modulation

M is the modulation order

Output :
p1.x is the power allocated to the 1% medium and k™ subchannel, k € {1,2, ..., Ns}
P2k is the power allocated to the 2"! medium and k" subchannel, k € {1,2,..., Ns}
begin

K={1,2,...,Ns};

P1k =0,Vk € K;

P2k =0,Vk € K;

Vit = max{y, ;. 72}, Vk € K

{q} = argmax{y, s, ¥Vox}, Yk € K;

[{p«}, 4] = ParkAlgorithm({y,}, Pt, Mod, M),Vk € K;
{pgx} =A{pir}s

end

4.3.2 Sum Power-Channel Constraint

Assuming SPCC, let power line and wireless media be defined by ¢ = 1 and d = 2. It was
previously concluded that nSNR ratio values above and below the 1;/A4; ratio are respectively

characterized by p»>; = 0 and p; = 0. By applying such values into (4.24) and based on the fact
that p,; > 0, the following equations can be obtained:

* p1,;=0:
amby by _ Ay — pa,
My, | = e 4.25
and 2 4NgA
Pri > —— ln( 371 ) . (4.26)
bM?’z,i aMbMVl,i
* pr;i=0:
amby by _ Ay — H
oM ) = A 4.27
4Ns eXp( 2 Pt 71”) Y1 @27
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and

2 4NsA
pii2 ln( 572 ) (4.28)

B bM71,i aMbM%,i

In Chapter 3, Algorithm #2 was proposed to solve a similar problem aimed at maximizing
the achievable data rate. The differences between that problem and the current one are on the
structure of (4.25) to (4.28). Whereas in Chapter 3 (4.25) and (4.27) were solved by the
waterfilling algorithm, they can here be solved by the Park’s algorithm [25]. Therefore, a similar
algorithm structure can be used just by changing the parts related to those equations. In this
sense, Algorithm #4 is designed to output transmission powers that minimize the average BEP
in HPWS under the SPCC. Such an algorithm attains computation cost of order O(N?), just
as presented in Chapter 3, and therefore it is of reasonable implementation. The overall idea is
the same, i.e., to sweep the A1/ ratio from min{y, ;/¥,;} up to max{y,;/7,,} and, at each
iteration, to run a Park’s algorithm [25] for thel: subcarriers above /lll /A> and another one for
subcarriers below it. After finding the powers, the restrictions defined by (4.26) and (4.28) are
verified and then the final result is defined by the iteration with the lowest number of violated

restrictions, which is zero for the optimal situation.

4.4 NUMERICAL ANALYSES

In this section, the effectiveness of the power allocation algorithms proposed for mini-
mizing the average BEP of the HPWS under sum power and sum power-channel constraints
is evaluated. In this regard, the performances of the proposed power allocation algorithms
are validated through a comparison with the optimal solutions, which are obtained by the IP
method [96,99]. The IP method provides the optimal solutions because it minimizes (4.7), whe-
reas the proposed power allocation algorithms minimizes (4.23). Furthermore, comparisons
with other power allocation algorithms are carried out. In particular, Park’s algorithm [25], UA,
and the algorithms proposed for maximizing the achievable data rate in Chapter 3 are taken into
account.

In order for all power allocation algorithms to be fairly compared, all of them assume
complete knowledge of the power line and wireless nSNRs. Furthermore, the average BEP
achieved by any of the power allocation algorithms is calculated using the same equation,
although the considered algorithms seek to optimize different equations. After obtaining the
transmission powers that are given by each of them, the average BEP is computed by (4.7).
Moreover, the total number of subchannels is Ng = 128 and the number of channels is N¢c = 2
(i.e., the HPWS). Also, the assumed total transmission power is within the following range
Pt € [-20,25] dBm. For results associated with the SPCC, Py = aPt and P> = (1 — a)Pr,
with @ € [0,1]. Those relations are also applied to obtain numerical results using UA and
Park’s algorithms, where the power allocation is performed for each medium individually after

split the total transmission power between power line and wireless parts.
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Algorithm #4: Power allocation algorithm for minimizing the average BEP in HPWS
under the SPCC

Input
71.x is the nSNR of the 1*' medium (m = 1) and k™ subchannel, k € {1,2,...,Ns}

¥».x is the nSNR of the 2" medium (m = 2) and k" subchannel, k € {1,2,..., Ns}
P is the maximum transmission power to be distributed in the first medium

P, is the maximum transmission power to be distributed in the second medium

M od is the coherent modulation

M is the modulation order

Output :
p1.x is the power allocated to the 1 medium and k™ subchannel, k € {1,2,..., Ns}
P2,k 1s the power allocated to the 27 medium and k™ subchannel, k € {1,2,...,Ns}
begin
Pk =0,Vk;
P2k =0, Vk;

Compute aps and by, from Mod and M,
A={1,2,...,Ns};

B =g

Ay =A;
B, = B;
Ny = Ns;

while [ (A, U By) # @] & [Card{B} # Ng — 1] do

q = argmin(, o/7>,0}.Va € A

A=A-q;

B=BUg;

[{P1.a}, 11] = ParkAlgorithm({y, ,}, P1, Mod, M),Va € A,
[{P1.p}, 2] = ParkAlgorithm ({y, ;, }, P>, Mod, M), Vb € B;

-b Y2
ﬂv — {a c 3{|6Xp( Mpzl,a')’l,a) > 4NgAy }’

lleM72,a
B, = {b € Blexp (_bMpé’ﬁZ”’) > a;év;/%’b };
if Card{A, U B,} < N, then
X =HA,
Y =8;

Plx = Pla, Vx € X;
P2y =P2p,Vy €Y;
N, = Card{A, U B, };

end

end

Pk = Pl.x,Vk € X;

D2k = P2y, Yk €Y,
end
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4.4.1 Channel Impulse Response and Additive Noise

In this chapter, numerical results considers the same nSNRs of Chapter 3, which comply
with broadband power line [79] and wireless [94] communication standards. The power line
nSNRs originate from channel impulse response and additive noise PSD of a measurement
campaign for broadband and in-home PLC, reported in [15]. The considered channel is filtered
by a rectangular window in the frequency band 1.7 — 81.7 MHz. The wireless nSNRs, on the
other hand, came from the wideband wireless channel model reported in [97] and circularly
symmetric complex AWGN model. In addition, the wireless channel considers a total frequency
bandwidth equal to 80 MHz centered at 5.8 GHz. Similar to Chapter 3, the noise power on the
wireless medium is computed so that 3¢ [y} ;| = X4 [V, «| in order to only evaluate the existing

diversity between power line and wireless channels.

4.4.2 Average Bit Error Probability Analysis

In Figures 13(a) and 13(b), the performances of Algorithms #3 and #4 are compared
with the optimal solutions, which are achieved by the interior-point algorithm (denoted by
IPA). Figures 13(a) and 13(b) respectively consider PSK and square QAM constellations, with
a = 0.5 being assumed for the SPCC results. For both QAM and PSK, the performances of
Algorithms #3 and #4 match the IPA performances if Pt > 10 dBm, regardless of the modulation
order. As practical situations usually assume Pt > 10 dBm, it can be stated that the proposed
power allocation algorithms yield imperceptible performance losses compared to the optimal
solution in realistic scenarios. For Pt < 10 dBm, Algorithms #3 and #4 slightly disagree with
the IPA since the upper bound of the Q-function worsens. Nonetheless, the gap between the
average BEP of the proposed power allocation algorithms and IP-based algorithms is still quite
small. Such a gap is, for example, less than 10~! for 16-PSK and 64-QAM. Notice that the
greater is M, the lower is b, and the argument of the Q-function - see Table 2 and (4.6). For
this reason, the impact of low Pt values is more evident when M increases.

Similar to Chapter 3, the transmission power constraints, SPC and SPCC, are compared

based on the average BEP ratio:
5 . Pela)
pr(a) = —=—, (4.29)
P (a)
. —SPC —SPCC .

with 8 € {SPC,SPCC} and P. (@) and P. (a) being computed based on the out-
puts of Algorithms #3 and #4.  Again, the optimal value of @y is the one in which
pSPC(cxopt) = pSPCC(aopt). In addition, the states @« = 0 and @ = 1 can be used to compare
the performances of hybrid and non-hybrid system in terms of average BEP. All the available
power is allocated to the first medium if @ = 1 and, as a consequence, only the wireless channel
is considered. On the other hand, if @ = 0, then the total transmission power is allocated only to
the power line channel. Also, QAM is adopted henceforth; however, similar conclusions can be

drawn for other coherent modulation schemes.
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Figure 13 — Average BEP as a function of Pr for Algorithms #3 and #4 and IP-based algorithms
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Source: Personal collection.
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Figures 14 and 15 respectively show the average BEP ratio for 4-QAM and 16-QAM
with zooms inside. Also, total transmission power values equal to —10 dBm and 5 dBm are
taken into account. First of all, it is observed that the SPC results define a lower bound for the
SPCC results, which is contrary to what was seen for the achievable data rate in Chapter 3. Due
to the larger number of constraints of the SPCC (one by channel) compared to the SPC, the best
performances are always associated with the SPC, which is visually observed as an upper bound
in case of achievable data date analyses and as a lower bound if the average BEP is considered.
Furthermore, the value of aq, changes not only with the total transmission power, but also with
the modulation order M. To illustrate it, Table 3 lists the optimal « for the cases presented in
Figures 14 and 15. This behavior is associated with the different frequency selectivity of power
line and wireless channels as well as the nonlinearity of the Q-function. Finally, by comparing
non-hybrid (i.e., @ = 0 and @ = 1) and hybrid performances, it is shown that the higher the total
transmission power, the greater the dominance of hybrid systems over the non-hybrid systems
in terms of average BEP. For instance, for Pt = —10 dBm, the average BEP ratio between
hybrid and non-hybrid performance may range from 1.2 to almost 3.0, whereas it ranges from
5.8 to much more than 10 for 5 dBm. Finally, Figures 16(a) and 16(b) present the average
BEP obtained by Algorithm #4 for distinct @ values in order to compare hybrid and non-hybrid
performances. These figures show that power line and wireless systems are clearly outperformed
by the HPWS.

Table 3 — Optimal « for the presented cases

4-QAM 16-QAM

PT=—10dBm PT:SdBm PT:—10dBm PT:SdBm

Qopt 0.70 0.85 0.60 0.80

Source: Personal collection.

Figures 17(a) and 17(b) show how the proposed power allocation algorithms outperform
the ones already presented in the literature in terms of average BEP. In these figures, @ = 0.70
is assumed because it allows Algorithms #3 and #4 to provide average BEPs as close as possible
in the entire range of simulated Pt values. The proposed power allocation algorithms for SPC
and SPCC are compared with their respective versions designed to maximize the achievable
data rate (i.e, Algorithms #1 and #2) as well as UA and Park’s algorithm.

Note that Algorithms #3 and #4 require a total transmission power around 2.5 dB less than
that needed by Park’s algorithm for a given average BEP. It results in a significant power reduc-
tion for achieving the same average BEP. Comparing the performances of Algorithms #3 and #4
and the performance of UA, a larger difference is noticed in terms of required total transmission
power. For instance, the proposed power allocation algorithms require a total transmission power
around 10 dB less than that needed by uniform power allocation if P, = 10~*. Such a difference

is approximately 12 dB if P, = 107°. Overall, the dominance of the proposed power allocations
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Figure 14 — Average BEP ratio versus « for different total transmission powers (4-QAM)
(a) Pr =-10dBm (b) Pr=5dBm
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Figure 15 — Average BEP ratio versus « for different total transmission powers (16-QAM)
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algorithms over the other options from the literature is clearly stated in terms of average BEP. Fi-
nally, it is observed that the power allocation algorithms proposed for maximizing the achievable
data rate in Chapter 3 provide average BEP values close to those of UA and, as a consequence,

they are consistently outperformed by Algorithms #3 and #4. This result is extremely important



Figure 16 — Average BEP as a function of Pt for Algorithm #4 with different « values
(a) 4-QAM

67

100 E T T T I
i —— HPWS (a = 0.6)
= = =Wireless (@ = 1.0)
Power line (o = 0.0)

10

1077 ¢

1077 L

106

-20 10 15 20

Pt [dBm]
(b) 16-QAM
10°

25

1071 L

P 1077 ¢
1074 ¢

1079 L

107° _ :
-20 -15 -10 ) 0 ) 10 15 20

Source: Personal collection.

25



68
Figure 17 — Performance comparison among the proposals, Park’s algorithm, and uniform power
allocation (a = 0.70)
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to show that maximizing the achievable data rate does not imply minimizing the average BEP
and vice versa. Therefore, if the main objective is to yield higher achievable data rate, then

Algorithms #3 and #4 are clearly outperformed by Algorithms #1 and #2, see Figure 18.

4.4.3 Transmission Power Benchmarks

In order to make Algorithms #3 and #4 reproducible, this subsection gives benchmarks
for the transmission powers outputted from them. Similar to Chapter 3, synthetic data are
considered so that one can implement Algorithms #3 and #4 and verify the obtained results. For
this purpose, the same simulation environment as that of Chapter 3 is assumed. In other words,
Y1k = 35dB and y,, =70 -4k dB, Vk € {1,2,..., Ns}, with Ng = 16. Again, synthetic
nSNR values are considered in this section only to make comparisons easier. Also, 4-QAM
constellation is assumed. To be fair, P; = 0.5Pt and P, = 0.5Pr.

