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ABSTRACT

This work proposes the study of a system of partial differential equations (mass balance
and foam transport) describing the phenomenon of foam transport in stratified porous
media. The problem is approached in one-dimensional and two-dimensional forms. We
use the linear kinetic model and a simplified version of the bubble population equilibrium

model to investigate foam transport in both cases.

First, we study foam flow in a two-layer system using the linear kinetic model. The mass
exchange between layers is estimated from numerical and analytical results. By varying
both the absolute permeability and porosity of the medium in both layers, we explore
how mass exchange between the layers changes, marking the first analytical study of the

crossflow phenomenon in the foam injection process.

The existence of a significant problem of “viscous fingering” and preferential pathways is
well-known in various applications of foam in fractured media. Specifically, due to the high
permeability of the fracture, when gas is injected, it tends to move much faster through
the fracture, affecting the uniform sweep of the medium. It is known that foam injection
helps reduce gas mobility, thereby improving sweep uniformity. In this work, we address
this issue in fractured media. To do so, we implement an n-layer model, allowing us to
study traveling wave solutions in fractured media, treating it as a medium with three
layers, where the fracture is identified as the intermediate layer with higher permeability

and thinner thickness.

Keywords: Layered Porous Media - Traveling Wave - Riemann Problem



RESUMO

Este trabalho propoe o estudo de um sistema de equagoes diferenciais parciais (balango
de massa e transporte de espuma) que descreve o fenémeno de transporte de espuma
em meios porosos estratificados. O problema é abordado em formas unidimensionais e
bidimensionais. Utilizamos o modelo cinético linear e uma versao simplificada do modelo
de equilibrio de populagdo de bolhas para investigar o transporte de espuma em ambos os

Casos.

Primeiro, estudamos o fluxo de espuma em um sistema de duas camadas usando o modelo
cinético linear. A troca de massa entre as camadas é estimada a partir de resultados
numeéricos e analiticos. Variando tanto a permeabilidade absoluta quanto a porosidade do
meio em ambas as camadas, exploramos como a troca de massa entre as camadas muda,
marcando o primeiro estudo analitico do fenémeno de fluxo cruzado no processo de injegao

de espuma.

E conhecida a existéncia de um problema significativo de “viscous fingering” e de caminhos
preferenciais em varias aplicagoes de espuma em meios fraturados. Especificamente, devido
a alta permeabilidade da fratura, quando gés é injetado, ele tende a se mover muito mais
rapidamente pela fratura, afetando a varredura uniforme do meio. Sabe-se que a injecao
de espuma ajuda a reduzir a mobilidade do géas, melhorando assim a uniformidade da
varredura. Neste trabalho, abordamos esse problema em meios fraturados. Para fazer
isso, implementamos um modelo de n camadas, o que nos permite estudar solucoes de
ondas viajantes em meios fraturados, tratando-o como um meio com trés camadas, onde a
fratura é identificada como a camada intermediaria com maior permeabilidade e menor

espessura.

Palavras-chave: Meios porosos em camadas - Ondas Viajantes - Problema de Riemann
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1 INTRODUCTION

One of the main challenges in the oil recovery process is fluid dynamics in porous
media. When injecting a fluid (water or gas) into the reservoir, the different permeabilities
of the medium result in the appearance of preferential paths in the flow, forming a non-
uniform front in the sweep of the reservoir, which does not allow piston-type behavior
in the wavefront of the injected fluid. This phenomenon is known as “viscous fingering”
(see [37]) and schematically can be seen on the left side of Fig. 1. To avoid this, some
techniques have been developed that reduce the mobility of the injected fluid. One of
these techniques is Water Alternating Gas (WAG) injection, which consists of alternately

injecting denser and less dense fluids.

Gas ' Foam 5
injection | |

injection

Figure 1 — Gas injection vs. foam injection in a reservoir. Taken from [20]

Although this technique is very effective, it has poor sweep efficiency (see [46, 49]).
The reasons for this are mobility contrast between injected gas and displaced phase,
channeling (gas prefers to flow through high-permeability layers, so low-permeability layers
remain unswept), and gravity override (injected gas has a lower density than existing oil,

so it flows to the top of the reservoir), causing a lower unswept region in the reservoir [15].

Another widely used technique is Surfactant Alternated Gas (SAG) injection, which
improves the sweep efficiency in the reservoir by trapping the gas in bubbles (foam), thus
reducing its mobility. Schematically it can be seen on the right side of Fig. 1. Modeling
foam flow in porous media is challenging due to non-Newtonian properties, dependence on
foam texture, and the complex process of bubble creation and coalescence [111]. We follow
the literature [111, 8, 75] and use a simplification to consider the foam as a Newtonian
fluid, thus managing to relate the mobility of the injected phase with the texture of the

foam.

In various foam applications in fractured media, a significant challenge involves the
issue of “viscous fingering” and the development of preferential flow paths. More precisely,
due to the high permeability of the fracture, gas injection often leads to significantly faster
movement through the fracture zone, consequently impeding the even displacement of the

medium.
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An approach to address fractured media, as described in the work of [61], involves
treating a fracture as a layer with much smaller thickness and higher absolute permeability
compared to the adjacent layers. This allows the use of a simplified model considering a
two-dimensional domain with regular geometry (see Fig. 2) to locally study the behavior

of foam in fractured porous media.

Natural single fracture D{> Local parallel plates l:{> Parallel plates

Fracture
aperture

bi—

Figure 2 — Layered or fractured media schemes. Taken from [33].

In Fig. 2, the left panel shows the typical form of fractured reservoirs. The other
two figures show two different approaches to the problem [33]. In this work, foam flow in

layered media is approached as a parallel plate model.

One phenomenon present in layered porous media is the mass exchange between
layers, generally known as crossflow. This can occur due to capillary forces or viscous
forces [110, 108]. In the case study of the existence of a traveling wave, this phenomenon

can either aid or hinder the formation.

This work is organized as follows. In Chapter 2, we present the theoretical
foundation, specifically traveling wave type solutions and conservation laws. In Chapter
3, we discuss the mathematical modeling of foam flow in porous media, explaining the
linear kinetic [8] and population balance models [116]. In Chapter 4, we present the study
of foam displacement in a two-layered porous medium. We investigate the existence of
a traveling wave profile and calculate its velocity using mathematical estimates of mass
exchange between layers. In Chapter 5, we conduct a numerical study on a three-layered
porous medium, simulating a fractured medium. In Chapter 6, we generalize the previous
studies to n layers, addressing analytically and numerically the behavior of the foam
front in a fractured porous medium. In Chapter 7, we explore the influence of varying
absolute permeabilities and porosities on crossflow behavior between layers and the shape
of the traveling wave profile. Finally, in Chapter 8, we present the general conclusions and

academic contributions of our work.
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2 THEORETICAL FOUNDATION

In this chapter, we present the fundamental concepts of fractional flow theory,
traveling wave solutions, conservation laws, and dynamical systems, which serve as
theoretical support for the main results of this thesis proposal. We refer the reader
to [9, 27, 42, 66, 71, 88, 106] for a detailed study of these topic.

2.1 Fractional flow theory

To describe the dynamics of fluids in porous media, the fractional flow theory is
commonly used, which calculates the fraction of the total flow of a certain phase in a
multiphase flow at any point in the reservoir, assuming that the water saturation at that
point is known [27, 66]. This chapter introduces the theory of multiphase fluids in porous

media.

2.1.1 Foam flow in porous media

Based on [9], we say that a porous medium is constituted by a solid phase called
“porous matrix” and by internal spaces called “pores”. The porosity ¢ of the rock is defined
as the ratio between the volume of the pores (symbolized by V,sr0us) and the total volume
of the rock (symbolized by V), i.e.

gb = %orous/‘/-

The saturation S; of each phase j is defined as the fraction occupied by phase j:
Sj = ‘/j/‘/porous-

A porous medium is considered to be fully saturated if the total space is occupied by the

phases present, in other words:
> S5 =1 (2.1)

The equations describing two-phase flow in porous media are obtained from the principle

of conservation of mass [9]:

0
a(gbp]‘sj)—{_v (pjuj) :Q7 ] =wor g, (22)

where p; represents the fluid density of phase j, @) is a source term, ¢ the porosity, and
u; the velocity of phase j. The subindices w and g symbolize the water and gas phases.
Assuming incompressible fluids, zero source terms, the equation (2.2) is written in the
form:

0 .
a(quj)%—V-uj =0, j=worg. (2.3)
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The total surface velocity u is the Darcy’s velocity given in [9], and can be written as

u = 3, u;. Specifically, velocity of phase j can be calculated as follows:

Uy = Ufyw + AgfwVF, (2.4)

ug = ufy = AefgV Fe; (2.5)

here P, represents the capillary pressure, A; is the relative mobility of phase j. The
fractional flow function is given as:

A
ijTJ7 J=w,g.

where A is the total mobility. We present formulas for the relative mobilities and capillary
pressure in Chapter 4 and 5.