Table 4 lists the transmission powers for every subcarrier and medium, which are output-
ted by Algorithms #3 and #4 when Pt = 10 dBm. Note that Algorithms #3 and #4 allocate the
same power to all subcarriers for the first medium. This is due to the constant nSNR values of

such medium. Also, Figure 19 shows the average bit error probability for Pt € {0,2,...,30}.

Figure 18 — Performance comparison among the proposed power allocation algorithms in terms of
achievable data rate (& = 0.6 and M =4)

12 T T T T
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Source: Personal collection.



Table 4 — Transmission powers obtained from Algorithm #3 and #4 (Pt = 10 dBm)

Transmission power (uW)

I Algorithm #3 Algorithm #4
P,k P2,k P,k P2,k
1 0.0 4.4 0.0 4.6
2 0.0 10.0 0.0 10.4
3 0.0 22.1 0.0 23.3
4 0.0 48.1 0.0 51.1
5 0.0 102.4 0.0 110.0
6 0.0 211.0 0.0 230.1
7 0.0 413.9 0.0 461.8
8 0.0 747.7 0.0 868.1
9 1055.0 0.0 0.0 1447.2
10 1055.0 0.0 0.0 1793.2
11 1055.0 0.0 833.3 0.0
12 1055.0 0.0 833.3 0.0
13 1055.0 0.0 833.3 0.0
14 1055.0 0.0 833.3 0.0
15 1055.0 0.0 833.3 0.0
16 1055.0 0.0 833.3 0.0

Source: Personal collection.

Figure 19 — Average bit error probability as a function of Pt
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Source: Personal collection.
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4.5 SUMMARY

This chapter has investigated power allocation for minimizing the average bit error
probability in hybrid communication systems that use OFDM and MRC. Based on [25] and
on Chapter 3, optimization problems have been formulated under the sum power and sum
power-channel constraints, and solutions to solve both of them have been provided. Moreover,
numerical results have validated the proposed solutions and compared them with other power

allocation algorithms.
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S SUBCARRIER PERMUTATION FOR PERFORMANCE IMPROVEMENT

In the previous chapters, the frequency-domain representation of the transmitted signals
is assumed to be the same in both wireless and power line branches and, at the receiver, an
individual OFDM scheme was considered for each medium. Based on these assumptions, the
data transmitted through distinct subchannels can be combined to allow symbol detection at a
higher SNR and, as a consequence, key parameters of a data communication system, such as
achievable data rate and average BEP, can be improved. To better exploit the frequency diversity
between wireless and power line media, [46] proposed subcarrier permutation prior to symbol
combining in an HPWS. The overall idea is that the information in a given subchannel of the
power line medium is combined with the information in a different subchannel associated with
the wireless medium. To do so, the only constraint was to perform the reverse permutation at the
transmitter previously. By considering uniform power allocation and focusing on the increase
of the achievable data rate, [46, 101] showed that the subcarrier indices of a medium should be
sorted in descending order of their SNRs and then paired with the subcarrier indices of the other
medium sorted in ascending order of their SNRs.

Despite the initial efforts presented by [46, 101], subcarrier permutation can be further
investigated to improve the performance of HPWSs. For instance, subcarrier permutation has
not been studied to minimize the average BEP under uniform power allocation. Furthermore, the
simultaneous optimization of subcarrier permutation and power allocation has not been pursued
to either maximize the achievable data rate or minimize the average BEP. In order to fill all
the aforementioned gaps, this chapter investigates subcarrier permutation to either maximize
the achievable data rate or minimize the average BEP in HPWSs. Based on waterfilling [24]
and Park [25] as well as the findings obtained in Chapters 3 and 4, the subcarrier permutation
proposed in [101] is scrutinized. In particular, the main contributions of the current chapter are

as follows:

* The investigation of subcarrier permutation in HPWSs for either maximizing achievable
data rate or minimizing average BEP under uniform or optimal power allocation, conside-

ring two different sets of transmission power constraints: SPC and SPCC.

* The demonstration that the optimization of the subcarrier permutation in an HPWS must
be performed before power optimization regardless of the set of transmission power
constraints and that it must be based on the nSNR instead of SNR.

The rest of this chapter is organized as follows: Section 5.1 formulates the optimization
problem associated with subcarrier permutation in HPWSs; Section 5.2 presents the optimal
subcarrier permutation in HPWSs for each type of power allocation; Section 5.3 analyzes
the subcarrier permutation based on numerical results; finally, the chapter is summarized in
Section 5.4.
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5.1 PROBLEM FORMULATION

Based on the system model presented in Chapter 2, it was previously considered the use
of an OFDM scheme whose frequency-domain transmitted symbols are such that X, ; = X , Vk,
in order to combine the received symbols. In this chapter, however, a permutation matrix is used
in the frequency domain similar to [101]. Figures 20(a) and 20(b) respectively show the HPWS
transmitter and receiver architectures when the subcarrier permutation applies. In these figures,
Xon = [Xma Xz - XnNs)Ts Yo = Y1 Yo -+ Yuns]?, Vm € {1,2}, and P is an Ng-size
square permutation matrix which has only one element equal to one per row and per column
and zeros elsewhere.

By applying the permutation matrix at the transmitter side, one has X, ¢, = X «, Vk.
Hence, as the reverse permutation is performed at the receiver side, the symbol received at the
k™ subchannel by the first medium interface can be combined with the symbol received at the
subchannel @, in the second medium. If the MRC is employed, then the resulting SNR at the k™
subcarrier iS yx = p1kY1x + P2.0Y2.0,- As aresult, data communication system performance

will be driven based on the values of ®; and p,, x, Ym, k. For instance, the achievable data rate

Figure 20 — HPWS transmitter and receiver architectures with subcarrier permutation
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will be given by
R = N—Wzk: log, (1+v¢) (5.1)
= N—Wzkllogz L+ pLa¥ig + P2oY2.0,) - (5.2)

On the other hand, by considering an OFDM scheme with no intersymbol interference, i.e., a

guard interval longer than the delay spread of the channels, the average BEP will be described

as
— 1
Pe = Jg 2uF 5.3
: NS; ek (76) (5.3)
1 —_— f—
- N_SZPe,k (Pl,k7’1,k+l’2,d>k72,q>k), (5.4)
k

where again P, (-) is a function of the SNR that defines the bit error probability at the
subchannel and depends on the assumed modulation.

The impact of the hybridism and subcarrier permutation on the data communication
system performance can be noticed by looking at (5.2) and (5.4). On the one hand, the
hybridism is based on the MRC technique to allow the SNR to be composed of the sum of
individual SNRs and, consequently, to increase the overall SNR. The subcarrier permutation,
on the other hand, serves to ensure that the subcarriers of each media are combined in the best
order possible. Notice that both the achievable data rate or the average BEP can be improved,
or even deteriorated, depending on the ®; values. However, once the hybrid transmitter has a
certain knowledge of the channel conditions (e.g., nSNR values), such information can be used

to improve system performance. In this sense, an optimization problem on ®; can be defined as

Ns
min D, Pimi)s 5.5
o kzz;f( k> Pm k) (5.5)

where f(-) is a functional chosen according to the main objective, which can be either maximi-
zing the achievable data rate and then

B _ _
F( @, pimic) = —N—: log, (1+p1i¥ix+ Proi¥r.0,) (5.6)

or minimizing the average BEP and consequently

1 _ —
(P, pmi) = N_SPe,k (PLAY 1k + P20V 2.0,) - (5.7)

Note that both main objectives define different optimization problems, which in their turn cannot
be simultaneously solved; therefore, a choice between them have to be made.
Regardless of the choice, it is possible to also optimize p,, ., instead of just optimizing

®,.. With this in mind, the two constraints on the transmission power can be considered: SPC
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and SPCC. Based on these transmission power constraints, the following optimization problem

arises:
Ns
min D, Pmi), 5.8
<I>k,pm,kkzz;f( k> Pim.k) (5.8)
subject to either
Z Pm.k < PT
SPC | m.k 5.9

Pmik =20, Vk,m
or

me,k < Py, Vm
SPCC 4 (5.10)

Pmik =0, Vk,m.

Note that all optimization problems related to subcarrier permutation can be presumably
classified as nondeterministic polynomial-time (NP)-hard problems [102]. This is because the
variables to be optimized are indices of elements of the objective function and, therefore, a
computer would have to calculate all possible permutations (Ng! in total) to find the optimal
solution. Nonetheless, [46] proposed a polynomial-time algorithm to find a global and determi-
nistic solution for the subcarrier permutation problem in HPWSs by considering the achievable
data rate and uniform power allocation. In this regard, the following research question arises:
“Could an optimal solution for the subcarrier permutation problem in an HPWS be found in poly-
nomial time considering either achievable data rate or average BEP under uniform or optimal
power allocation?” An answer to this question is presented in Section 5.2, where the solution
proposed for maximizing the achievable data rate under uniform power allocation is proven to
be optimal for any of the aforementioned optimization problems. In other words, the following
statement will be proved:

In order for the achievable data rate or the average BEP to be optimized in an HPWS,
the information transmitted through the subchannel with the highest nSNR of a medium must be
the same transmitted through the subchannel with the lowest nSNR of the other medium; then
the information transmitted through the subchannel with the second highest nSNR of a medium
must be equal to that in the subchannel with the second lowest nSNR of the other medium; and
so forth.

5.2 OPTIMAL SUBCARRIER PERMUTATION FOR PERFORMANCE IMPROVEMENT
IN AN HPWS

In this section, the described subcarrier permutation is proved to be optimal for any of the
optimization problems previous formulated when the HPWS transmitter knows all nSNR values,
Ym.k» Ym, k. Furthermore, when the optimization problem is only on @, the uniform power
allocation applies. There are then optimization problems associated with three types of power
allocation (uniform and optimal under SPC and SPCC) and two different goals (maximization

of the achievable data rate and minimization of the average BEP).
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The result of the optimal subcarrier permutation is obtained with simple sorting algo-
rithms and therefore it has computational complexity of order O(Ns log,(Ns)). Also, observe
that the optimal subcarrier permutation is slightly different from that proposed in [46, 101]
because the current one is based on the nSNR instead of the SNR. Indeed, [89] showed that
nSNR is the right parameter to be considered when power allocation is performed. Last but not
least, the attained permutation is the same for all types of power allocation and, for this reason, it
can be conclude that the subcarrier permutation and power allocation problems are decoupled in
the HPWS, although the subcarrier permutation acts on the transmission powers - see (5.2) and
(5.4). The proof of the optimality of the described permutation for each type of power allocation

is individually analyzed henceforth.

5.2.1 Uniform Power Allocation

By assuming uniform power allocation and subcarrier permutation, the resulting SNR

after applying the MRC can be written as follows:

Py_ Py _

Yk = N_syl’k+N_syz’®k (5.11)
Py (P _ _

= —|— + 5.12

Ns (P271,k ’)’2,@) ( )

= PPk, (5.13)

where 5 = %71’ ktY2e, and p = 11\),—2. Based on that, the achievable data rate of the HPWS can

be expressed as
By,
R=— ) log, (1+ (5.14)
Ny Ek g (1+ pBr)

and the average BEP is given by
— 1
Po=— ) P . 5.15
e NS Zk: ek (pﬁk) ( )

Note that the initial objective is to maximize (5.14) or minimize (5.15) on ®; however,
the optimization of these equations on Sy is not new in the literature and their results can
be helpful now. Whereas the maximization of (5.14) was formerly solved by the well-known
waterfilling algorithm [24], the solution that minimizes (5.15) was first obtained by the Park
algorithm [25]. Although the use of these algorithms implies in different results, a careful
analysis of both shows that 8; must be constant with & to either maximize the achievable data
rate or minimize the average BEP, since p is constant.

In order for B, to be constant, there is a need for total flexibility in the values of ¥, ,
and 7, ;. Nonetheless, this level of flexibility is not feasible since CIR and noise characteristics

cannot be controlled by the designer at all. In this sense, the best option is to consider the
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average value of B as

- 1
B = N_szklﬁ" (5.16)
1 Pi_
= N_s 4 (P171k+72k) (5.17)

and then minimize the mean squared error (MSE) to this value, which can be expressed as

e = Niszk]|ﬁ—ﬁk|2 (5.18)

1 2

Ns

B- 5. -7
P271,k Y20,

Z di + Z Y20, Z 2dk72,<pk) ; (5.20)
k

(5.19)

Ns

where dj = 8 — %71,k~
Observe that the results of the first two summation terms of (5.18) are not impacted by
subcarrier permutation, i.e., the values of @ just change the final result of the last summation
term. As a consequence, the minimization of the MSE can be further simplified as follows
rg1kn €= m1n Z 2diy, 0, = man YikY 2.0, (5.21)
Therefore, the minimization of the MSE can be reduced to the problem of minimizing the sum
of the product of two sets where the permutation is allowed. Such a problem is already known
and its solution is precisely the subcarrier permutation previously described, see the proof in
Appendix C. Note that this finding is equivalent to that obtained by [46] for maximizing the
achievable data rate; however, the current manner of achieving it allows to address not only the
maximization of the achievable data rate but also the minimization of the average BEP, which

is of great value for designing data communication systems.