As the foam texture np(z,t) measures the density of lamellae in the gas phase,

then the following balance law [8] is considered for foam transport:

0
a(¢sg np) +V - (ugnp) = ¢S,P, (2.6)

where the function @ represents foam generation and coalescence.

2.2 Conservation laws

Following [51, 101], we present the general form of conservation laws in spaces of
several variables. A system of conservation laws is a system of partial differential equations

in the form:
—u+—f(u)=0, t>0, (2.7)

where the vector function u : Q@ C R x R™ — R represents the conserved quantities, such
as mass, momentum, and energy; and the function f : R — R is called a flow function. As

in [101], the system in (2.7) can be put in the quasilinear form

0 0
s + A(u)%u =0, t>0, (2.8)

where A(u) is the n x n Jacobian matrix of f(u).

Definition 2.2.1. The system (2.7) is called hyperbolic if, for any u € 2, the matrix A(u)

has n real eigenvalues

Au(u) < Aofu) < - < Ag(u), (2.9)

with a complete family (linearly independent) of eigenvectors ry(u)

A(u)rk(u) = Mg(u)rg(u). (2.10)
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Let D be an arbitrary domain of R™ and 7 be the outward unit normal to the
boundary 0D of D. Then, from (2.7) we have that:

d )
%/Dudx—k/annds—O. (2.11)

The interpretation of this new equation is that the time variation of the integral of u with

respect to z in the domain D, is equal to the loss across the boundary 0D.

From this point, all studies will be done in one dimension, given that we are
interested in the Riemann problem, which is an initial value problem whose solution u

satisfies the initial condition:

u- if x <O,
uol®) = { ut if x>0, (2.12)

where the constant vectors v~ and u™ are the left and right states, respectively.

In general, problems involving conservation laws can present discontinuous solutions
(see [101]). When a solution of class C! for the problem (2.7) exists, it is called a strong
solution. In order to find solutions that are not necessarily C!, we look for generalized

solutions known as weak solutions [101].

Following [51], we say that u is a generalized (weak) solution of the conservation
law (2.7) and (2.12), if

L[ e+ £ orldedt+ [ uo(@) oz, 0)de = 0, (2.13)

for all test function ¢ € C°(R x [0, 00)) with compact support.

In general, if the weak solution of a conservation law problem is not unique, then

the use of additional criteria is necessary to find physically relevant solutions.

One way to find a physically relevant solution is to add a small diffusion in the

conservation law (2.7), which results in the so-called viscous form
u + Vf(u) = €y, (2.14)

where € is a positive constant. A solution to this equation is known as a viscous profile
and denoted by u¢ [91]. The viscous form has better results of existence and uniqueness
than the inviscid form, in addition to its solutions being smooth. The physically relevant
solutions of the conservation law (2.7) are defined by the following limit

u = lim u". (2.15)

e—0

This solutions are called entropic solutions.
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2.3 Traveling wave solution

A traveling wave solution of Partial Differential Equation (PDE) is characterized
geometrically as a wave that moves with a constant velocity maintaining its profile over
time. These solutions depend only on the variable n = x — vt, which implies that the
system of PDEs is transformed into a system of ODEs. Such waves appear in several
physical problems; as a reference, we can cite [106], where several examples have been

developed. Formally, this solution is defined as:

Definition 2.3.1 (Traveling wave solution, [106]). Let us first consider a PDE that
involves two variables x € R, ¢ € R. A solution u(x,t) is a traveling wave solution, if there

is a constant velocity v € R, an left state u~, an right state «* and a function 4, such that

u(z,t) = a(n), reR, teR, n=1x—-uvt, (2.16)

S a(n) = e, us # vy
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3 MODEL

In this chapter, we present the fundamental concepts of modeling foam flow in
porous media. In addition to this, we present the population balance model presented in

[116] and the linear kinetic model presented in [8] used in this research.

3.1 Foam flow models

The models proposed along the years are focused on the gas relative permeability
k.4, water relative permeability k,,,, the modification of the gas mobility A\;, and mainly
the net foam generation term &, that actively models the dynamic of foam generation and

coalescence.

The foam displacement in a porous medium can be modeled by the conservation of
the mass equation for the water phase (first equation of Eq. (3.1)) and a population-balance

equation for foam texture (second equation of Eq. (3.1))

aat((bsw) +V- Uy = 07
; (3.1)
E@Sg np)+ V- (ugnp) = ¢S,P,

where Sy is the water saturation as in Chapter 2, np = ny/npq, is the dimensionless foam
texture, ny is the dimensional foam texture, @ represents the net foam source, u,, is the
water surface velocity, and u, is the gas surface velocity, considering u = u,, + u4 as the

total surface velocity given by Darcy as:
u=—AVP, (3.2)

where P is the total pressure; in our case, it is considered a constant pressure gradient,
A = Ay + Ay is the total mobility, A, and )\, are mobility of water and gas phases,

respectively.
Korw Ky
Aw =k and A\, = k—=. (3.3)

i g

The absolute permeability of the medium is defined as k, the relative permeability
of water and gas phases are functions defined as in [24] denoted by ky, and k,,, especifically
as in [8, 111]

O? O S SW S SWC?
krw(Sw) = Sy — S e (34)
CO _w  ~Fwe e < 1
krw (1_SWC_SgI‘> ) S <S =~ 4,
1—S,—5,.\"
CV | —E ) 0< S, <1— S,
kD (Sw) = krg (1 — Sye — Sgr> = 8 (3.5)

O, ]-_SgrSSW,-S]-?
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where CP .~ C

krw> rg

tivelly, and n,, ny are exponents of Corey for water and gas phase. The gas relative

are the end-points in the permeabilities curves of water and gas respec-

permeability k., as follows:

K, ()
krg (SW, nD) = MRF(?’LD)’ (36)

where M RF(np) is the mobility reduction factor function in the presence of foam.

The viscosity of water and gas are given by p, and jy. The medium is assumed to
be homogeneous, and the fluids are incompressible. The porous medium is considered to
be fully saturated, i.e., Sy + 5, = 1.

3.1.1 First order kinetic model

This foam model, proposed in [8], is based on the well-known steady-state foam
behavior in porous media. It considers a large, nearly constant, reduction in gas mobility
at high water saturation and an abrupt weakening or collapse of foam at a limiting
capillary pressure (or, equivalently, at a limiting water saturation S} ). Foam texture in

local-equilibrium (n&¥) depends on the water saturation (Sy):

nf? (5) = A B S S S (3.7)
0, Sw < 8%,

with constant A. The dynamic foam net generation in (3.1) is given in the first-order
approach to local-equilibrium bubble texture at any saturation, with a time constant 1/ K,

as follows

b= -9 TC, rg —Te = Koy (néE (Sw) — nD) . (3.8)

nmax

where r, and 7, are the generation and coalescence functions, respectively.

In this model, M RF(np) is considered as a linear function of np.

3.1.2 Stochastic bubble population model

The model proposed by Zitha and Du in [116] is based on foam rheology and
stochastic bubble generation ideas. Here, the gas mobility is based on the premise that
the foam mobility depends on the degree of foaming of the gas-liquid mixture, measured

by the bubble density. The net bubble generation and destruction is considered as

9
P — % = Ky (Mmas — ng) — Kany, (3.9)

where K, and K, are the bubble generation and bubble destruction or coalescence rate

coefficients, respectively, and 1,4, is obtained when K; — 0 and ¢ — oco. The foam is
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considered to be in equilibrium when the generation and coalescence of foam coincide

yielding ¢ = 0, and
e _ 1S

_ e 3.10
"R K, (3.10)

Since at [116] considering the bubble and pore volumes are approximately equal
near steady state, a close estimate of n,., is obtained by fitting the number of pores

occupied by the gas, i.e. nuyax = Sgd/r?, where r is the mean pore radius.

In addition to the generation and coalescence function, the main difference between
the models in Sections 3.1.1 and 3.1.2 is that the stochastic model allows working under
Newtonian foam conditions, modifying the gas viscosity according to Hirasaki and Lawson’s

equation given in [49)].
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4 THE TRAVELING WAVEFRONT FOR FOAM FLOW IN TWO-LAYER
POROUS MEDIA

This chapter is a reprint of work published in Computational Geosciences, 2022 by
Springer, [104]. DOI: 10.1007/s10596-022-10169-z.

The multilayer structure of the porous medium raises a question on its efficiency
in dealing with layers of different permeabilities. The present chapter shows the existence
of a single traveling wavefront in a two-layer porous medium for a simplified model of
foam flow, which was derived from a realistic two-dimensional one. Besides the necessary
conditions for the solution’s existence, we prove that the traveling wave velocity is a
weighted average of the velocities as if both layers were isolated. All theoretical estimates
were validated through one- and two-dimensional simulations. Finally, we estimated the

order of magnitude of the characteristic time the traveling wavefront needs to stabilize.

4.1 Introduction

The study of foam flow in porous media is of growing interest and has been
addressed by many authors, including [96, 77, 46, 48, 59, 14]. Possible applications include
oil recovery [46, 41, 2] and pollutant removal [50, 82]. The concept of foam injection
processes was introduced in 1958 [77] in the context of hydrocarbon recovery. The key
idea is that the presence of foam reduces gas mobility decreasing the fingering effects and

improving swipe efficiency.

Several models describing foam flow in porous media have been proposed in the
last decades [8, 59, 98, 56]. They can be classified into empirical, semi-empirical, and
mechanistic models. Within these, there are two main types: local equilibrium and
population balance models [46]. The later type models the foam texture similarly to mass
balance equations with particular attention to the physical properties of foam generation
and coalescence. Mechanistic population balance models most closely approximate the
foam behavior observed in experiments [46] and present advantages when compared to

equilibrium models [56].

One of the main reported properties of foam is its destruction at critical pressures
[57]. The mechanistic population balance model proposed in [8] accounts for this property
in a simple way using a capillary pressure equation. That is why we use this model in the

present work.

Geological formations are generally heterogeneous and are often made up of layers of
different materials [9]. Several authors investigate multi-phase flow in layered porous media.
In [81], the heat transfer between layers with different porosities is studied analytically. In
(69, 74, 44, 94, 19, 18] the authors obtain approximate analytical solutions for two-phase

flow in two-layered porous medium using the Laplace transform. A different framework
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is used in [61], where authors approach fractures in a porous medium as layers and then

investigate the two-phase flow in a limit case when the layer width tends to zero.

In the context of foams, the importance of porosity and fluid velocity on foam
mobility has been reported in [58]. In [5] the authors use the microfluidic experimental
setup to investigate the two-phase flow in the presence of foam. The authors in [95] apply
the three-phase fractional flow model to study the velocities and water saturations in
a two-layer porous media computationally. Our goal is to mathematically investigate
the foam flow in the porous medium formed by two non-isolated layers with different

permeabilities.

Several works present experiments and numerical simulations with stable water
saturation profiles moving at constant velocity [59, 22, 98, 53]. These results incentive the
mathematical investigation of traveling wave solutions, see for example [8, 76]. In particular,
in [8] the authors investigated traveling wave solution for three injection conditions during
foam injection in the drainage process. These results were further extended in [76], where
all possible injection conditions were investigated and classified. From this perspective,
the current work shows that this type of solution appears in a two-layer configuration,
with the traveling wave velocity being the weighted average of the traveling wave velocities

of each layer in case of no mass exchange between them.

This chapter is structured as follows. Section 4.2 presents the two-dimensional
version of the linear kinetic model. In Section 4.3, we simplify the original model to a
one-dimensional case at the cost of doubling the number of equations, including estimating
the mass exchange coefficient between layers. In Section 4.4 investigates the traveling wave
solution. Section 4.5 presents the main results, including validating the traveling wave
velocity for both two- and one-dimensional models and estimating the time the traveling

wavefront needs to stabilize. Finally, Section 4.8 summarize our conclusions.

4.2 Linear Kinetic Model

In the present section we use the extension of the original linear kinetic model [7]
proposed in [29]. The model describes incompressible and immiscible two-phase foam flow
in a saturated isotropic porous medium using the water mass conservation equation (4.1),
the foam population balance equation (4.2), Darcy equation (4.3), and incompressibility
condition (4.4):

0
b St Vit = 0; (4.1)
0
¢§(SgnD) + V- (ugnp) = ¢S, P; (4.2)
u=—AVP; (4.3)

V-u=0, (4.4)
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where ¢ represent the porosity, Sy and S, are saturations of water and gas (Sy + S; = 1),
uy and ug are partial velocities of water and gas, u = u,, + u, is the total surface velocity,
the total pressure P is considered as the sum of all pressures P; for each phase i [66, 27],
and A is the total mobility defined below. The number of lamellae per unit volume in
the gas phase is defined as the foam texture, usually denoted as n; [8, 46]. In this work
np = N¢/Nmay as in [7, 8, 111], represents the normalized foam texture in relation to the

maximum number of lamellae n,,,, in the medium.

The foam generation/coalescence source term is @ = K.(n}*(Sy,) — np) with the
foam texture in local equilibrium given by:

nLDE(SW) =

{ tanh(A(Sw — S3)), Sw > S5 (4.5)

0, Sw < 5%,

where S represents the critical water saturation below which foam is unstable and A is a

constant model parameter.

The model is completed with equations from the standard fractional low theory
9, 113]. Fractional flow functions (fy, and f,), total mobility A, and relative mobilities
(Aw and A,) for water and gas are given by
krw k )\W /\g

s A :k£7 w— N N =3 .
Jhy & Lg / Aw + Ag s Aw + Ag

Aw =k A=Ay + A, (4.6)
where /1, and 1, are viscosities of water and gas, and k is a scalar permeability (depends
on the space variables z and z). Relative permeabilities of water and gas (k. and k) are
defined following [8], considering that foam does not affect the relative permeability of

water but affects the one of gas (see [35] for details):

En(S0) {0, 0 < Sy < Sye, (47)
rw\Pw) — _ 4.2 .
0.2 (%) . Sue < Sy <1,
) 4 I—SW—Sgr 1.3 < 1_
k?g(sw) = 0 9 (1—ch—5'gr> ’ O - SW < Sgr7 (48)
0, 1 =8 < Sy <1,
kg (Sw)

Ko (Si, - &’ 4.
where the mobility reduction factor is given by

MRF(np) = 18500np + 1. (4.10)

Finally, assuming that the total mass inflow is prescribed, the total surface velocity

U = Uy + Uy, is given. The water partial velocity (see [23]) is

Uy = ufw + )‘gfvaca (411)
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Table 1 — Parameter values for the problem of two layers.

Symbol ‘ Value ‘ Parameter

Swe 0.2 [] connate water saturation

Ser 0.18 [] residual gas saturation

L 1073 [Pa s water viscosity

1y 2-107° [Pas] gas viscosity in absence of foam
ky 210712 [m? permeability of medium in layer 1
ko 10712 [m?] permeability of medium in layer 2
Nomax 810! [m3] maximum foam texture

Uy 2.93-107%[ms™!] | total superficial velocity of layer 1
U 1.465 - 107% [ms™!] | total superficial velocity of layer 2
Sk 0.37 [] critical water saturation

S, 0.372 [] injected water saturation

St 0.72 [] initial water saturation

np 0.664 [-] injected foam texture

ny 1[] initial foam texture

K. 200 [s7] foam creation/coalescence constant
A 400 [] foam model parameter

o) 0.25 [] porosity

c 0.01 [-] capillary pressure power parameter
d 5-1073m] depth of layers 1 and 2

o 0.03 [N m™!] gas-water interfacial tension

and the capillary-pressure P., which is the difference between the phase pressures (P, =
P, — Py), is defined as in [71]:
¢ 0.022(1 — Sy — Sgr)°

p_g? ' 4.12
c =Nk (Sw — Sue) (4.12)

The final system contains four partial differential equations (4.1)-(4.4) (considering
that we substituted (4.5)-(4.12)) and four main variables Sy, np, u, and P.

4.3 Foam flow in two-layers

Our goal is to mathematically investigate what happens with two-dimensional foam
displacement in a simple two-layer configuration, common in porous media applications [9].
Thus, we consider a rectangular domain 2 := (0, L) x (—d, d) with total length L along
the axis  and the height 2d along the axis z, see Fig. 3. We use x and z notation for
the horizontal and vertical axes, respectively, as is common in the literature (see [31, 32]).
The value of d is taken from [5].

Following the literature [11, 82, 87, 114], we consider a constant pressure gradient
yielding constant superficial velocity at each layer. This assumption also makes unnecessary
equations (4.3) and (4.4). In this way, the complete model (4.1)-(4.4) becomes one-

dimensional at the cost of doubling the number of equations (and four variables Sy, , Sy,,
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Figure 3 — Schematic representation of the domain Q := (0, L) x (—d, d) composed of two layers
with permeabilities ;.

np,, and np,):
QS%SWI + %uwl = _081 (SWI - SW2)7

05t (Seunny) + grugmn, = g, P, (4.13)
¢%Sw2 + %UWQ - 952(5w1 - SW2)7

¢%(Sg2n]32) + %ug2nD2 = ¢Sg2¢27
where constants k;, 6,;, variables Sy;, S,., n.D;, and functions @;, u,;, P, are defined for
each layer i € {1,2}. Using the volume average technique, similar to [28, 68], the water

saturations in each layer are given by:

1 o 1 d
Sw, = E/—d Sw(z)dz, Sy, = c_i/o Sw(z)d . (4.14)

In this work, we consider constant superficial velocities u; in each layer, the velocities .y,
and ug; are defined as in Eq. (4.11):

where u; = Uy; + Ug;.