5.2.2 Optimal Power Allocation - Sum Power Constraint

Regarding optimal power allocation, Chapters 3 and 4 respectively presented how to
maximize the achievable data rate and minimize the average BEP in an HPWS without subcarrier
permutation. By assuming the SPC, both studies demonstrated that an amount of power should
be allocated only to the subcarrier associated with the highest nSNR per subchannel index. In
other words, the total transmission power should be distributed only to an equivalent medium
with the following nSNRs:

Vi = max{y, i}, Vk. (5.22)

In other words, the transmitter allocates non-zero power to the subcarriers in the best subchannels

per index and null power elsewhere.
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Figure 21 — An application of the optimal subcarrier permutation and the equivalent medium obtained
by optimal power allocation under SPC
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If subcarrier permutation is performed after optimal power allocation, then it has no
impact on the system performance since the subchannels that do not have the highest nSNR per

index are disregarded. For this reason, the following proposition can be stated:

Proposition 1: The optimization of subcarrier permutation has to be accomplished before the

optimal power allocation for performance improvement in an HPWS.

Note that SNR values are only known after defining the transmission power and, as a consequence,
there is no information on the SNR at the time the subcarrier permutation is carried out.

Therefore, the proposition below can also be written:

Proposition 2: The optimization of the subcarrier permutation has to be performed based on
the nSNR in an HPWS.

Following, notice that the optimization of the values of ®; needs to be carried out so
that the equivalent medium considered by power optimization is the best possible, i.e., it has
the Ng highest values of nSNR among all possible. As the best subcarriers of one medium
are combined with the worst subcarriers of the other and vice versa, a subchannel with nSNR
among the Ng highest ones, which could be unused if compared to a slightly better subchannel,
will not be disregarded. At the same time, any subchannel with nSNR out of the Ng highest
ones, which would be used if compared to a slightly worse subchannel, will not be used. Hence
(5.22) yields the highest nSNRs possible as the described permutation is employed. Figure 21
illustrates the arrangement of subchannels made by the optimal subcarrier permutation and the
equivalent medium over which the optimal power allocation is carried out. This figure clearly
shows that the equivalent medium is composed of the subchannels with the Ng highest nSNR

values.
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5.2.3 Optimal Power Allocation - Sum Power-Channel Constraint

Taking into account optimal power allocation under the SPCC, only one medium must be
used per subchannel as well; therefore, Propositions 1 and 2 also hold for the SPCC. However,
the medium to be used is not that with the highest nSNR per subchannel. It was shown in
Chapter 3 for the maximization of the achievable data rate, and extended by Chapter 4 for the
minimization of the average BEP, that an analysis of the nSNR ratio must be carried out to
obtain the information on which medium should be used at each subchannel. The nSNR ratio

with subcarrier permutation is given by

Y1,k

Y20,

rp = , Vk. (5.23)

According to the previous chapters, the power allocation algorithm finds a ratio, 4;/45,
such that subchannels whose nSNR ratio values are above it are used only in the first medium,
whereas the others (subchannels whose nSNR ratio values are below 1;/1;) are considered
only in the second medium. For sake of simplicity, consider I’ = 4;/1;. Figure 22 shows the
aforementioned result for the nSNR values of the same media depicted in Figure 21. Notice
that the constant A” split the total subcarriers into two independent sets. The former, composed
of subcarriers with the nSNR ratios greater than A’, is used in the first medium. And the latter,
formed by subcarriers with the nSNR ratios below A’, is exploited in the second medium. The
sets A = {k|ry > A’} and B = {k|r; < A’} are composed of subchannel indices whose nSNR
ratio are respectively above and below A’ and, as a consequence, must be respectively used only

in the first and second media. Therefore, the optimization problem related to the SPCC can be

written as
min Z f(pripoxk=0)+ Z f(pik=0,pax), (5.24)
D@r,pm,k
keA keB

subject to

2 Pk <P, X prx <Pa

keA keB
and

P1k=20,VkeA, prx>0, VkesB.

Observe that (5.8) was divided into two smaller summations so that one of the transmission
powers (pi.x or pa.x) is equal to zero in each of them and thus it can be assumed that f(-) is no
longer affected by ®;. Therefore, the impact of ®; will be only on the sets A and 8. Once A
and 8B are defined, one has two independent power optimization problems that can be solved by
either waterfilling or Park algorithms.

Regardless of the value of A’, to optimize the achievable data rate or the average BEP, the
subcarrier permutation must guarantee that the highest values of %, , will be given by indices
within A, whereas indices within 8 must yield the highest values of ¥, ;. In this regard,
assume, without loss of generality, ¥, ; =¥, > ... 27 ;- As the subcarrier permutation

described in the end of Section 5.1 is assumed, one has ¥, ¢, < %20, < --- < Y20 N and hence
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Figure 22 — Illustration of which medium should be used at each subchannel based on the nSNR ratio
with optimal subcarrier permutation and SPC
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ri 2ry > ...2ryg. In this way, the subchannel indices such that y; , > A"y, ¢, provide the
highest nSNR in the first medium because they are compared to the lowest values of nSNR in
the second medium. At the same time, the subchannel indices such thaty, ¢, > ¥, /4" give the
highest nSNRs in the second medium since they are compared to the worst nSNRs in the first
medium. In summary, when the described subcarrier permutation is considered, subchannels
with the highest nSNR ratios are also the subchannels with the highest nSNRs in the first medium
and simultaneously subchannels with the lowest nSNR ratios are also the subchannels with the

highest nSNRs in the second medium.

5.3 NUMERICAL ANALYSES

In this section, numerical analyses are carried out to evaluate the impact of subcarrier
permutation, more specifically the optimal one, on the HPWS performance. In this sense,
three different scenarios are considered for comparison purposes. Two of them are the HPWS
without subcarrier permutation and the HPWS with optimal subcarrier permutation, which will
be respectively represented by WSP and OSP. The third one is the worst case scenario, which
is employed to give information on the maximum gain that the optimal subcarrier permutation
may reach. This scenario is emulated by matching power line and wireless nSNR values, i.e.,
the highest nSNR of one medium is combined with the highest nSNR of the other and so on
until combining the lowest nSNR of one with the lowest nSNR of the other. The worst case
scenario will be henceforth indicated by WCS.

The considered total frequency bandwidth is By, = 80 MHz. Such value is in accordance

with the wireless local area network standard IEEE 802.11ac [94] and also with the current power
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line studies on broadband communication [79]. The simulations include different CIR samples
in order to evaluate the impact of the frequency selectivity of the nSNR curves on the subcarrier
permutation results. Moreover, the frequency bandwidth is divided into Ng = 2048 subchannels,
which meets the nSNR coherence bandwidth criterion for both power line and wireless media
[89], and an M-ary QAM constellation is considered.

For performance analysis of SPC and SPCC, it is assumed that Py + P, = Pt and
therefore P; = aPt and P, = (1 — a)Pr, @ € [0, 1]. Only «a is enough to establish the amount
of the total transmission power that is intended to each medium. Also, the optimal « value is
that for which the SPCC equals the SPC performance. Such an optimal value may be different

depending on the considered metric performance (achievable data rate or average BEP).

5.3.1 Channel Impulse Response and Additive Noise

The channel impulse responses and additive noise used in the simulations are from power
line and wireless broadband residential context, although the system model and the optimal
subcarrier permutation can be applied to several contexts. The power line CIR is extracted from
the measurement campaign reported in [15], whereas the wireless CIR is obtained from the
ultra-wideband channel model (non-line-of-sight residential environment) with the frequency
dependence of the antennas being disregarded [97]. To select the frequency bandwidth, By,
digital bandpass filters in the frequency bands 1.7 — 81.7 MHz and 5.76 — 5.84 GHz are used
for power line and wireless channels, respectively.

The power line additive noise is also obtained from the measurement campaign reported
in [15]. On the other hand, the wireless additive noise is assumed to be circularly symmetric
complex AWGN. The wireless noise power is calculated so that the average value of the nSNR
is equal in both media, i.e., 2 [¥1 x| = Xk [¥24|- Based on this, the difference of frequency
selectivity offered by each medium can be fairly analyzed. In this regard, two samples of
wireless CIRs are used to differ the impact of subcarrier permutation on the data communication
system performance depending on the frequency selectivity of the nSNRs. Figure 23 shows the
resulting nSNRs for wireless (moderate and high frequency selectivity) and power line media

used in this section.

5.3.2 Achievable Data Rate Analysis

First of all, the achievable data rate is here analyzed in terms of the gain p, defined by
R
Rwsp’
with R, denoting the achievable data rate calculated for the scenario ¢ € {OSP, WSP, WCS}.
Also, when the optimal power allocation results are evaluated, the value of Rwsp for the SPC is

pe (5.25)

taken as reference.
Figures 24(a) and 24(b) show the achievable data rate gains under uniform power allo-

cation for the wireless nSNR with moderate and high frequency selectivity, respectively. By
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Figure 23 — nSNR for wireless (m = 1) and power line (n = 2) media, with moderate and high
frequency selectivity for the wireless medium in the considered frequency bandwidth
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analyzing these figures, it is quite clear that OSP always outperforms WSP and that the bigger
the nSNR frequency selectivity, the greater the achievable data rate gain yielded by OSP. To
illustrate it, consider Pt = 5 dBm and Pt = 25 dBm. In these values, OSP achieves 3% and 2%
of gain over WSP for moderate wireless nSNR frequency selectivity, whereas it offers 14% and
7% increase in achievable data rate for high wireless nSNR frequency selectivity. Additionally,
such values point out that the greater the total transmission power, the lower the impact of the
subcarrier permutation. At last, the maximum gain offered by the OSP (i.e., the difference
between OSP and WCS) is bigger than 20% for high and around to 10% for moderate frequency
selectivity states.

By considering optimal power allocation, the achievable data rate gains for the wire-
less nSNR with moderate and high frequency selectivity are respectively depicted in Figu-
res 25(a) and 25(b). Moreover, @ = 0.5 is assumed for obtaining results under SPCC. Note that
the provided gains are similar to those of the uniform power allocation, but for smaller gain vari-
ations. Overall, the OSP has always the best performance, greater achievable data rate gains are
noticed at nSNR with higher frequency selectivity, and the achievable data rate gains decrease
as the total transmission power increases. Also, the achievable data rate gain calculated under
SPC is always greater than or equal to that under SPCC assuming the same scenario, which is
expected since SPC represents an upper bound for SPCC regarding the achievable data rate -
see Chapter 3. However, it is worth observing that, even under SPCC, OSP outperforms WSP
under SPC.
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Figure 24 — Achievable data rate gain considering uniform power allocation for moderate and high
frequency selectivity of the wireless nSNR
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5.3.3 Average Bit Error Probability Analysis

Now, the average BEP, P_eg, is presented as a function of the total transmission power, Pr,
where ¢ corresponds to each of the previously mentioned scenarios. To perform the simulations,
4-QAM constellation is applied and therefore Pe ; (yx) = 0.5 Q (\/y_k) [25]. Similar results can
be obtained for other modulations since changing P. x (-) influences all scenarios simultaneously
and quantitatively, but the differences in the resulting SNR values are maintained qualitatively.

The average BEP for uniform power allocation can be seen in Figures 26(a) and 26(b)
for nSNRs of the wireless medium with moderate and high frequency selectivity, respectively.
Note that, regardless of the frequency selectivity of the wireless nSNR, OSP requires the lowest
total transmission power for a given value of P.°. In addition, as the frequency selectivity of
the wireless nSNR change from moderate to high, the required total transmission power tends
to increase significantly for WSP and WCS, but slightly for OSP. Take P’ = 1070 as reference.
For moderate frequency selectivity, WSP and WCS respectively require total transmission power
values close to 16 dBm and 17 dBm, whereas OSP requires Pt = 12 dBm. For high frequency
selectivity, the total transmission power values for WSP and WCS are respectively higher than
26 dBm and 30 dBm, whereas it remains close to 12 dBm for OSP. Therefore, the average BEP
improvement provided by the optimal subcarrier permutation is significant for any of the two

cases of frequency selectivity of the wireless nSNR analyzed, despite being more expressive as
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Figure 25 — Achievable data rate gain considering optimal power allocation under SPC (continuous line)
and SPCC (dashed line) for moderate and high frequency selectivity of the wireless nSNR
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the nSNR frequency selectivity increases.