The constant 0, corresponds to the mass exchange between both layers and will
be addressed in the next section. The system of PDEs (4.1)-(4.4) is solved as a Riemann

problem, i.e., a problem with the initial conditions in the form of a step function:

(Sq,>mp,,S%,,np,), if <0

w w
(le,n$1,5+ nﬁz), if >0

w9

(SWUnDpSwz)an)(x,O) = { (416)

When compared to the complete model (4.1)-(4.4) with domain € (Fig. 3) the boundary
with superscript “+” corresponds to the initial reservoir condition and superscript “—"
corresponds to the injection condition. The values of ny and nf are calculated using

Equation (4.5) and are reported in Table 1.
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4.3.1 Estimating the mass exchange between layers

In this section, we estimate the mass exchange terms by assuming some oversim-
plifying hypotheses: (1) fast mass exchange between layers leading to a simplified mass
balance equation in the vertical direction (0;(¢Sy)+ 0.uy = 0), and (2) assuming that this
mass exchange between layers is mainly due to diffusion (v = 0). This estimate procedure
is common in the literature; see [114] for similar cases. Considering only vertical flow (z

direction), the surface velocity of water in z direction is:

JP. 0S
: = Fe Tow, 41
Using the oversimplifying hypotheses above with Eq. (4.17) yields
0 0 0P, 05\ .
[— iOw) = W GO — 1, 2 41
i (¢1) 8z<glf’85 e > ' (4.18)

Let us consider a representative part of the original porous medium as depicted in
Fig. 3. Assuming there are no external mass losses, the mass exchange rate between layers

inside this volume can be regarded as a total variation of mass in each layer:

Ry = dat/ $S.dz, Ry — dat/ $S.dz, (4.19)

where the total mass conservation is given by R; = —R,. Notice that by substituting the
definition of terms Ry, Ry (Eqgs. (4.19)) and Sy, and Sy, (Eqgs. (4.14)) into the system (13)
and using the oversimplifying hypothesis u = 0, we obtain that Ry = —0;, (Sw, — Sw, ),
and Ry = 05, (Sw, — Sw,)-

Assuming that there is no flow on the outside boundary, we calculating integrals

for each layer separately:

Dy 08, Dy 08,
Ry ==L 2™ Ry=——2 2% (4.20)
d 0z z—>0— d 0z z—>0+
with positive coefficients:
_ _ oP,, _ oF,,
Dy==lim A fugg -+ De== I A fua g - (421)

Notice that Dy, Dy do not depend on z, but depend on water saturation value on the

boundary between both layers Sy,. For fractional flow functions given in (4.6) fw, = fu,-

The water saturation profile in each layer can be approached by the parabolic

function (see Fig. 4):

Su(z) = { a12> +bz+c, if 2<0, (4.22)

a22% + byz + ¢y, if 2 >0,

where a;, b;, ¢; for i = 1,2 are constants.
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£

—d 0 d

Figure 4 — Schematic representation of water saturation Sy along the vertical cross section of
the two layer porous medium.

A brief derivation of this approximation is presented in Appendix Section 4.7
motivated by numerical simulations’ results, see Fig. 7. Moreover, we assume that the
average water saturation in each layer matches Sy, and S, and that Sy(z) satisfies a
no-flow condition at the external boundaries:

0 Se(2) [ Se(2) 0S4y
Swl —Ld d dZ, SW2 —/0 d dZ, W

Substituting (4.23) into (4.22) results in by = 2a1d, ¢ = Sy, + 2a1d%/3, by = —2asd,
co = Sy, + 2a2d*/3 and S, = ¢; = 3. Using these coefficients in (4.20) we obtain

— 0, Su(0) = Si. (4.23)
+d

R1 = 2D1a1, R2 = 2D2a2. (424)

Using the mass conservation R; = —Rs; we obtain Dia; = —Dgag, therefore a; =
—(Dy/Dy)ay. Using this relation yields:

-3 Dz 3 Dl
Q= ———— SWl —_ SW s Qo == — ———— SWI — SW . 425
= i B (S = Sw)s = e (S = S (4.25)
Substituting (4.25) into (4.24) we obtain the mass exchange rate between both layers:
-3 DQDl 3 DQDI
Ri= 2 2P (g gy Ry—= o228 (g 5. 4.26
! d2D1+D2( :) ? d2D1+D2( 2) (4.26)

Thus the mass exchange coefficients in (4.13) can be estimated as
—3D2D1 3D2D1

T E D0 T @ (Dast D) (4.27)

For the parameter values from Table 1, —f,, = 0,, = 3.2 x 107* and S, = 0.4738.

Remark 4.3.1. Notice that the approach in (4.22) is valid for the dynamic situation;
in the steady case, we can use the stationary version of the equation, resulting in linear
saturation profiles in z direction. The latter approach gives similar results; however, the
former one provides better estimate for time the initial solution needs to assume a stable

traveling wave profile, as presented in Section 4.5.1.
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4.4 Traveling waves solution

In the context of the foam displacement in porous media, several experiments
point to profiles similar to traveling waves [98, 53, 59] motivating to search for analytical
solutions describing this phenomenon in the form of a traveling wave, see [8, 76] and
references therein. One can regard a traveling wave as a stationary solution of the ODE

resulting from specific variable substitution in the original system of PDEs [106].

Definition 4.4.1. A solution Sy, (z,t), np,(x,t), i = 1,2 of system (4.13) is a traveling
wave if there exists a speed v € R, a left state (S ,np., Sy, np,) € R?, a right state

+ +
(Swl Y nD17 S

Sonb,) € R* and functions §W\ and np,, such that

SWi(x7t):SWi(/)7)7 nDZ(:C,t):ﬁ]i(’r])’ sz—vt,

lim S, (n)=S5% and lim 7@p () = ng . (4.28)

n—=oo g

In this case, the limit states (S‘fl,nD g S@,ni) of the Riemann problem become
a— and w—limits of the corresponding dynamical system [42]. In what follows, we abuse
the notation and omit hats over the variables. Indicating the derivatives in n as primes,

the traveling wave solution of the system (4.13) satisfies (Section 4.6.4 provides a full

derivation):
Sty = Yia
nb = \Ifl/Fl,
S =Y,
, ? (4.29)
an = \IIQ/FQ,
Y{ = [~0e, (S, = Swo) + Z1 Y1 — w2223 /Dy,
)/2/: [082 (SWI _Sw2>+ZQY2 U2%];W2 %} /D2u
where W;, F;, D;, and Z; are functions of (Sy,,np,) given by
\Ili = (_1)i 051‘ (SW1 - SW2) np; + ¢i Sgicbiv (430)
F;‘ = Ui .fg — qb'l) ng‘ — DZ Y;, (431)
dP,
Dy = A fu oo 4.32
ng 7 dS ( )
O fw. oD; VU, OD;
Zi = ¢{U — Ui f L —Y; (433)

0S. '9S. F; onp’
Remark 4.4.1. In order to continue the analysis of System (4.29) one needs to verify that
it flux terms are well defined. Consider Sy, € (Sye, 1 — Sgr) and S% to be the intersection
point between the water fractional flow function in local equilibrium and the straight line
that passes through points (S, 0) and (1,1) (see [75] for details). It follows that D; # 0
and for np, > néf (S +1071), F; is not null. Thus, all flux functions in System System
(4.29) are well defined. All numerical examples shown in this article use S, = 0.372,

St =0.72, and K. = 200 (corresponding to region II of [76]) and satisfy these conditions.
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4.4.1 Equilibria states and the traveling wave velocity

In order to verify the necessary conditions for the existence of traveling wave
solutions of (4.13), we need to find the equilibria of the dynamical system (4.29). Equilibria
(or stationary solutions) are roots of the right side of the system (4.29), i.e., they satisfy:

Y, = 0, (4.34)
- Ofw, ¥,
—1)'0,. — 7:Y, — u; 1 /D; = 0. 4.
(—=1)"0s; (Sw, — Swy) + Zi Vi — s onp F, /D; 0 (4.36)

Notice that if (4.34) and (4.35) are valid, then (4.36) is satisfied if and only if Sy, = Sy,.
On the other hand, substituting (4.34)-(4.35) into (4.36) it follows that at equilibria points

the following restrictions are satisfied:

Swy = Swy, and  np, =nfP(Sy,), i={1,2}. (4.37)
To locate the equilibrium point water saturation, we substitute the traveling
coordinates in the water mass conservation law of the original PDE system (4.13) and

integrate the resulting equation in 7. After some manipulations (see [8, 76] for details) we

arrive at
_ Piv; (Sw, - Svt) — Ui (sz - VJ\Z)
" g, fu, dPe, /dSy, ’ (4.38)
Ui Ui v—; — Jw;
V= — Vg, = —

si or o
2 i 55, — Sy,
where v; would be the traveling wave velocity in the layer ¢ if there was no mass exchange

between layers. Notice that at equilibrium state S}, = 0 meaning
Fui(Swis by (Swi)) = Vs, Sy = fof, + 05,55, = 0. (4.39)

For each layer, the equation (4.39) can be regarded as the intersection between the
corresponding fractional flow function in local equilibrium and the straight line that passes
through points (Sy, , fy,) and (SF, fi) with slope vy, = v, (S, S§.). Thus, for each layer
there can exist two or three as in one-layer model, see [76]. In particular (Sy ,np.) € R*
and (S, nf;)) € R* are equilibria of (4.29).