Figures 27(a) and 27(b) show the average BEP results for moderate and high frequency
selectivity of the wireless nSNR considering optimal power allocation under SPC and SPCC
(a = 0.5), respectively. Note that the SPCC always requires a total transmission power equal to
or greater than that of the SPC for a given average BEP regardless of the frequency selectivity
of the considered nSNR curves. Therefore, the SPC is a lower bound for the SPCC with respect
to the average BEP, unlike the achievable data rate analysis where the SPC was a upper bound.
Moreover, similar to the uniform power allocation results, the OSP always requires the lowest
total transmission power given a specific value of P.’. For instance, consider Pe. = 107 and
moderate frequency selectivity of the wireless nSNR. Under SPCC, the required Pt values
are around to 9, 10.5, and 12 dBm respectively for OSP, WSP, and WCS, whereas they are
higher than 8, 9, and 11 dBm for the same scenarios under SPC. Additionally, as the frequency
selectivity of the wireless medium increases, the OSP becomes more dominant since it requires
a lower total transmission power compared to those required by WCS and WSP, under SPC or
SPCC. Overall, the performance improvement provided by the optimal subcarrier permutation
is extremely beneficial when the nSNR of one medium has high frequency selectivity. For
moderate frequency selectivity of the nSNR, the OSP is also a good option, but obtaining a

more subtle improvement.
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Figure 26 — Average BEP considering uniform power allocation for moderate and high frequency
selectivity of the wireless nSNR
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Figure 27 — Average BEP considering optimal power allocation under SPC (continuous line) and
SPCC (dashed line) for moderate and high frequency selectivity of the wireless nSNR
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54 SUMMARY

This chapter has studied optimal subcarrier permutation in hybrid power line/wireless
systems to better exploit the frequency selectivity of the considered media. By assuming ortho-
gonal frequency-division multiplexing and maximal-ratio combining, subcarrier permutation
optimization problems have been formulated for uniform and optimal power allocation under
the sum power and sum power-channel constraints. In addition, two objective functions have
been considered: achievable datarate and average bit error probability. Previous works, [46,101],
have already derived the optimal subcarrier permutation for maximizing the achievable data rate
under uniform power allocation, but their findings are here generalized for minimizing the ave-
rage bit error probability and two other types of power allocation. The major difference is related
to use the nSNR instead of SNR. Moreover, since the same subcarrier permutation is optimal
for different types of power allocation, it has been demonstrated that subcarrier permutation and

power allocation are decoupled from each other.
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6 ORTHOGONAL CHIRP-DIVISION MULTIPLEXING IN HPWS

Inrecent years, the OCDM scheme has been increasingly gaining attention as a promising
alternative to multicarrier schemes such as the OFDM scheme assuming uncoded modulations.
The data modulation onto orthogonal subchirps [103] based on the DFnT in the OCDM scheme
yields higher robustness against, e.g., ISI [104], multipath propagation [21, 105, 106], and nar-
rowband interference [107], besides the well-known robustness to Doppler shifts of chirp spread
spectrum-based schemes that is commonly exploited in radar applications [108, 109]. Further-
more, the OCDM scheme has been presented as an excellent solution to improve performance
in terms of bit error rate if the CSI is not available at the transmitter side, although it has proved
not to be the best option to provide high achievable data rates [110].

Due to the aforementioned reasons, OCDM appears as a potential candidate for satisfying
performance and reliability constraints, such as those imposed by beyond 5G and 6G wireless
networks [106], as well as IoT and SG applications enabled by power line communication [21].
OCDM-based systems have therefore being considered in a wide range of applications in the
power line and wireless communication contexts [20,21, 106] as well as sensing fields [111-113].
In hybrid communication systems, however, the OCDM scheme has not been investigated yet.
In this regard, this chapter aims to fill this gap in the literature and starts the investigation of

OCDM scheme in HPWSs. The main contributions of this chapter are as follows:

* The introduction of the OCDM-based HPWS model. It is therefore proposed an HPWS in
which the discrete-Fresnel domain representation of the symbols transmitted over wireless
and power line media are the same. At the receiver side, MRC technique is applied to

combine the symbols in the discrete-Fresnel domain as well.

* The investigation of WSS random processes in the discrete-Fresnel domain. It is demons-
trated that a WSS random process in the discrete-time domain is also a WSS random
process in the discrete-Fresnel domain with the same mean value and autocorrelation

function.

* The extension of the power allocation of the previous chapters to the OCDM-based HPWS.
Since the orthogonal subchirps experience the same nSNRs, the power allocation is easily
applicable to the OCDM-based HPWS. Besides, the optimal power allocation requires
the feedback of only one bit to the transmitter node.

The rest of this chapter is summarized as follows: Section 6.1 addresses the OCDM-
based HPWS model; Section 6.2 analyses WSS random processes in the discrete-Fresnel domain;
Section 6.3 extends the power allocation of the previous chapters to the OCDM-based HPWS mo-
del; Section 6.4 presents numerical results and their analyses, whereas Section 6.5 summarizes

the chapter.
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6.1 OCDM-BASED HPWS MODEL

This section presents the OCDM-based HPWS model. Similar to Chapter 2, the des-
cribed HPWS model can be employed to distinct scenarios (e.g. indoor and outdoor) and
frequency bands, such as narrowband and broadband ones. A discrete baseband representation
of the OCDM-based HPWS model is shown in Figure 28. Following the previous chapters,
the subscript “1” indicates the wireless medium, whereas the subscript “2” stand for the power
line medium. In addition, the preamble OCDM symbols that are required for channel state
acquisition and synchronization are assumed to be individually designed to meet the distinct
characteristics of power line and wireless channels. On the other hand, the data symbols trans-
mitted over the two channels are assumed to be equal and they will be the focus of this chapter
henceforth.

In OCDM schemes, the Fresnel domain is considered analogously to the frequency
domain in OFDM schemes. Throughout the dissertation, capital letters have been usually
adopted to denote frequency domain symbols and, thus, a dot over the symbols will be used
for indicating Fresnel domain variables hereafter. Therefore, let x € CVs*! represent one of
the transmitted data symbols in the discrete-Fresnel domain. As the data symbols transmitted
over each channel are equal, X, = X such that x,,, represents the discrete-Fresnel domain symbol
transmitted over the m™ medium, with m € {1,2,...,Nc} and N¢ denoting the number of
available channels. The discrete-Fresnel domain transmitted symbols can be still described
as Xy, = [Xpm1 Xmo - .. fcm,Ns]T, inwhichX; y =Xox =...=%N.k, Yk €{0,1,...,Ns — 1}, and
Xmi € M, with M indicating an M-ary constellation. In addition, E{x,, +} = 0,V m, k and
E{|Xm.x|*} = pm.i. ¥V m, k, with p,, ; representing the transmission power in the m™ medium and
k™ subchirp. Also, each medium has an available transmission power equal to Y, Pmk = Pm
and the total transmission power is ., P,, = Pr.

The next step of an OCDM scheme consists of transforming the discrete-Fresnel domain
symbols x,, to the discrete-time domain. However, in order to perform baseband data transmis-
sion (i.e, power line transmission), the time-domain versions of the transmitted symbols need to
be real-valued, whereas passband data transmission can be performed based on complex-valued
symbols. In this regard, power line and wireless transmissions consider two distinct Fresnel-to-

time transforms. Essentially, the discrete-Fresnel domain symbol transmitted over the wireless

Figure 28 — OCDM-based HPWS model

| vi[n] : .
¢ Wireless OCDM  'x1[n] yiln] . Wireless OCDM X 1
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E : PoweI:\fI Line OCDM .x2[n] bl + y2[n] : Power Line OCDM _ ﬂ
! X5 odulator : ' Demodulator %
e, 2 vz[nJT :

..............................................

Source: Personal collection.
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channel, X1, is directly multiplied by the complex-valued DFnT matrix [20]. On the other hand,
the discrete-Fresnel domain symbol transmitted over the power line channel, X, is mapped into

a real-valued symbol, sznap, and then transformed to discrete-time domain using a real-valued
map

g > can

DFnT matrix [21]. Algebraically, the k™ element of the mapped transmitted symbol, X

be denoted as
AP = gy fork =0,1,...,Ns =1, ifm =1 (wireless) ©.D
and

map | V2R s} fork =0,2,...,2Ng —2
map

= , if m =2 (power line),  (6.2)
' ﬁﬁ{xm,(/{_l)/z}, fork=1,3,...,2Ns — 1

where R{-} and J{-} returns the real and imaginary parts of the input, respectively. Notice that
X P e CNs¥1 for m = 1 (wireless), whereas x,, " € R?VsX! for m = 2 (power line).
Afterwards, the discrete-time domain representation of the symbol transmitted through

the m™ medium can be expressed as
X = @ xP, (6.3)

in which ®,, is the DFnT matrix used in the m™ medium and (-)T is the Hermitian operator
(used for inverse transforms). The DFnT matrix can be decomposed as ®,, = F'T,,F, with F
denoting the normalized version of the DFT matrix and I';,, being a diagonal matrix composed of
the eigenvalues of ®@,,. The k" eigenvalue of the DFnT matrix for the wireless branch (m = 1),
with k € {0, 1, ..., Ng — 1}, is defined by

T, 2 e W/NF vi e {0,1,..., Ng - 1}. (6.4)

And the k™ eigenvalue of the DFnT matrix for the power line branch (m = 2), with k €
{1,2,...,2Ns}, is given by

e ~(m/Ns)E " for k < Ny
S 6.5)
e UT/N)K™  for k > N.

Note that ®@; € CNs*Ns (wireless), whereas ®, € R>¥s*2Ns (power line). Moreover, the DFnT
and its inverse can be efficiently implemented based on the fast Fourier transform (FFT) and its
inverse.

In sequel, a cyclic prefix of length Lcp is prepended to the beginning of the discrete-time
domain resulting symbol, x,,,. To avoid ISI in the OCDM-based HPWS, the CP length has to be
Lcp > max{L,,} — 1, with L,, indicating the length of the CIR associated with the m™ medium,
h,,. Aft?:lr the cyclic prefix insertion, each OCDM symbol is serialized, converted to analog
signal, and then transmitted through the communication channel. The transmission of each

OCDM symbol occurs during a symbol time interval equal to Tsymp. Also, Tsymp < TCH, with
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TH = min{T!"} denoting the overall coherence time such that 7" indicates the coherence time
m

of the m™ channel. As a consequence, the HPWS can be assumed to be LTI within each symbol
time interval. For this reason, it is possible to established a direct relationship between the
transmitted and received sequences through the convolution operator. In other words, assuming
perfect synchronization, the discrete-time domain signal received in the m™ medium can be
described as
ymln] = xm[n] * by [n] + v 0], (6.6)
in which {x,,[n]} represents the time-domain transmitted sequence composed of successive
OCDM symbols; {h,, [n]}ﬁ:1 is an L,-length sequence that represents the CIR of the m"
medium; {v,,[n]} is a time-domain sequence that stands for the additive noise in the m®
medium, which is modeled as stationary random process; and x denotes the linear convolution
operator.
At the receiver side, after the cyclic prefix removal, each of the received symbols in the

discrete-time domain can be expressed as
Ym = Cn, Xm + Vi, (6.7)

where Cy,, is the circulant matrix associated with the CIR of the m™ medium, and v,, is a
vector that represents the discrete-time domain additive noise in the m™ medium. Note that
Cj, € CN*Ns and v,, € C¥X! for m = 1 (i.e., wireless), whereas Cj, € R>M*2Ns and

Vi € CVsX1 for m = 2 (i.e., power line).

m

Next, channel equalization is performed. This process, however, cannot be easily carried
out in either time or Fresnel domains. For the sake of simplicity, zero-forcing channel equali-
zation is considered. According to [20,21], it can be accomplished in the frequency domain
without significantly increasing the computational complexity. Since the DFnT matrix can be de-
composed into DFT matrices (direct and reverse forms) and a diagonal matrix of its eigenvalues,
the received symbols can be transformed to the discrete-frequency domain to be equalized and
then transformed to the discrete-Fresnel domain directly. Therefore, let the discrete-frequency

domain representation of the received symbol be as follows:

Y, = Fy, (6.8)
= FC;, ® 53" +V, (6.9)
= FC,, F'F® F'Fx," +V,, (6.10)
= Ap, T Fx, P +V,, (6.11)

with V,,, = Fv,,. Following [20,21], the channel effect (i.e., the diagonal matrix A, of the CFR
associated with the m™ medium) and the eigenvalues of the DFnT matrix can be jointly removed
at the receiver side. As a consequence, an estimate of the transmitted symbol can be obtained

as follows:

Xn® = TwA,'Y, (6.12)
F%," + A} ' T, V. (6.13)
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The inverse DFT can be then applied to obtain an estimate of the discrete-Fresnel domain

transmitted signal:

X = FrXTe (6.14)
= X, P +vP, (6.15)

in which v, = F'A; T, V,,.
Following, the reverse operation of the mapping carried out at the transmitter side is
performed, i.e., an estimate of X, x is obtained. Mathematically, the k™M element of the estimate

of the discrete-Fresnel domain symbol transmitted through the m™ medium is given by

. ey, fork=0,1,....,Ns -1,  ifm =1 (wireless)
T L (g jmor fork=0,1,...,Ns -1 if m = 2 (power line) (€10
B \Sm2k ¥ 2641 ) > =U L. Ns— L =<p ’

where )226',? denotes the k™ element of X,,"". It should be observed that the mapping and its
reverse operation are designed so that the SNR experienced at their inputs and outputs is not
changed, hence the SNR of fcm, « 18 the same as the SNR of fc;,?ap. Moreover, the discrete-Fresnel
domain estimated symbols can be represented as a sum of the discrete-Fresnel domain versions
of transmitted symbol and noise, i.e., )?m,k = Xm.x +Vm k. Hence, the k" element of the combined

symbol, X, can be expressed as
Xp = Z A Xm k = Z kX ke + Z @k Vin k- (6.17)
m m m

6.1.1 MRC Signal-to-Noise Ratio

Given (6.17), the SNR of the symbol estimated at the k™ subchirp can be expressed as

2 2 2
. . -1/2
E { } Z A,k Pm,k ‘Z a’m,k\/pi}m,kpf,m/k VPm,k
. m m ’
’yk = = - = -
{ 2} 2l m i pos SN &m kA Pomr
E m m

Z d’m,kxm,k
m

(6.18)

Z d’m,k vm,k
m

The MRC technique seeks to maximize the SNR of the symbols that result from the combination
of symbols received through different media. In order to find the maximum value of y;, (6.18)

can be rewritten as 5

> Ay By
m

> |Ax|?
m

Yk = , (6.19)
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with Ay = A k[P, and By = pv " \/ t- By applying the Cauchy-Schwarz inequality, one
has

2
S 1A Y |Bil? Z
Vi = —— <= - = > |Byl? (6.20)
%lAkP %lAkP p
> Ik (6.21)

Consequently, the SNR of the resulting symbol is upper bounded by the sum of the SNRs of the
combined ones. The equality holds when Ay / Bz = 1 and therefore @k = \Pmk /P s> Y1, k.