One of the key parts of this work is the traveling wave velocity given below.
Proposition 4.4.1. Assuming that the system (4.13) possesses a traveling wave solution
in the sense of Definition 4.4.1, traveling wave velocity v is:

v = w? al - ¢1(SZ)—1 - S;1)0527 a’2 - ¢2(SQ—1"}_2 - S’u_12)0317 (440)

ai + as

where vy and vy are given in (4.38).
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Proof. By hypothesis there exists a traveling wave solution of (4.37) with asymptotic
boundary conditions (4.28). Substituting the traveling coordinates (n = = — vt) into the
first and the third equations in (4.13) we obtain

dSw, | duy,
_v(bl 5 ! _'_ Z = _981 (Swl - SW2)7

p SZQ duZQ (4.41)
—U¢2 dn + dTl = 952 (SW1 - SWZ)'

Equating the source terms in (4.41), integrating the resultant relation in £ from —oo to

00, and substituting the boundary conditions (4.28) we obtain

Os, (U1fvj1 - U¢1S\jv_1> + 0, (UZf;,; - UQSZS;V_Z) -

(4.42)
0s, (urfa, —v0185, ) + 0s, (uafs, — v2Sy,)
Isolating v we conclude that:
o — Wl = fu)0s +ua(fy, = £,)0s _ arvr + agvy (4.43)
¢1<S\:\il_1 - Svgl)QSQ + ¢2(S\;V‘_2 - S‘;Q)esl a1 + a2 ’ .
where vy, vy are defined in (4.38) and ay, ay are in (4.40). O

For the parameter values from Table 1, v = 1.84 x 10~°[m/s], which is weighted
average of the velocities of v; = 2.46 x 107°[m/s] and vy = 1.23 x 10~°[m/s], which would
be the traveling wave velocities if the layers where isolated. Notice that u; in Table 1 is the
superficial velocity, that is why the traveling wave velocity, connected to Darcy velocity is

larger.

4.4.2 Necessary conditions for the existence of the traveling wave connection

Due to the high dimension of ODE system (4.29), we were not able to have a
rigorous proof of the traveling wave existence connecting equilibria in (4.28). Such proof
in the six-dimensional phase space is beyond the scope of the paper. However, we can use

some tools from dynamical system analysis to verify the necessary conditions.

The existence of the traveling wave connection in the sense of Definition 4.4.1 is
equivalent to the existence of the intersection between unstable manifold Wy (U™) of U™
and stable manifold Wg(U™) of U™, see [42] where, U™ = (Sg,,7p,, Sy "Dy Y1 5 Y2 ),

and Ut = (S} nf; , ST

o T, Y1, Y5"). In the neighborhood of equilibria, the dimension of

these manifolds can be estimated by using the Jacobian matrix of the flux in ODE (4.29).
In the hyperbolic case (i.e., when all the eigenvalues of the Jacobian possess non-null real
part), the Stable Manifold Theorem yields that the dimensions of Wy (U~) and We(U™)

coincide with the number of eigenvalues with positive and negative real parts respectively.

From an applications point of view, we expect the traveling wave connection to

exist for at least some range of parameter values; thus, it would be desirable that the sum



of the dimensions of Wy (U~) and Wg(U™) to be larger than the dimension of the phase
space (in this case, six). In all examples presented in this paper, we verified numerically

that all equilibria are hyperbolic and that the dimension condition is satisfied.

4.5 Numerical results

This section shows the relation between the two-dimensional model solutions,

one-dimensional model solutions, and traveling wave estimates.

4.5.1 Two-dimensional simulations (FOSSIL)

We use FOSSIL (see Section 4.6.1 for more details) to solve System (4.1)-(4.4)
numerically in the two-layer domain Q2 (see Fig. 3) with initial conditions approaching
the step function (4.16). We use no-flow boundary conditions at z = —d and z = d. At
the inlet (z = 0), we define constant velocities u = u; for each layer and fixed saturation
Sw = S, . On the output boundary (z = L), we consider 05,,/0x = 0.

Figures 5-6 show profiles for water saturation and foam texture at times 3000s,
4000s and 5000s. As one can see, these simulations suggest a traveling wave profile moving
at the same velocity within both layers. The shape of this profile resembles a parabola

and inspired the hypothesis used in Section 4.3.1.

Figure 7 presents an internal structure of the saturation front profile obtained
through a post-processing of the wavefront at 5000s see Fig. 5. Considering only those
x corresponding to the front, for each position z, we plot the average of the numerical
values of Sy (z, z,t) for x € [0.373,0.719], and ¢t = 5000s. Using this technique, we can
use a linear interpolation over the nodes of the curve to find the water saturation at the
boundary between both layers: Sy, = 0.4732. Notice that this value is in good agreement
(less than 0.06%) with the one estimated theoretically in Section 4.3.1.

3.7e01 0.5 0.6 7.2e01

- D

Figure 5 — Stable traveling water saturation profile obtained through two-dimensional numerical
simulations at 3000s (upper plot), 4000s (middle plot) and at 5000s (lower plot).
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Figure 6 — Stable traveling foam texture profile obtained through two-dimensional numerical
simulations at 3000s (upper plot), 4000s (middle plot) and at 5000s (lower plot).
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Figure 7 — Average cross-section water saturation profile inside the wave front obtained numeri-
cally for t = 5000s.

4.5.2 Front velocities for 2D model

Using the average front positions in each layer (see Section 4.6.3 for details) we
estimate the wave front velocity in each layer i € {1,2} at each time step k € {1,...,nr}

using finite differences:

Tk — Tik—1
At '

Figure 8 compares the moving average of the velocity arrays v; using samples of 45 values

(0.9% of ny = 5000) with the theoretical velocity (4.40). As expected, wavefronts velocities

in both layers tend to the same constant value, indicating the traveling wave’s existence

(4.44)

Uik =

common to both layers. Figure 9 shows the Standard Deviation (SD) of the moving

average of the velocity in each layer:

i (mah) —o@) v@):(l/n)iimm). (4.45)

SD(v(i)) = J

n—1
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As the velocity presents significant oscillations, in order to conclude that the numerically
obtained velocity is approaching the theoretical estimate, we need SD to be significantly
smaller than the velocity itself. Notice that SD(v;) and SD(vq) are in the same order of
magnitude as |v;| at the beginning of the simulations and decrease at least one order of

magnitude along with the simulation, indicating the convergence of the foam front velocity.

5
3 x10 ‘ ‘ 3 ><10-5

= Simulated v; ]
== Theorical v

= Simulated vy |
== Theorical v

1 I . . .
0 2000 4000 6000 0 2000 4000 6000
ts] t[s]

Figure 8 — Moving average of the velocities vy (left) and vo (right) of the two-dimensional model
compared to the analytically estimated v from (4.40).

[—SD(w1)
—SD('UQ)

0 1000 2000 3000 4000
t[s]

Figure 9 — The Standard Deviation SD(v;) and SD(v2) of the moving average of velocities v;
and v9 in two-dimensional simulation.

4.5.3 Front velocities for 1D model

In order to verify the existence of the traveling wave profile for the one-dimensional
model (4.13) we simulate it directly using RCD (see 4.6.2 for details). In this case, we use
finite differences as in (4.44), see the dashed line in Fig. 3. Figure 10 shows the regularized
velocities v; and v, respectively using the moving average performing clustering of 250

data compared to the theoretical velocity obtained with the formula (4.40).

Figure 11 shows the standard deviation (SD) of the front velocity in each layer,

which decreases in time. Significant values of SD(v;) and SD(vy) compared to |v;| at the
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18l 7 , 1.4
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Figure 10 — Moving average of the velocities vy (left) and v (right) of the one-dimensional model
compared to the analytically estimated v from (4.40).

beginning of the simulations indicate that regularization is important to obtain high-quality

measurements.

107

10—10 . .
0 2000 4000
t[s]

Figure 11 — The standard deviation SD(v;) and SD(wv2) of the average velocities v; and v from
one-dimensional simulations.