6.2 WIDE-SENSE STATIONARY RANDOM PROCESSES IN THE DISCRETE-FRESNEL
DOMAIN

The previous section showed that the noise power in every subchirp and medium is
required to perform the MRC technique properly in an OCDM-based HPWS. For this purpose,
it is necessary to understand the statistics of the additive noise in the Fresnel domain, mainly the
mean value and the autocorrelation function (e.g., to derive the noise power) which are enough
to deal with random process that are, at least, stationary in the wide sense. This section thus
analyzes the behavior of a WSS random process in the discrete-Fresnel domain based on the
knowledge of its statistics in the discrete-time domain. For the sake of simplicity, the DFnT
used in the passband (i.e., the wireless branch) is assumed.

Letv, € C denote the n random variable of the noise vector in the discrete-time domain,

withVn € {0, 1,..., Ng — 1}. In the discrete-Fresnel domain, the random variables are denoted
byvy e C,Vk € {0,1,...,Ns — 1}. Thus, the relationship between v,, and vy is expressed as
[20]
‘J4 Ns- 1 - m 2
Py = Z ppelNs (6.22)

VNs
Conversely, the inverse form of the DFnT is given by

Ns—1

j_ iz —_\2
© Z ppe I k=)’ (6.23)

Vv, =
n ,—NS

Since v, is modeled as a WSS random process and, its mean value is constant over the discrete
time index n, i.e., E{v,} = u, Vn € {0,1,...,Ns—1}. Additionally, its autocorrelation
function depends solely on the delay nq between samples, i.e., E{v,v;,, .} = Ry[n4].

Next, Lemmas 3 and 4, Corollary 2, and Theorem 2 are presented to determine the

statistics of a WSS random process in the discrete-Fresnel domain.

Lemma 3: If the mean value of a random process is constant in the discrete-time domain, then

the mean value of its discrete-Fresnel domain counterpart assumes the same constant value, i.e.,

Efva} =E{yi} = u. (6.24)
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Proof. The mean value of a random process vy in the discrete-Fresnel domain can be expressed

as

—jZ Ns—1 -
B{i) = E{f/zv_ > el B (6.25)
S =0
_ix Ns—1
_ o i E{v,}e' s k° (6.26)
VNS n=0

If mean value of v, is not a function of the discrete-time domain index #, it can be taken out

from the above summation. It therefore holds that

e_jz Ns—1 )

= (k=n)?
E e’ Ns
VNs

n=0
_in Ns—1
] i (k—n 2
_ (2 edns (k=) ) , (6.28)

Bl

E{vi} E{v,} (6.27)

e

The mean value of v; can be alternatively expressed as a function of summations of sine and

cosine functions and rewritten as

iz [Ns—1 Ns—1
e 1 oo T
E{v;} = p— cos (—(k - n)z) +j ) sin (—(k - n)z) : (6.29)
Both the above summations are equal to /N /2 [114] since N is even, which is assumed due to

the FFT-based implementation of the DFnT and its inverse [20]. Therefore, the mean value of

the random process v|[k] in the discrete-Fresnel domain can be expressed as

Sk [Ns . /NS

E

ui/N_ (¢ V) (631)
S

_— (6.32)

E{vi}

u

Based on Lemma 3, Corollary 2 can be stated.
Corollary 2: A zero-mean additive noise in the discrete-time domain remains a zero-mean

additive noise when transformed into the discrete-Fresnel domain.

Lemma 4: The autocorrelation function of a wide-sense stationary random process in the

discrete-time domain is kept after transformation into the discrete-Fresnel domain.

Proof. The autocorrelation function of the random process v in the discrete-Fresnel domain is
given by
Ry[k1, ka] = B{vi, v}, }- (6.33)
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The above equation can be expanded as follows

—jz Ns-l - 5 jz Ns—l - )
Rl‘; [kl,kQ] = E{(i/Ni Z vneJN_S(kl_n) % Z V;kle_]N_s(kZ—n) (634)
S =0 S

n=0
Ns—1 Ng—1 5
_ {Z Z Vv eJNS [(k1=n)"=(k2=n") ]} (6.35)
n=0 n’=0
Ns—1 Ns—1 .
- Z Z E{an }eJNS [(k1=n)*=(ka—n") ] (636)
n=0 n’=0

Since v, is modeled as a WSS random process, n’ can be replaced by n + nq and E{v,v;,} can

be substituted by R, [ng], yielding

Ns—1 Ns—1-n

1 - —n)*—(ky—(n+n,
[kl,kZ] Z Z Rv[l’ld]e"NS [(k1=n)?= (ko= (n+ d))z]. (637)

NS n=0 ng=-—n

To adjust the summation indices, (6.37) can be rewritten as a function of n” = n + ng, which

results in
1 Ns—l Ns_l s T k 2 k 77\2
R, [kl,k2] — F Z Z Rv[fl” _n]eJN_S[( 1—n)"—(ka—n")] (638)
S n”’=0 n=0
NS i ey (ky=n)?

- e Z Ry — nlel 1 639)
ej4 i m (k //)2 e J4 NS 1 (k )

- Z ing (kan Z R Jefds k=L (6.40)

Note that the summation over 7 in (6.40) represents the DFnT of R, [n” —n]. In addition,
a circular shift of n”” samples in the discrete-time domain implies a circular shift of n” samples
in the discrete-Fresnel domain since the DFnT corresponds to a multiplication of its the input
vector by a circulant matrix [115]. Furthermore, the reversal of discrete-time indices results in
the same reversal in the discrete-Fresnel domain. Hence, the autocorrelation function can be
further rewritten as

iz Ng—1
J . - _a\2
Rylk1, ko] = £ Z R, [n” - ki]e ing (ka=n") , (6.41)

VNs 5=
in which R,[] is the discrete-Fresnel version of the autocorrelation function R,[-]. Since
the remaining summation represents the inverse DFnT of R, [n” — k;], (6.41) can be further
simplified as
Ry[k1, k2] = Ry[ko — k1] = Ry [ka], (6.42)

with kq = ko — k. O

Theorem 2: The wide-sense stationary characteristics of a random process in the discrete-time

domain are maintained after transformation into the discrete-Fresnel domain.
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Proof. The proof of Theorem 2 is a consequence of Lemma 3 and Lemma 4. |

Based on Theorem 2, it becomes clear why the OCDM and single carrier with cyclic
prefix (SC-CP) schemes perform equally under influence of WSS additive noise, which was only
numerically observed for AWGN in [20,21, 106] but not mathematically proven. This outcome
is due to the fact that not only the power associated with v,, remains constant over n, but also the
power associated with v is not a function of the index k. Mathematically, it holds that

E{|va|*} = B{|v|*} = R, [0], (6.43)

Vn,ke{0,1,...,Ns— 1}. Based on (6.43), it can be noticed that the noise power is constant
in the discrete-Fresnel domain regardless of the PSD shape of the WSS random process that
describes the noise. In this sense, not only AWGN, which inherently has constant noise power in
the discrete-frequency domain, but also other noise types, e.g., colored noise with 1/ f*-shaped
PSD will still present constant noise power in the discrete-Fresnel domain. Hence, the MRC
weights &, x will also be constant over the subchirps, which considerably reduces the complexity
associated with the combining technique compared to its application in the frequency-domain.
Finally, it can be stated that the additive noise power at the k™ subchirp and m™ medium

is as follows:

Piny = E{vivi} (6.44)
= R,[0]. (6.45)
Alternatively,
Ns—1
1
P = N_s IZ(; PV (6.46)

I"™ subcarrier (frequency domain) and m®

in which py,, , indicates the noise power at the
medium. Notice that the achieved outcomes make clear why the performances of OCDM and

SC-CP schemes are the same under wide-sense stationary additive noise [20,21, 106].

6.3 POWER ALLOCATION IN THE OCDM-BASED HPWS

Once the noise power has been clearly defined, the SNRs values can be further derived
so that power allocation problems can be formulated as in the previous chapters. In this context,
the noise power in the discrete-Fresnel domain with the effect of channel equalization has to
be defined. As zero-forcing frequency-domain equalization is considered and the noise power
in the discrete-Fresnel domain was presented as a function of the noise power in the discrete-
frequency domain, the impact of the equalizer gain in each subchannel and medium can be
straightforwardly introduced in (6.46). In summary, the SNR of the discrete-Fresnel domain

symbol at the k™ subchirp and m™ medium can be expressed, after the zero forcing equalization,



97

as
Jmp = Dk (6.47)
p‘.’mk
Ns—1 -1
_ pm,k( va’"’IH |2) (6.48)
m
| N -1
—1

— , 6.49
Pk ( e ZZ;‘ Vot (6.49)

where H,,; and y,, ; again respectively indicates the CFR and nSNR values at the I™ subcarrier
(frequency domain) and m™ medium. In other words, the SNR experienced at the discrete-
Fresnel domain after the zero-forcing equalization can be expressed as a function of an harmonic
mean of the nSNRs in the discrete-frequency domain, as previously stated in [106, 110].

Since the nSNR is defined as 7m t = Vm.k/Pmk, a relationship between the discrete-

Fresnel domain and discrete-frequency domain nSNRs can be expressed as

Ng—1 -1
Vm,k=( zm) : (6.50)

Note that ?m,k does not depend on the subchirp index k and therefore it is constant over the
discrete-Fresnel domain. Based on the given discrete-Fresnel domain nSNR, the functional f(-)

can be defined according to the main objective, which can be related to either the achievable

data rate
f(pm k)= _N_ 10g2 (1 +m21pm Ym k) (6.51)
or the average BEP
| ~
f(pm,k) = N_SPe,k (Z pm,kym,k) . (6.52)
m
In sequel, the power allocation optimization problem on p,, x can be defined as
Ns
i , 6.53
min ; S (Pmi) (6.53)
subject to either
2 Pmk < Pr
SPC { m:k (6.54)
pm,k Z Oa v k’ m
or
me,k < Py, Vm
SPCC 4 & . (6.55)
Pmik =20, Vk,m

The optimization problems above formulated are similar to the power allocation optimization
problems presented in Chapters 3 and 4. Although these optimization problems have already
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been solved in these chapters by Algorithms #1 to #4, an analytical solution for OCDM-based
HPWSs is more useful since the discrete-Fresnel domain nSNRs are constant over the subchirps.

Concerning the SPC, the solutions presented in the previous chapters revealed that only
the nSNR with the highest values should be used for maximizing the available resources. Due
to the constant value of the nSNRs in each of the subchirps in the discrete-Fresnel domain, the
decision process here is significantly simplified. Essentially, only one subchirp comparison is
enough to define which media should be used or not. Therefore, the optimization of power
allocation in OCDM-based HPWSs assuming the SPC results in using only one medium, which
is the best one in terms of nSNRSs in the discrete-Fresnel domain. Hence, there is also a reduction
in the amount of data transmitted through the feedback channel between receiver and transmitter.

In OFDM-based HPWSs, the number of bits associated with one CSI transmission is given by
bcsi = Nc X Ns X b, (6.56)

with by denoting the number of bits used to quantize each sample of nSNR. On the other hand,
only one bit (bcsy = 1) is needed in OCDM-based HPWSs, i.e., the nSNRs do not have to be
sent from the receiver to the transmitter. A drastic reduction in the amount of feedback data
between receiver and transmitter is therefore experienced when the OCDM scheme is chosen
rather than the OFDM scheme in the context of HPWSs. There are several applications, mainly
in the IoT and SG fields, in which the feedback channel is constrained by a few bits. For instance,
there are power line and wireless standards in which the receiver indicates the quality of the data
communication channel through the feedback of a few bits so that the transmitter may switch the
adopted modulation. In such cases, the OCDM scheme appears as a solution more appealing to
meet data communication reliability demands than the OFDM scheme.

Regarding the SPCC, the solution is even more simple. Basically, the optimal power
allocation in OCDM-based HPWSs assuming the SPCC is the uniform power allocation among
subchirps and media. This outcome is due to the fact that the nSNR ratios (i.e., 7;1, X /72’ ) will be
constant over the subchirps indices if the nSNRs in each of the subchirps and media are constant.
As a consequence, its minimum, rr}cin {%—Z}, and maximum, mkin {Z;—i} values will be equal -
see (3.34). In this scenario, one has A;/42 = ¥ /7, Yk and therefore all subchirps of all
media can be used for data transmission. The power allocation in the OCDM-based HPWS then
reduces to the power allocation in non-hybrid systems with constant nSNRs, which is solved by

uniform power allocation.