4.5.4 Characteristic time for the traveling front stabilization

Starting with any initial conditions, it is natural to expect that the traveling
wavefront takes some time to stabilize both in laboratory experiments and in computational
simulations. Different phenomena influence this time; let us assume the main contribution
is due to the mass exchange between layers. Assuming it is linear as in (4.13), the mass
equilibrium between layers obeys exponential law with characteristic time given by the
inverse of the exponent [45]. Notice that for the parameter values from Table 1, this time is
1/6 ~ 3367s, which is the same order of magnitude that the two-dimensional (/& 2500s, see
Fig. 9) and one-dimensional (= 3500s, see Fig. 11) simulations take to stabilize. Although
this analysis does not apply directly to laboratory experiments, they give a rough estimate
on which scale one can expect to observe the formation of stable traveling front in multiple
layer reservoirs. For the parameter values from Table 1, the distance needed for the front

formation is (tepqru =~ 0.0049m), which is plausible for the laboratory experiment scale.
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4.5.5 Comparing front profiles

Another way to visualize and compare the front propagation in both one- and
two-dimensional models are shown in Figs. 12-13, where we plot the solution profiles
in layers 1 and 2, respectively. The plotted profile for the two-dimensional simulation
corresponds to d = +£2.5mm section at each layer. Because of that, there can not be an
exact match between both simulations. As one can see, both profiles displace at the same

traveling wave velocity, as estimated by the analysis presented in Section 4.4.

1/=5w, of ID-model [ ’ ’
—np, of 1D-model

0.9 —Sw of 2D-model
"7 | |=np of 2D-model

0.8

0.7 t =4000s  _

0.6

0.5

0.4+ t = 4000s

03 1 1 1 1
0.05 0.06 0.07 0.08 0.09 0.1

x(m)

Figure 12 — Water saturation S,, and foam texture np profiles in the first layer, in the one-

dimensional and two-dimensional models, at cross section z = —2.5mm. The dashed
curves represent the behavior at time ¢ = 4000s and the continuous curves for
t = 5000s.

4.6 Computational simulators and procedures

4.6.1 FOSSIL

Two-dimensional numerical simulations presented in Section 4.5.1 were obtained
using Foam Displacement Simulator (FOSSIL), the in-house foam simulator developed in
the Laboratory of Applied Mathematics at Federal University of Juiz de Fora (LAMAP-
UFJF), whose primary goal is to be a highly extensible, reliable, and flexible software
that every researcher in the laboratory could use. The main focus of the software is
the simulation of multi-phase flow with foam in porous media using advanced numerical
methods. The code can run simulations for problems with high heterogeneity, compressible

flows, and gravitational effects.

FOSSIL’s numerical methodology is based on a staggered formulation. The method
splits (4.1)-(4.4) into two coupled systems: one has elliptic, and the other has a hyperbolic

nature. Darcy’s law directs the elliptic subsystem, where the main unknown is the
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Figure 13 — Water saturation Sy and foam texture np profiles in the second layer, in the one-
dimensional and two-dimensional models, at cross section z = 2.5mm. The dashed
curves represent the behavior at time ¢ = 4000s and the continuous curves for
t = 5000s.

superficial velocity u, and the remaining equations constitute the hyperbolic (or transport)
subsystem. Due to this staggered methodology, one may apply two different numerical
methods. A mixed hybrid finite element method [92] solves the elliptic problem, and
a high-order non-oscillatory finite volume method [62] solves the transport problem. A
detailed description of the solution methodology is detailed in [29]. From the computational
point of view, FOSSIL is being developed on top of two open-source libraries, SUNDIALS
[47] and deal Il [6].

FOSSIL uses a uniform partition of rectangles in €2 of sizes Az and Az, and measure
approximations in time at each t; := kAt, for each k € {0,1,...,nr}. At the end of the

N
k k
_, and {nD}kzo’ where Sy ;. and

N
simulation, we can extract two sets of matrices {va}k
nBij, 1 <1< n,and 1< j < n,, approximate the average of Sy, and np in the rectangle
Kij:=[(j — 1Az, jAz] x [(i — 1)Az,iAz] at a fixed time t;. We choose an even n, to

have no element crossing the two layers, see Fig. 14.

4.6.2 Reaction Convection Diffusion Equations Solver

One-dimensional simulations are performed using Reaction Convection Diffusion
Equations Solver (RCD). It is a C++ structured package of routines that provides a means
to solve Nonlinear Balance Equation Systems numerically via finite difference methods,
see [67] for details.

In order to solve the system (4.13) it was rewritten as in the following form.

ou

0 0 0 <B(U)> + R(U), (4.46)

—GU) + %F(U) =

ot ox
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Figure 14 — Numerical domain for the two-dimensional simulation using FOSSIL.

0.1 _ xlfront
0.08 | — gfront
0.06¢
0.04}
0.02}
0 . . . . .
0 1000 2000 3000 4000 5000
t[s]
Figure 15 — Example of front tracking vectors o™ and xfront,
where U (z,t) = (Sy, ,nD, ; Sw, , MD,) and
$15w, u1 f,
1- 8, 1— f.,
G(U) — ¢1nD1( 1) ’ F(U) — U]_( f l)nDl , (447)
¢2SW2 u2fW2
¢2nD2(1 - SWz) u2(1 - sz)nD2
g, fon S5t + €5, O 0 0
N g, far S5 € 0
B(U) _ Dy glf 1 dSwy Dy ap, ’ (448)
0 0 _)‘ggfw2ﬁ + €SW2
dP.
I 0 0 N, Ag, fws ﬁ €np, |
_'981 (SWI - SWz)
1—Sy,)®
052 (SW1 - Wz)
¢2(1 - SW2)¢2

The following parameters introduced small artificial diffusion improving the convergence

without changing the main results: e, =0, €s,, =0, €5, = 1074, and €np, = 107,

w2
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4.6.3 Post-processing the numerical solution

In order to compare one-dimensional solution profiles with two-dimensional numeri-
cal simulation, we need to track the front position in the latter. This is done by calculating
the average of the front position at each horizontal strip i, see Algorithm 1. Figure 15

shows the resulting front position inside both layers for parameter values from Table 1.

Algorithm 1 Tracking the wave front

Require: S, S, nyr>0,n, >0

Ensure: zint and piont

Choose a S* €[S, S¥]

for k€ {0,....,nr}and i € {1,...,n.} do
if S* < S,F then

xfrontl . Az S*-Sy
stripi *— 2 Swi?l_s\;
else if Swf% < §* then
front .__ _ MM
Tsip i 7= NaAT — 5 ST Sk
else
. k * k
find j € {1,...,n, — 1} such that Sy;; < 5" < Syi;
front ._ (. 1 A A S*_Swfj
‘Tstripi T (j - 5) T+ l’m
end if
front front
i = mean Ty, g
1.k i=1..m2/2 strip ¢
front front
X = mean [
2,k i=(ns/2)+1..m strip ¢
end for

4.6.4 Derivation of the ODE system

In this section we derive the system of ordinary differential equations (4.29). First,
we substitute (4.15) into (4.13) denoting D; = Ay, fy,d P, /dSy, for i = 1,2, and n = x — vt,
yielding:

@ A d ( dS,,

) - T Dz _s-_li w1 WQ;
dn dn dn dn) ol =1 (B = )

d ( Sy np, d( fe.np,
— v ( 2;7711)[) + u; (f(giZ:Dl) = dci] (nDiDi ds;‘;z> + PS5 0.

In what follows, we denote Y; = dSy, /dn and S = S, — Sy,. Thus, the first equation in

(4.50)

(4.50) can be rewritten as:

dy; Ofw, Ofw, dnp, dD; .
Di— = oY —uin Y —ui— - — Y+ (—1)'0,,5. 4.51
dn biv B 0Sy, B Onp, dn dn (=165 (4:51)
The second equation in (4.50) can be rewritten as:
dY; wi D;
Dinp, = |¢ivYinp, — u;np, Ofwi _ nD-L Y
i d77 i ZOSW- % d,r]
8 e, 1 dnp, (4.52)
+ [—gbingi — U;Np; anDlZ + uifgi — DZY;] dnl + @1Sgl¢z
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Multiplying (4.51) by np, and substituting the result into (4.52) yields

dnp, (_1>iesinDiS + @Sglgbz

= ) 4.53
dy ~ —gwSy + uify — DY, (4.5
Substituting (4.53) into (4.51) and using the notation
results in
dY; 0fw, Ofw, ¥ dD; ;
DS = g — wr Dy — w2 — - Ty (1), S, 4.55
= s~y — w1y, (455)
Applying the chain rule to dD;/dn, we have that:
dD; oD; 0D; dnp,
——Y, =Y = LY. 4.56
dn 0Sy, ' Onp, dn (4:56)

Replacing the result into (4.55), yields

dY Ofw,  dD; dD; ¥ Ofw, ¥ .
L - iV - (2 [ te T W - — -1 293'57 .
dn v —u 0Sy,  dSy, dn F, u onp, F + (=1)'0s, (4.57)

Ofw.  OD; oD, U,

Denoting Z; = ¢;v — u; DS, — 25, L — B, E, we obtain:

The system (4.29) is composed of equations (4.53), (4.58) and Y; = d,, Sy, .