6.4 NUMERICAL ANALYSES

This section numerically evaluates the OCDM-based HPWS through a comparison with
the OFDM-based HPWS. Focusing on a power allocation perspective, the maximization of the
achievable data rate and the minimization of the average BEP are taken into account under sum
power and sum power-channel constraints. Moreover, three different cases are considered in

the analyses. The first case assumes that the complete CSI is available at the transmitter node.
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The second case regards the transmitter node having partial knowledge of the CSI, e.g., one-bit
feedback that indicates the medium with the highest nSNR value in the discrete-Fresnel domain.
The third case, on the other hand, considers that no knowledge of the CSI is obtained by the
transmitter. The second and third cases are jointly presented.

Throughout this section, uncoded QAM constellation is assumed with modulation order
M = 4. In addition, the total number of subchannels and media are respectively Ng = 128 and
Nc = 2. The considered total transmission power is within the range Pt € [-20,30] dBm. If
the SPCC is assumed, then Py = aPr and P, = (1 — )Py, with @ € [0, 1]. These relations
defined by Pt and « are also applied to the numerical results associated with uniform power
allocation. Finally, the considered frequency bandwidth is By, = 80 MHz. Note that ap (i.€.,
the value of @ that makes the performance under SPCC equal to the performance under SPC) is
equal to 0 or 1 regarding OCDM-based HPWSs.

6.4.1 Channel Impulse Response and Additive Noise

The numerical analyses carried out in the current section take into account the same data
of Chapters 3 and 4. Therefore, a channel impulse response and an additive noise PSD originated
from a measurement campaign for broadband and in-home PLC systems, addressed in [15], are
used for obtaining the numerical results. Also, the 1.7 — 81.7 MHz frequency band is assumed,
which is following the broadband power line technology [79]. Regarding the wireless medium,
the wideband wireless channel model, described in [97], and circularly symmetric complex
AWGN model are assumed. Additionally, in order to consider a total frequency bandwidth equal
to By, = 80 MHz, the frequency band ranges from 5,760 MHz to 5,840 MHz. The center
frequency of 5.8 GHz is chosen since it is within the ISM free band and complies with wireless
communication standards, such as the IEEE 802.11ac [94]. Following the previous chapters,
the additive noise power associated with the wireless medium is computed so that the average
SNRs values in power line and wireless media are equal in the frequency domain. Figure 29
shows the resulting nSNRs for power line and wireless media in both discrete-frequency and
discrete-Fresnel domains. Notice that the wireless medium has higher nSNR values than the

power line medium in the discrete-Fresnel domain and therefore ape = 1.

6.4.2 Achievable Data Rate Analysis

The achievable data rate analysis starts with the case in which the transmitter node has
complete knowledge of the CSI (i.e., all nSNR values of power line and wireless media). In
this case, the optimal power allocation can be carried out in OFDM- and OCDM-based HPWSs,
whereas the optimal subcarrier permutation can be taken into account for the OFDM-based
HPWSs. Regarding OCDM-based HPWSs, subchirp permutation has no impact on the system
performance since the same SNR is experienced by all subchirps.

Figure 30 shows the achievable data rate performance of OFDM- and OCDM-based
HPWSs under SPC and SPCC assuming complete CSI at the transmitter. In this figure, OSP
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indicates the optimal subcarrier permutation and @ = 0.6 is assumed for results associated with
the SPCC. The OFDM with optimal subcarrier permutation and power allocation yields the
best performance in terms of achievable data rate regardless of the set of constraints on the
transmission power. It is followed by the OFDM scheme without subcarrier permutation and
then by the OCDM scheme. Therefore, the OFDM-based HPWSs is better than the OCDM-
based HPWSs in terms of achievable data rate when the transmitter has complete knowledge of
the CSI, as stated for non-hybrid systems in [110].

Figure 31 illustrates the achievable data rate performance of OFDM- and OCDM-based
HPWSs when the transmitter node has partial or no knowledge of the CSI. As previously
mentioned, the partial knowledge of the CSI considers that the transmitter has one bit to identify
the best medium for data transmission. In this case, all the available power is allocated to
the best medium and therefore @« = 1.0. In case there is no information on the CSI, the
transmitter allocates the available power uniformly between power line and wireless medium
and then o = 0.5. Additionally, uniform power allocation is assumed for OFDM- and OCDM-
based HPWSs since there is not enough information to apply another type of power allocation.
Figure 31 shows that the achievable data rate performance of the one-bit feedback case matches
the optimal performance for both OFDM- and OCDM-based HPWSs. As a consequence, only
one bit would be enough to indicate the best medium and then achieve the performance upper

bound under uniform power allocation. On the other hand, if the transmitter does not have any

Figure 29 — nSNR for wireless (m = 1) and power line (i = 2) media in discrete-frequency and
discrete-Fresnel domains
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information on the CSI, the achievable data rate performance worsens, being more detrimental
to the OCDM scheme. Overall, if the main objective is to maximize the achievable data rate,
then the OCDM-based HPWSs is outperformed by the OFDM-based HPWSs regardless of the
level of knowledge on the CSI obtained by the transmitter node.

Figure 30 — Achievable data rate of OFDM- and OCDM-based HPWSs, assuming complete CSI at the
transmitter (@ = 0.6)
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Figure 31 — Achievable data rate of OFDM- and OCDM-based HPWSs, assuming one-bit feedback and
no CSI feedback to the transmitter node
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Figure 32 — Average BEP of OFDM- and OCDM-based HPWSs assuming complete CSI at the
transmitter (4-QAM and a = 0.75)
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6.4.3 Average Bit Error Probability Analysis

Figure 32 presents the average BEP performance of OFDM- and OCDM-based HPWSs
under SPC and SPCC assuming complete CSI at the transmitter. Note that @ = 0.75 is assumed
for results associated with the SPCC and the optimal subcarrier permutation is again represented
by OSP. Similar to the achievable data rate analysis, the best performance in terms of average
BEP is achieved by the OFDM-based HPWS with subcarrier permutation, followed by the
OFDM-based HPWS without subcarrier permutation and then by the OCDM-based HPWS. As
a result, it can be stated that the OFDM scheme is more suitable for HPWSs than the OCDM
scheme if the transmitter node has the complete knowledge of the CSI.

Figure 33 shows the average BEP performance of OFDM- and OCDM-based HPWSs for
the two remainder cases, i.e., the transmitter node has one bit that indicates the best medium or the
transmitter is unaware of the CSI. In this context, uniform power allocation is adopted. Notice
that, different from Subsection 6.4.2, the OCDM scheme now provides a better performance
compared to the OFDM scheme in terms of average BEP if the transmitter knows the best
medium and the total transmission power is greater than —2 dBm. If the transmitter does not
have any knowledge of the CSI, the OCDM scheme also provides a better performance; however,
it occurs for total transmission power values greater than 2 dBm. Furthermore, the OCDM-based
HPWS achieves its best performance at the cost of one-bit feedback, whereas the OFDM-based
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Figure 33 — Average bit error probability of OFDM- and OCDM-based HPWSs, assuming one-bit
feedback and no CSI feedback to the transmitter node (4-QAM)
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HPWS does not yield its best using only one medium. Therefore, the OCDM-based HPWS can
be considered a more suitable choice within realistic and practical ranges of total transmission
power if the aim is to minimize the average BEP under partial or no knowledge of the CSI at the

transmitter node.

6.5 SUMMARY

This chapter has introduced the OCDM-based HPWSs for data communication purposes.
In this kind of HPWS, the transmission of equal symbols in the discrete-Fresnel domain has been
assumed and afterwards the MRC technique has been applied in the same domain. Also, the
behavior of WSS random processes in the discrete-time domain has been studied in the discrete-
Fresnel domain. It has been demonstrated that the discrete Fresnel transform does not change
the mean value and the autocorrelation function, therefore preserving the WSS characteristic of
random processes. Finally, power allocation has been analyzed in OCDM-based HPWSs under
sum power and sum power-channel constraints. The optimal power allocation is derived from

the previous chapters and it is shown to be considerably simple.
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7 JOINT CHANNEL ESTIMATION AND SCHMIDL & COX SYNCHRONIZATION
FOR OCDM-BASED SYSTEMS

Chapter 6 showed that the OCDM scheme may be an attractive option not only for non-
hybrid systems but also for the HPWS. Aiming for practical implementation of these systems,
however, there are open issues that require further investigation still in non-hybrid contexts. In
this regard, initial efforts to address aspects such as spectrum design under the constraint of
the spread spectrum nature of the subchirps that compose OCDM signals have been reported
in [116]. Moreover, inspired by the typical pulse compression of chirp-based radar signals, the
OCDM scheme has been investigated for performing unbiased or optimal channel estimation in
the contexts of coherent optical communication [117,118] and sensing of power lines [112].

In spite of these recent advances, the estimation and correction of symbol timing and
CFO have to be carried out. Whereas the former is related to the identification of the beginning of
an OCDM symbol, the latter is associated with the compensation of existing mismatches between
transmitter and receiver oscillators. In the OCDM context, however, the CFO estimation was
solely investigated in [119]. The authors focused on rapidly time-varying channels and proposed
an OCDM symbol structure with reserved subchirps to estimate the CIR and a CFO computation
based on the redundancy of the CP samples. The proposed symbol structure, however, may
require a long CP length to accurately estimate the CFO. Also, the reserved subchirps for
CIR estimation may significantly reduce the spectral efficiency. Hence, the data rate can be
significantly impaired if slowly time-varying channels are taken into account. To deal with this
class of channels, a single OCDM pilot symbol seems to be more suitable.

In the OFDM context, Schmidl & Cox proposed a technique to estimate both symbol
timing and CFO based on the transmission of a single OFDM pilot symbol with two identical
halves in the time domain [47]. A straightforward approach to designing such an OFDM
symbol is obtained by deactivating alternated subcarriers in the discrete-frequency domain [47].
However, the same approach to pilot design cannot be directly adopted in OCDM-based systems,
since symbols are rather designed in the discrete-Fresnel domain [20]. In this context, the main

contributions of this chapter are as follows:

* The introduction of a OCDM pilot symbol in the discrete-Fresnel domain whose discrete-
time domain representation is composed of two identical halves, therefore enabling the
use of the Schmidl & Cox synchronization technique in OCDM schemes. As a result, it
is shown that a discrete-Fresnel domain symbol with two identical halves also has two

identical halves in the discrete-time domain.

* The demonstration that the aforementioned OCDM pilot symbol can be designed to
simultaneously enable Schmidl & Cox synchronization and channel estimation, which
results in overhead reduction and hence higher spectral efficiency. This symbol has to be
composed of two equal halves in the discrete-Fresnel domain and have an even number of

active subchirps for performing channel estimation.
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The remainder of this chapter is summarized as follows: Section 7.1 addresses a non-
hybrid OCDM-based system model and the Schmidl & Cox synchronization; Section 7.2 pre-
sents the discrete-Fresnel domain pilot symbol requirement for performing Schmidl & Cox
synchronization, whereas Section 7.3 shows the joint channel estimation and Schmidl & Cox
synchronization for OCDM-based systems; Section 7.4 carries out numerical analyses; and

Section 7.5 summarizes the chapter.

7.1 OCDM-BASED SYSTEM MODEL

Let an OCDM-based system transmit a frame consisting of / € Z* OCDM symbols.
The i of those symbols, i € {0, 1,...,1 — 1}, is represented in the discrete-Fresnel domain by
the vector X;, whose elements are obtained from a digital modulator such that X; € C¥*! for
passband systems (e.g., wireless systems) and X; € RVsX! for baseband ones (e.g., power line

systems). In the discrete-time domain, it holds that
x; = D'x;, (7.1)

where ® represents any DFnT matrix of size Ns € Z* and (-)" is the Hermitian operator. For
the sake of simplicity, it is henceforth assumed that Ng is even.

According to [20,21], the DFnT matrix can be expressed as ® = F'TF, in which F is the
normalized version of the Ng-size DFT matrix and I' = diag{I'o,I'1,...,'ys-1} is a diagonal
matrix of the eigenvalues of ®@. Those eigenvalues are defined for OCDM-based systems

operating in the passband as
T 2 e /NK yi e 10,1,...,Ng — 1}. (7.2)

Conversely, the DFnT matrix in OCDM-based systems operating in the baseband has eigenvalues
given by

e~Ur/NK - for k < Ng/2
I = _ 5 (7.3)
e Un/NK” — for k > Ns/2.

Notice that ® € CVs*Ns when T originates from (7.2), whereas ® € RVs*Ns when I derives
from (7.3).

Further, the discrete-time domain symbol x; has an Lcp-length cyclic prefix prepended

to its beginning, Lcp € Z*, and undergoes a parallel-to-serial conversion, originating the se-
I(Ns+ch)—l
n=0

conditioning. In case of passband data transmission, the analog version of {x[n]}

that finally undergoes digital-to-analog conversion and further analog
I(N5+LCP)—] 1
n=0

quence {x[n]}
S
up-converted to the carrier frequency fix.

It is assumed that the resulting signal is transmitted through an LTI communication chan-
nel which has a CIR of finite length Ly, € Z* in the discrete-time domain, such that Lcp > Ly, — 1.

If perfect synchronization can be assumed, the baseband representation of the received signal



106

can be described in the discrete-time domain as

I(N5+LC]>)+Lh—2
y[n] = Z x[m]h[n —m] +v[n], (7.4)

m=0

where {h[n] },I;i(; ! denotes the LTI CIR, and {v[n] },[1(21(\)/S tLep)tn=2 qenotes the additive noise.

In practice, however, the aforementioned perfect synchronization condition is not rea-
lizable. Consequently, a time delay 7q between the beginning of the received signal and the
receiver reference time is experienced. Furthermore, the down conversion of the analog recei-
ved signal via mixing with a local oscillator signal of frequency f;x, which only takes place
in case of passband systems and is followed by low-pass filtering, yields CFO. The existing
difference between transmit and receive local oscillator frequencies defines the CFO, which is
therefore expressed as € = fix — fix. Afterwards, the resulting signal is sampled, originating the
sequence {r[n]}, which is the baseband representation of the time-domain received signal. For
the sake of simplicity, sample limits are not assigned to {r[n]}. Taking the non-perfect symbol
timing and carrier frequency synchronization, as well as assuming a sampling period equal to
T, one can write

r[n] = y[n — ngle??m el (7.5)

where nq = 74/T;. In practice, the division of 74 by 7§ does not result in an integer and,
consequently, the transmitter and receiver references are always changed within a sampling

period Ts. For simplicity, it is henceforth assumed that ng € Z*. In order for the received
I(Ns +ch)+Lh—2
n=0

thisregard, itis required to estimate the beginning of the received signal and the CFO of passband

symbols to be processed correctly, {y[n]} needs to be extracted from {r[n]}. In

systems. In summary, ngq and € are unknown by the receiver.

7.1.1 Schmidl & Cox Synchronization

The Schmidl & Cox synchronization is known for being a robust technique that allows the
estimation of both the beginning of the received signal and the CFO [47]. Previously proposed
for OFDM schemes, this technique is based on the existing redundancy in two equal halves of
a pilot symbol in the discrete-time domain and can be divided into symbol timing and CFO

estimations, as described below.

7.1.1.1 Symbol Timing Estimation

In order to estimate the beginning of the received symbols, the considered tech-
nique exploits the correlation between two consecutive vectors of length L = Ng/2. To
do so, let them be r, and r,,;, such that r, = [r[n] r[n+1] ... r[n+ L —1]]" and then
Yo =[r[n+L]r[n+L+1] ... r[n+N —1]]7. These vectors represent two windows that

slide along the received sequence. Their normalized correlation by the energy of the second
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Figure 34 — Normalized correlation, {M [n]}, for one synchronization pilot symbol

Samples (n3

Source: Personal collection.

vector can be expressed as
4 2
|rn rn+L|
f 2
(rn+L r”+L)

Note that M[n] equals one if r, and r,,; are equal and zero if r, and r,,; are orthogonal.

M[n] = (7.6)

Therefore, if a pilot symbol is designed to have two identical halves in the time domain, i.e.,
x = [x7 xT]7, then the correlation is maximized at the beginning of the symbol, as illustrated
in Figure 34. In addition, a plateau is produced due to the cyclic prefix and the fact that the
pilot symbol is assumed to be different from its anterior and posterior symbols (see Figure 34).
As channel and additive noise effects may shift the plateau forward, a suitable estimate of the
beginning of the pilot symbol 77y that avoids ISI is the midpoint of the plateau minus Lcp [47].
In case of multiple pilot symbols, the average estimate from all plateaus is effective to mitigate
the additive noise effect.

According to [47], the correlation function values within the plateaus follow a Gaussian
distribution whose mean value is given by

1
IS
where y denotes the SNR of the received signal y[n]. In addition, the variance can be expressed

Hin (7.7)

as
o2 272 [(1 + pin)y + 2ptin + 1]
in. pb L(1+y)4

for passband systems. In case of baseband systems, only one dimension is considered and

(7.8)

2 _n2

therefore o\ = 20'in’pb.

Moreover, the correlation function values outside the plateau obey a chi-square distri-

bution with two degrees of freedom whose mean and variance values are, respectively, given
by

(7.9)

1=

HMout ~

and |
o2

g~ 73 (7.10)
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Regarding baseband systems, the chi-square distribution has one degree of freedom with the
. 2 — 02
same mean value and variance equal to Tout bb = 20'Out’pb.
Note that based on the probability distribution functions of the regions within and outside
the plateaus, the probabilities of either false alarm or not detecting a received symbol can be

determined (see [47] for further details).

7.1.1.2  Carrier Frequency Offset Estimation

Once the beginning of the received symbol has been defined, small CFOs (i.e., values
within a subcarrier frequency spacing) can be estimated by multiplying the conjugate of every
sample in the first pilot symbol half by its counterpart in the second half. Since the two samples
are similar, both signal and channel phases will be canceled and only a phase component
proportional to CFO and noise will remain. Therefore, a reasonable estimate of the CFO can
be obtained from the numerator of (7.6) at the beginning of the pilot symbol plus Lcp. In other

words, the estimate of the CFO can be obtained using

s
arg {rﬁ:i"'LCP rfl:1+ch+L}
nNT;
where arg{-} returns the phase component of a complex number. The variance of the error in the

; (7.11)

€ =

normalized CFO estimate (i.e., éNT;), assuming AWGN channel, is a function of the window
length L and the SNR v, being expressed as [47]

1
aﬁ::nzLy. (7.12)

7.2 FRESNEL-DOMAIN PILOT SYMBOL FOR SCHMIDL & COX SYNCHRONIZATION

The synchronization technique proposed by Schmidl & Cox [47], briefly detailed in the
previous section, can be used in any scheme if the pilot symbol has two identical halves in
the time domain. For OCDM schemes, a possible alternative is to use DFnT matrices of size
Ns (for data symbols) and Ng/2 (for pilot symbols) and then replicate the pilot symbols in
the discrete-time domain. In this section, however, a discrete-Fresnel domain symbol whose
discrete-time domain version has two identical halves is presented; thus, the use of two DFnT
matrices of different sizes is not required. This new approach relies on a specific property of the
DFnT and is detailed as follows.

Letx = [x7 x7]T be the discrete-time domain symbol composed of two identical halves,
x’, used for synchronization. In the discrete-Fresnel domain, it is given by

x = ®x = o[x7 x7]". (7.13)

Note that the DFnT matrices are square with even size; therefore, ® can be divided into

(Ns/2 x Ns/2)-size block matrices and then expressed as

()] (0]
o= " TP, (7.14)
Dy Dy
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Since @ can be decomposed into a diagonal matrix pre and post multiplied by the inverse
and direct matrices of the DFT, @ is a circulant matrix [115]. As a consequence, ®;; = @)

and @, = ®,;. Hence (7.13) can be rewritten as follows

‘e [@11 @12] [x] _ [q)“x’ + (I)lzx’] _ [x] | 15
D, P x’ (I)11X/+(I)12X' x’

with X' = @ x’ + ®»X’. It is therefore concluded that, for a discrete-time domain symbol to

have two identical halves, its discrete-Fresnel domain representation must also have two identical
halves.

If the aforementioned requirement is met, the analytical performance of the symbol time

and CFO estimations described in [47] will also hold for OCDM schemes. Since these estimation

processes are carried out in the discrete-time domain, the influences of CIR and additive noise

on the received signal can be modeled in the same way in both OFDM and OCDM schemes.

Consequently, their expected performances are also equal.

7.3 JOINT CHANNEL ESTIMATION AND SCHMIDL & COX SYNCHRONIZATION

Previous works introduced a particular OCDM pilot symbol that enables the channel
estimation in the discrete-Fresnel domain [112,117,118]. According to them, the k™ element

of such a symbol in the discrete-Fresnel domain is defined by

v/Ns/N., if k mod Ng/N,=0
)'Cké S/ e S/ e (7.16)

0, if Xk mod Ng/N, # 0,
Vk € {0,1,...,Ns — 1}; in which N. € Z" is the number of CIR estimates within the OCDM
pilot symbol and @ mod b returns the remainder of the division of a by b. The amplitude
\/m is assumed to make the energy of the estimation symbol equal to that of data symbols.
Also, the spacing between the beginning of consecutive estimates, i.e., N/ N., must be an integer
greater than or equal to Ly so that there is no interference between the CIR estimates [112],
which limits the maximum number of estimates within an OCDM symbol. Fig. 35 illustrates
the discrete-Fresnel domain symbol used for channel estimation purposes when N, = 4.
Observe that the symbol described in (7.16) can be formed of two identical halves,
enabling the joint channel estimation and Schmidl & Cox synchronization. In this regard, it
must hold that
Xk = Xka+Ng/25 Vk € {0,1,...,Ns/2 - 1}. (7.17)

Based on (7.16) and (7.17), it is straightforward that

N. N.
S mod =2 =0 = N. mod2 =0 (7.18)
2 N,

for even Ng. Therefore, it is only required that the number of CIR estimates N, is even for a

single OCDM pilot symbol to be used for Schmidl & Cox synchronization as well as channel
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Figure 35 — Discrete-Fresnel domain symbol used for channel estimation purposes (N, = 4)
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Source: Personal collection.

estimation purposes. Note that it is common to use Ng > Ly, and therefore the assumption of
Ne > 2 is more than reasonable. In addition, the error variance of the channel estimate is a
function of the symbol length N and the SNR vy that can be expressed as [117]

1
o2

=, 7.19
$= Ny (7.19)

7.4 NUMERICAL ANALYSES

In this section, the proposed joint channel estimation and Schmidl & Cox synchronization
is evaluated. In this regard, Monte Carlo-based simulation and measurements results are
presented. The former aims to evaluate the analytical performance of the joint channel estimation
and Schmidl & Cox synchronization under distinct SNR values for AWGN channel, whereas the
latter have the purpose of validating the practical application of the Schmidl & Cox technique
in OCDM-based systems. The assumed parameters were N = 1024, Lcp = 128, and N, = 2.
In addition, a stream of Ng = 256 blocks was transmitted, each of them formed by two OCDM
symbols. While the first OCDM symbol in each block was used to perform the joint channel
estimation and Schmidl & Cox synchronization, the second one was composed of quadrature
phase-shift keying (QPSK) data symbols. To obtain a real-valued OCDM symbol for baseband
transmission, the real and imaginary components of each QPSK symbol are placed alternately
into the transmitted symbol [21].

The measurements were performed using the Zynq UltraScale+ RFSoC ZCU111 from
Xilinx, Inc. (presented in Figure 36) on which a transmitter, a receiver, and a channel emulator
were implemented assuming f; = 1/T; = 50 MHz. The digital-to-analog converters (DACs) of
the transmitter and the analog-to-digital converters (ADCs) of the receiver were directly and
respectively connected to the ADCs and DACs of the channel emulator [120]. The considered
channel emulator, which was originally proposed for radar target simulation purposes [120], was

used for adding delays and frequency shifts to the transmit signal and therefore introduce known
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Figure 36 — Measurement setup consisting of transmitter, channel emulator, and receiver implemented
on the same Zynq UltraScale+ RFSoC ZCU111 from Xilinx, Inc

g

Source: Personal collection.

synchronization errors in it before its reception as

P-1
y(t) = Z apx(t — 1p)ed et L y(1), (7.20)
p=0
where y(¢) and x(¢) are the baseband continuous-time domain receive and transmit signals,
respectively, and v(¢) is the continuous-time domain version of the additive noise v[n]. Addi-
tionally, P channel taps are considered, with attenuation «,, delay 7,, and frequency shift fa ,
for the pth tap, p € {0, 1,..., P —1}. For the results in this chapter, P = 1 was assumed, 7, was
chosen respecting the Lcp > Ly — 1, @, was chosen so that an SNR of approximately 22 dB was

experienced, and fa , was used to introduce the desired CFO.

7.4.1 Simulation results

The statistical parameters of the normalized correlation function within and outside
the plateaus are presented in Figure. 37. In the figures associated with mean values, namely
Figure 37(a) and Figure 37(c), the left y-axis is the same for both passband and baseband
results. As for the variance plots, Figure 37(b) and Figure 37(d), the left and right y-axes are
considered for passband and baseband results, respectively. Overall, the closed-form expressions
based on (7.7) to (7.10) agree with the simulation results, indicating that the performance of the
normalized correlation functions of OCDM schemes is the same as for their OFDM counterparts.
The simulation results slightly disagree with the theoretical results only in Figure 37(d), which
presents the variance of the normalized correlation function outside the plateaus. This outcome
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Figure 37 — Mean and variance of the normalized correlation function, within and outside the plateaus,
as a function of the SNR
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is related to the approximations assumed for the theoretical computation and is also observed
for OFDM schemes in [47].

Figure 38(a) and Figure 38(b) show the theoretical and simulation results for error
variances associated with the CFO and CIR estimates, respectively. In addition, simulation
results for the proposed technique in [119] under distinct Lcp values are displayed for comparison.
The CP length was assumed as the CIR length in [119], which influences the number of
pilots symbols reserved for CIR estimation. First, theoretical and simulation results of the
error variance match for both CFO and CIR. Hence, the CFO estimation in the OCDM

scheme achieves the same performance as reported in [47], whereas the performance of the CIR
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Figure 38 — Error variance of the normalized CFO and CIR estimates as a function of the SNR
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estimation equals the results of [117]. Note that the technique from [119] requires a long CP to
achieve a good performance, whereas such parameter is not relevant to the performance of the
proposed technique in this chapter as long as ISI can be avoided. As a consequence, the current
contribution arises as a better choice to estimate CFO and CIR with higher spectral efficiency
for slowly time-varying channels. Furthermore, the proposed technique in [119] and the one
in this chapter could be used together to achieve very accurate CFO and CIR estimates, e.g.,

following a similar frame structure to the one in [121].