4.7 Quadratic profile

This section motivates the assumption of the quadratic shape of the water saturation
profile, which is essential for the analysis presented in Section 4.3.1. We rewrite the over-

simplifying water saturation equation (4.18) as

0 0 0
2 (05.) = <a5> | (4.59)

where we approximated capillary terms by the constant € as in [75]. We assume that the
water saturation profile inside the traveling wave is a linear interpolation of the equilibria.
This assumption agrees with the numerical simulation results plotted in Figs. 12-13, where
the water saturation presents a sharp traveling wave profile connecting two equilibria. As
the traveling wave possesses a constant velocity, it means that inside the traveling wave,
the time derivative of saturation for each fixed x is constant 0;(Sy) = ¢. Substituting this
approximation into (4.59) and integrating twice in z, we obtain that the water saturation

can be approached as a quadratic polynomial as in (4.22).
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4.8 Partial conclusions

Under some simple hypotheses, we showed that the foam displacement in two
parallel layers with different permeabilities form a single traveling wavefront with velocity
of when weighted average of the velocities as if both layers were isolated. These findings

favor using foams as controlling agents of gas mobility in a multiple-layer porous media.

The simplified one-dimensional model was derived from the two-dimensional linear
kinetic foam flow model at the cost of doubling the number of equations. The key part
consisted of estimating the mass exchange coefficient between layers, using the hypothesis

of parabolic front shape inspired by numerical simulations.

We verified a necessary condition for the existence of the traveling wave solution
of the simplified model. We simulated this model using the Finite Difference Scheme,
validating our approach. The theoretical estimates showed excellent agreement compared
to numerical results obtained using the in-house code based on the staggered algorithm
combining Finite Element Method and Finite Volume Method in two parallel layer

configuration.

Finally, we tackled the possibility of using the proposed formula for the mass
exchange between layers to estimate the time the traveling wavefront needs to stabilize,

verifying its validity with numerical simulations for both one- and two-dimensional models.
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5 WAVEFRONT VELOCITY FOR FOAM FLOW IN THREE-LAYER
POROUS MEDIA

This chapter is a reprint of work published in CILAMCE-2022, Proceedings of
the XLIII Ibero-Latin-American Congress on Computational Methods in Engineering,
ABMEC [102].

In this chapter, we use a simplified bubble population balance model to describe
foam displacement in porous media as this model is supported on various experimental
studies [84, 118]. We approach the fractured structure of the porous medium in a three-
layer configuration, where the middle layer possesses a small width and high permeability.
Numerical investigation using Foam Displacement Simulator (FOSSIL) points out the
existence of a stable traveling wave water saturation profile evidencing the applicability of

the foam injection to control gas mobility in fractured reservoirs.

5.1 Introduction

There is a growing interest in studying the foam displacement in porous media,
from an environmental (soil remediation) as shown in [11], or industrial (oil recovery)
point of view as in [46]. Several models describe the behavior of foam in porous media
8], [59], [56]. Within these models are local equilibrium models and population balance
models see [46]. We are interested in the latter, where the foam texture is modeled using
the mass balance equation. These models are more realistic as they consider physical

aspects of foam creation and destruction.

There are some studies of multiphase flow in porous media by layers; see [69],
[44],194], [19] and [61]. Some of them, i.e., [44] use Laplace transform to estimate the
analytical solutions; others [61] consider fractures between the layers and study the
multiphase flow when the fracture thickness tends to zero. In the case of foam displacement,
one can find articles, such as [11], where artificial media with different permeabilities
but the same porosity in each layer are studied for soil remediation. The behavior of
multiphase flow with the presence of foam is explored in [73] in the context of microfluidics.
In [95], the velocities and saturations of water in two-layer porous media with different

permeabilities, but equal porosity, are analyzed from the computational point of view.

Using the linear kinetic model [8] in the previous work [104], the problem of foam
flow in two-layer media is investigated using traveling waves; the velocity of this wave
was found. This work proposes an extension of this study to the three-layer case using
the bubble balance population foam model from [116] with simplifying hypothesis of
Newtonian flow as in [111]. We use 2D simulations to show the existence of the traveling

wave solution profile.

This chapter is structured as follows. Section 5.2 presents the simplified version of
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the bubble population model, see [116]. In section 5.3, we describe Foam Displacement
Simulator (FOSSIL) (see [29]), and the main numerical results. In section 4.8, we summarize

the conclusions, highlighting the importance of the study of foam flow in porous media.

5.2 Model

Based on [29], and [104], we consider the following system of partial differential

equations, which describes the two-dimensional foam displacement in porous media

Q . pummy
{ Pgpow TV Uy 0, (5.1)

Qs%(nDSg) + V- (ugnp) = ¢S5,P,

where ¢ is the porosity, S, is the water saturation, u, is the water velocity, np is the
foam texture, Sy is the gas saturation, u, is the gas velocity, and ® represents the foam
generation and coalescence. The first equation in (5.1) is a conservation law, while the
second equation in (5.1) is a population balance equation considering u = uy, + u, as
Darcy’s velocity

Uy = —AwV Py, (5.2)

where ), is the mobility of water phase and P, is the pressure in the water phase. The
two-dimensional domain for eq. (5.1) is the rectangle Q := (0, L) x (—d, d3) (see Fig.3),
where L is the maximum length in the axis x and the height z is in (—d, d3). We solve the
problem in three layers of different permeability: the first z € (—d, d;) with permeability
k = ky and porosity ¢, the second with z € (dy, dy) permeability k = ks, porosity ¢; and
the third with z € (dy, d3) k = ks, porosity ¢.

2
ds Q
k3
: g
! L
k1
—d

Figure 16 — Schematic representation of a three-layered porous medium as a domain 2 :=
(0, L) x (—d,ds); where, k; is the permeabilities of the layer i, respectively.

We use the stochastic population model given in [116] with the simplification

proposed in [111] to define the foam generation source term as:
¢ = (K. + Ky)(n5” — np), (5.3)

which depends on foam texture in local equilibrium n{;*(Sy,) given by:

LE Kg

¢ g
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where K, and K. are the coalescence coefficients given in [115]. Considering the fractional
flow function theory from [8], [90], [117], and [111],

Frw Ay A

Ay = k-2 )\_krg = — e
T / Aw + A s Aw + A’

(5.5)

where A is a modified pore-size distribution parameter, \,, and A, are the mobilities of
water and gas phases; (i, and i, are the viscosity parameters for water and gas phases, fi,
and f, are fractional flows for water and gas phases. As the system is entirely saturated

we consider that Sy, 4+ S, = 1 and fy, + f; = 1. The relatives permeabilities are:

07 0 S SW.L S SWC?
Few (Si) = Sy = Sue (5.6)
0.75 [ — Spe < Sy <1
<1_ch_5gr> 7 T
(3A+2)/A
1—-8y— 5,
0.94 Wgr) , 0SS, <1 — 8,
k?g(s ) = (1 - ch - Sgr & (57)
0, 1— 8, < Sy, <1.
Frg(Sw)
Keg (S, TR :
Here the gas mobility reduction factor is a linear function of foam texture:
MRF(np) = Brmaxnp + 1, (5.9)
where
o
f=—"""—— (5.10)
(Ug/¢sg))d Ng

is approximated as a constant following the procedure proposed in [111] considering Sy = 1.

The capillary-pressure P, is a function depending on Sy, and on the gas-water

surface tension o, on the porosity of medium ¢ and permeability £ is defined as:

Sw - ch ) —1/A

P.=peo-7- (05—5 (5.11)

considering p.o = 2 (04,/7) cost as the entry capillarity pressure, 7 is the proportionality
coefficient, o, is the surface tension between water and gas, 6 is the contact angle, and r
is the effective pore radius. All the parameters mentioned so here, can be seen in Table 2

The values of np, and nf) are calculated using Equation (5.4).

5.3 Numerical Results

In this section, we show the results obtained for a 2D model using Foam Displace-
ment Simulator (FOSSIL), whose detailed description can be found in [29]. To solve the
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Table 2 — Parameter values for the problem of three layers.