7.4.2 Measurement results

Regarding the measurements results, the symbol timing estimation is firstly analyzed.
Figures 39(a) and 39(b) show the beginning of the normalized correlation functions M [n]
for passband and baseband systems, respectively. For better comparison with its baseband
counterpart, a measurement without CFO, i.e., with (¢ = 0), is considered for the passband
system. In addition to the considered OCDM schemes, the normalized correlation of OFDM
schemes under the same conditions are presented for comparison purposes. In the OFDM case,
a random data symbol was chosen as a reference to the considered synchronization technique.
Note that the correlation functions of OCDM and OFDM schemes match perfectly for both
passband and baseband systems, which validates the use of the proposed OCDM pilot symbol
for symbol timing estimation. In Figures 39(a) and 39(b), the first sample (n = 0) indicates the
real beginning of the first block of symbols, whereas the midpoint of the first plateaus is around
n = 68. This difference, however, does not result in any loss regarding symbols detection since
the plateau is free of ISI [47].
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Figure 39 — Normalized correlation functions for OCDM and OFDM schemes
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Next, Figures 40(a) and 40(b) present the CFO estimations for each of the Np transmitted
blocks and therefore only passband systems are analyzed. Also, 7g is assumed as initial sample
of the OCDM symbol. In these figures, measurements with introduced CFOs by the channel
emulator ranging from 0.0 to 0.1A s with a step of 0.02A y were labeled as Measurement #1 to
#6, respectively. The aforementioned parameter A is the frequency resolution of the considered
OCDM systems, which is similarly defined to the subcarrier spacing in OFDM systems [122]
and assumes value Ay = fi/Ns = 48.83 kHz for both passband and baseband OCDM systems.
Again, OFDM results generated under the same conditions of the OCDM results are presented for
comparison purposes. Observe that the CFO estimates are close to the actual values introduced
by the channel emulator for all measurements. There is a variation around the optimal value,
which is solely due to noise effect. The same behavior can be noticed in the CFO estimates in
OFDM schemes, indicating that such a variation is expected. In this regard, averaging the CFO
estimates accumulated over time is sufficient to yield an accurate CFO estimate.

Figures 41(a), 41(b), and 41(c) show the QPSK data symbols estimates having mean
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Figure 40 — CFO estimates in OCDM and OFDM schemes
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constellation energy normalized to unity in passband and baseband systems. For obtaining
the aforementioned estimates, the midpoint of the plateaus minus Lcp was considered as the
initial sample of each block, while the CFO estimates were used to compensate the effect of the
introduced CFO. Moreover, to recover the transmitted data symbols, zero-forcing equalization
was employed as explained in [20,21]. The channel equalization was performed based on the
average of the N. = 2 CIR estimates. In this context, Figures 41(a) and 41(b) present the
results for the minimum and maximum of the considered CFO values (Measurements #1 and #6,
respectively). It is revealed that the proposed joint channel estimation and Schmidl & Cox
synchronization can be effectively applied in passband OCDM schemes since the transmitted
symbols can be easily recovered from the received ones. Furthermore, the same conclusion can

be draw for baseband OCDM schemes, which is supported by Figure 41(c).

7.5 SUMMARY

This chapter has investigated the symbol timing and carrier frequency synchronization
proposed by Schmidl & Cox [47] in combination with channel estimation for an OCDM scheme.
It has been proved in the current dissertation that a symbol with two equal halves in the discrete-
Fresnel domain results in a symbol with two equal halves in the discrete-time domain, which
is the unique requirement to apply the assumed synchronization technique. It has been also
presented that the OCDM pilot symbol previously proposed for channel estimation purposes
can be composed of two equal halves if the number of channel estimates within the symbol
is even. A single OCDM pilot symbol can be therefore used for symbol timing and carrier

frequency synchronization as well as channel estimation, significantly shortening the overhead
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Figure 41 — QPSK data symbols estimates in passband and baseband systems
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length in slowly time-varying channels and eventually leading to an increase in data rate. Finally,

simulation and measurement results have been discussed and used to validate the proposed joint

channel estimation and Schmidl & Cox synchronization.
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8 CONCLUSIONS

In this dissertation, the hybrid power line/wireless system, which is characterized by
using power line and wireless media in parallel, has been investigated. The current study has
focused on different topics to exploit the diversity obtained by using power line and wireless
media jointly. Power allocation for maximizing achievable data rate or minimizing the average
bit error probability as well as subcarrier permutation are the topics that have been analyzed
based on the OFDM scheme. Furthermore, the recently proposed OCDM scheme has been
investigated as an alternative to the OFDM scheme in the considered hybrid system.

The optimal power allocation for maximizing the achievable data rate or minimizing
the average bit error probability has been analyzed for the first time regarding hybrid power
line/wireless systems. Based on the transmission of similar OFDM symbols over power line and
wireless channels, and the application of the MRC at the receiver, it has been shown that at most
one medium should be used in the same subchannel index to either maximize the achievable data
rate or minimize the average bit error probability. The literature states that the same information
can be transmitted through different channels to benefit data communication if the SNRs are
within similar ranges. This dissertation, however, has demonstrated that transmitting the same
information through different channels is equivalent to wasting resources if the instantaneous
normalized SNRs of the considered media is known at the transmitter. In particular, this result
holds for two distinct sets of transmission power constraints, sum power and sum power-channel
constraints. The former limits only the total transmission power, whereas the latter considers
a maximum transmission power per channel. For both transmission power constraints, the
obtained findings enabled the proposal of power allocation algorithms based on well-known
power allocation algorithms for maximizing the achievable data rate and minimizing the average
bit error probability in non-hybrid contexts, i.e., waterfilling and Park’s algorithms. As a
consequence, power allocation algorithms that require a low computational and cost have been
designed. Numerical analyses have validated them, proving their optimality and showing their
dominance over the options available in the literature.

Regarding subcarrier permutation, its optimality has been investigated for either maxi-
mizing the achievable data rate or minimizing the average bit error probability in hybrid power
line/wireless system. Although previous works have already presented the optimal subcarrier
permutation for maximizing the achievable data rate under uniform power allocation, their achie-
vements have been here extended for minimizing the average bit error probability and other types
of power allocation as well. Moreover, this dissertation has shown that subcarrier permutation
has to be performed based on the normalized SNR instead of the SNR as previously reported.
Therefore, the optimal subcarrier permutation occurs when the subcarrier indices of a medium
are sorted in ascending order of their normalized nSNRs and the subcarrier indices of the other
medium are sorted in descending order of their normalized SNRs. Numerical results have shown
that the higher the frequency selectivity of the normalized SNRs, the better the gains offered

by the subcarrier permutation and that subcarrier permutation can be significantly helpful to
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improve data communication in terms of achievable data rate or average bit error probability.

Furthermore, this dissertation has proposed the OCDM-based hybrid power line/wireless
system model. This type of hybrid communication system assumes that the discrete-Fresnel
domain representation of the transmitted symbols are the same in power line and wireless
media. MRC technique is then applied to combine the symbols in the discrete-Fresnel domain at
the receiver. To find the combining weights of the MRC technique, the additive noise has been
thoroughly investigated in the discrete-Fresnel domain. It has been here proved that a wide-sense
stationary random process in the discrete-time domain is also a wide-sense stationary random
process in the discrete-Fresnel domain so that the mean value and autocorrelation function are
equal in both domains. Moreover, the optimal power allocation has been analyzed for OCDM-
based hybrid power line/wireless system and it has been demonstrated to be easily carried out
since the SNRs values are constant over the subchirps. Numerical analyses have shown that
OCDM-based hybrid power line/wireless system may be more appropriate than OFDM-based
HPWSs if the transmitter has partial or no knowledge of the channel state information and the
major aim is to minimize the average bit error probability.

Finally, a joint channel estimation and Schmidl & Cox synchronization has been proposed
for power line and wireless OCDM schemes. Since the Schmidl & Cox synchronization requires
a pilot symbol with two identical halves in the discrete-time domain, it has been proved in
the current dissertation that the discrete-Fresnel domain representation of such a symbol is
composed of two identical halves as well. Hence, a pilot symbol that enables joint channel
estimation and synchronization has been derived under the constraint that the number of channel
estimates per symbol is even. As a result, a significant reduction in overhead length can be
achieved when dealing with slowly time-varying channels, eventually leading to an increase in
spectral efficiency. Measurement and simulation results validate the obtained findings for both
power line and wireless OCDM schemes.

Overall, this dissertation has investigated different manners and opportunities to benefit
data communication based on the existing diversity between power line and wireless media.
Achievable data rate and bit error probability gains have been achieved, assuming the use
of well-known algorithms and techniques, which in its turn present low computational and
economical costs. Hence, the hybrid power line/wireless system can be regarded as a low-cost
and reliable data communication system for future generations of communication technologies.
Based on the research questions that have been studied in this dissertation, the following topics

deserve attention in future works:

* A comparison between the power allocation for minimizing the average bit error probability
and the conventional margin adaptive power allocation in hybrid power line/wireless

systems.

* A statistical analysis of the benefits of power allocation and subcarrier permutation to the

hybrid power line/wireless system performance.
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* An investigation of the influence of channel codes and interleavers on power allocation,
subcarrier permutation, and modulation schemes regarding hybrid power line/wireless

systems.

* A study of the impact that quantization of normalized SNR and transmission power values
have on the power allocation in hybrid power line/wireless systems, assuming OFDM and
OCDM schemes.

* A further investigation of the advantages and disadvantages of using the OCDM-based
hybrid power line/wireless system, e.g., comparing it with other data communication
schemes, such as the SC-CP and the OTFDM.
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APPENDIX A - Waterfilling Algorithm

This appendix briefly describes Algorithm #5, which performs optimal power allocation
for maximizing the achievable data rate in a single channel with the waterfilling technique [24].
This algorithm also returns the Lagrange multiplier, which is understood as the inverse of the

water level.

Algorithm #5: Waterfilling algorithm
Input
Y is the nSNR for the k™ subchannel, Vk € {1,2,..., Ns}

Pr is the total transmission power

Output :
pr is the power allocated to the k™ subchannel, Vk € {1,2,..., Ng}

A is the Lagrange multiplier
Function [{p}, 4] = waterfilling({y, }, Pr)
C={1,2,...,Ns};
ceC;
A=Pr+ %7;1;

A = Card{C}/A;
¢ = argmin{7.}:

while 17! — y_ql <0do

C=C-gq;

ceC;

A=Pr+ Y70
C

A = Card{C}/A;
g = argmin{7. };

end
pr =max{1~' =¥ ',0},Vk € {1,2,...,Ns};
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APPENDIX B - Park’s Algorithm

This appendix briefly describes Algorithm #6, or Park’s algorithm [25], which performs
optimal power allocation for minimizing the average bit error probability in a single channel

considering any M-ary square QAM. This algorithm also returns the Lagrange multiplier.

Algorithm #6: Park algorithm
Input
¥, is the nSNR for the k™ subchannel, Vk € {1,2,..., Ns}

Pr is the total transmission power

Mod is the coherent modulation
M is the modulation order

Output :
P is the power allocated to the k"™ subchannel, Vk € {1,2,..., Ns}

A is the Lagrange multiplier
Function [{p}, 4] = ParkAlgorithm({y,}, Pt, Mod, M)
Cc={1,2,...,Ns};
ceC;
Compute ays and by, from Mod and M

1_c —1.
Aa:(PT—ﬁC%))/Cycl,

)

while ¢ > mcin{7c} do

= _ 2y o) -l
/10—(PT bM% e )/Cyc’

q = arg rrlcin{7c};

C=C-gq;

ceC;
end

_ A 2 - .
dy = ﬁﬁ'mll’l(’yk),Vk € {1,2,. . .,NS},

pr = max{d,0},Vk € {1,2,...,Ns};

_ ambm by, /2.
A= =re o
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APPENDIX C - Minimization of the Sum of Products

Let {aj,as,...,ans} and {by,bs,...,by,} be two independent sets, such that
ag,br € R, Yk € {1,2,...,Ns}. Based on these sets, the summation of the products with
permutation allowed can be defined as

Zak'bcka (C.])
k

with c¢x € {1,2,...,Ns}, and ¢; # c2 # ... # cng. It is desired to obtain the permutation,
defined by cy, that minimizes (C.1).
In order to find the optimal solution, let (C.1) be rewritten as

aibe, +aj be,+ ) g be, (C.2)
k#i,j

withi,j € {1,2,...,Ns} and i # j. Notice that the optimal solution is the one in which any
pair of (a;, b.,) and (a;, b.;) chosen from the original sets yields the lowest possible value, by

taken its permutation into account. Mathematically, it means that
aj-be,+a;-be;, <ajbe; +aj b, (C.3)

By assuming that a; > a; without loss of generality, one can obtain

a,--bcl. +aj-bcj < (l['bcj +aj-bci (= (C4)
 a;(be, - bcj) < aj(b; - bcj) =) (C.5)
&by < b, (C.6)

Therefore, if a; > a, then one should have b, < b, i for the sum of the products to be the lowest
possible. Moreover, for minimizing (C.1), this condition should be valid for any two pairs taken
at a time and, as a consequence, one obtains that the minimum summation is achieved with
be, < b, < ...SchS asay =az > ... daps.
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