Symbol | Value Parameter

Swe 0.1 [-] connate water saturation

Ser 0.0 [-] residual gas saturation

Lo 1073 [Pa s] water viscosity

1y 2-107° [Pa s] gas viscosity in absence of foam

k1 1-10712 [m?] permeability of medium in layer 1

ko 1-1071 [m?] permeability of medium in layer 2

ks 1-10712 [m?] permeability of medium in layer 3

Nimax 2.5-10" [m™3] maximum foam texture

u 2.31-107° [ms™!] aweighted average total velocity

K¢ 0 [s7] bubble coalescence coefficient

K, 0.1 [s7] bubble generation coefficient

A 5[] pore-size distribution parameter

o) 0.21 [-] porosity

Sy 0.99[-] inicial water saturation for the layer i, i =1,2,3
Sy, 0.63[-] injected water saturation for the layer i, i = 1,2, 3
np, 1[] injected foam texture for the layer i, i =1,2,3
np. 1[] initial foam texture for the layer i, ¢ = 1,2,3
Tgw 301073 [N/m)] gas-water interfacial tension

o 5.8 10710 [Pa s*3m!%3] | viscosity proportionality constant

r 5-107%m] mean pore radius

D 0.02 [m] constant to define the thickness of the layers

problem composed of the first equation in (5.1) and eq.(6.2), FOSSIL uses the conservative
mixed finite element method proposed in [63]. To solve the second equation of (5.1) (which
corresponds to the foam transport problem), FOSSIL uses the conservative method KNP

introduced in [62], which is an extension of the finite volume method presented in [64].

To obtain the solutions of the problem (5.1) we use 2D simulations with the
following conditions in the domain ) (depicted in Fig. 17): At x = 0, we consider a
constant velocity for all z, and the water saturation Sy, equal to the injection condition
Sw = 95,. At x = L, we consider the Neumann type boundary condition 0,5y, = 0. The
permeability of the medium £ is a matrix of dimension m x n,, where m is the number
of cells on the horizontal axis, and n, is the same on the vertical axis (we consider n,
multiple of 21). Tt is defined as:

ki, if j7€[1,(3/T)n,]NZ,
kij = ko, if 7 €[(10/21)n,, (11/21)n,| N Z, (5.12)
ks, if j€[(4/T)n.,n,]NZ.
A graphical representation of how permeability is defined over the entire domain is shown
in Fig. 17, where Az represents the cell width in z direction, Az is the cell width in x
direction. For this experiment, |dy — ds| = |—d — di| = D and |ds — dy| = (1/10)D, where
D is given in Table 4.
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Figure 17 — Numerical domain for the three-layer problem.

Figure 18 shows the behavior of the water saturation in the whole domain at
three different times. Simulation results in Fig. 18 indicate the presence of the stable
traveling wave saturation profile. This behavior is similar to one described in [111] for the

one-dimensional case.

6.3e01 0.7 0.75 0.8 085 09 0.95 9.9e-01

—_— L e —

Figure 18 — Stable traveling water saturation profile obtained through two-dimensional numerical
simulations at 2500 s (upper plot), 3750 s (middle plot) and 5000 s (lower plot).

To calculate the position of the water saturation wavefront, shown in Fig. 19, we
modify the Algorithm 1 proposed in Section 4.6.3 given below. The position z/™™ with

1 =1,2,3 is calculated using:

front front
T =  mean Ty . 5.13
! i=1.(9/21)n," SRV (5.13)

t

ot = mean Tho (5.14)

i=(10/21)n-+(11/21)n.
front __ front

r3 U = mean Tl (5.15)

i=(12/21)n-n,
Using equations (5.13)-(5.15) and finite differences, we calculate the wave velocity in each
layer 7 in a similar way as it is done in [104]:
front front
Tig  — Tig—1
i = . 5.16

Figures 19 and 20b show that the wave in the middle layer moves faster than in the other
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front

Figure 19 — Position on the horizontal axis of the water saturation front x; in each of the

i-layers.

two layers for times shorter than 2000 s. After this time, the saturation fronts move at
the same velocity. Figure 21 presents saturation profiles obtained numerically at different
times starting with ¢ = 2500 s. In this figure, we also show the displaced initial profile
comparing Sy, + vAt with Sy (t + At), where v is the stable velocity in different layers.
We estimate the velocity v using the moving average with groups of 300 points obtained
with a numerical approximation of the traveling wave velocity. The final value of v is the
arithmetic average of the regularized velocities from ¢t = 3000 s until ¢ = 10.000s. As
one can observe, after the stabilization time (see Fig. 20b and 20a), the water saturation

profiles move with constant velocity v without changing the wave shape.

The proximity of the curves Sy, +vAt with Sy (¢ + At) in Fig. 21, can be quantified
using the L? distance, see results in Table 3. As we can observe, the distance between
the profiles does not increase over time, corroborating the existence of a traveling wave

solution connecting S to Si.

5
7 X 10 1074
6.8" T e e » \
=
6.6 r/ e
10° 1
[ —U1
6.4 —Y —TeN
6.2 2 —S5D(vs)
U3 SD(v3)
-8
0 2000 4000 6000 10 0 1000 2000 3000 4000 5000
t[s] t[s]
(a) Velocities for each layer (b) Standard deviation of speeds

Figure 20 — Velocities v; in the layer i; and standard deviation of each velocity SD(v;) in the
layer ¢. Simulated using the moving average for groups of 240 data in the 2D-model.
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al : : _SW(to) + 3’1}At
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(c) Layer 3

Figure 21 — Comparison of the profiles using the calculated velocity v = 6.8¢ x 107°m/s. The
dotted curves are generated by FOSSIL at times g = 2500s, t; = 3000s, to = 3500s,
t3 = 4000s, and t4 = 4500s. Sy, is the profile generated by FOSSIL at time 2500s.
(a) In layer 1, (b) layer 2 and (c) layer 3. The distance between Sy, + vAt and Sy (t)

are shown in Table 3.

Table 3 — Distance between Sy (2500) + vAt and Sy (2500 + At) in the layer .

At

Layer 1 Layer 2 Layer 3

200s

1000s
1500
2000s

8.3¢e-3 3e-3
2.02e-3  4.8e-3
1.6e-3 1.3e-3

2e-3 2.3e-3

8.3e-3
2.08e-3
1.7e-3
2.02e-3

5.4 Partial conclusions

In this work, we investigated the foam displacement in three-layer stratified porous
media using the bubble population model. Using the in-house numerical simulator in the
two-dimensional configuration, we conclude that the water saturation profile behaves as a
stable traveling wave solution. As a highly permeable middle layer can approach fracture,

our results indicate that the foam displacement in the porous media containing fractures

presents a behavior similar to that observed in the homogeneous case.
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6 THE TRAVELING FOAM WAVEFRONT IN FRACTURED POROUS
MEDIUM

This chapter is a reprint of a paper submitted in 2023 [103].

We investigate the foam injection in a fractured porous medium modeled as a thin
layer surrounded by the other two. We show the formation of the single foam front using
the traveling wave solution, which is characterized geometrically as a wave that moves

with a constant velocity, maintaining its profile over time.

To allow this analysis, we derive a formula describing the foam front velocity in
n-layered porous medium extending previously known results for two layers. All the
theoretical analysis was validated through the computation simulations of the realistic

model using parameter data from laboratory experiments.

6.1 Introduction

Fluid flow in porous media is a growing subject in several scientific fields involving
different areas of human knowledge. For example, in environmental engineering, it is crucial
for COy capture and storage in both oil reservoirs and aquifers [80, 79, 97]. Other examples
are related to soil remediation from subsurface contamination caused by non-aqueous liquid
phases [52, 25, 46, 11, 21]. It also plays a key role in enhanced oil recovery techniques
(39, 23, 97, 54, 41, 2]. One of the main challenges in this field is related to fingering
formation, resulting in flow instabilities and limiting sweep efficiency, especially when
dealing with gas injection. The impact of fingering is increased in the presence of fractures
- a highly permeable network constituting the dominant pathway for flow in a porous
medium [61, 1]. A fracture can be regarded as a part of void space in a porous medium
domain with one of its dimensions being much smaller than the other two [9]. Addressing
a fractured medium analytically and numerically proves to be challenging due to the
domain’s complex geometric shape and the fractures’ relatively small thickness. Because
of their thickness (or aperture), fractures are usually represented as lower dimensional
objects [72]. A similar approach can be found in [38]. In [61], the authors proposed a
local approach to modeling a fractured medium as a layered domain, where the fracture is

treated as a layer with a smaller thickness and higher permeability than the other layers.

Over the past years, multilayered porous media were modeled in several ways
(69, 44, 94, 19, 18, 61]. In [44], the authors use Laplace’s transform to solve the two-phase
flow in two layers. In [61], the authors utilize the ratio between porosities and absolute
permeabilities of each layer to ascertain the flow behavior in the fracture, studying the
water production rate considering when the fracture thickness tends to zero. Several works
address the cross-flow between layers [65, 31]. In the present paper, we follow a similar

approach as [61] and model the fracture as a thin porous medium layer surrounded by less
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permeable layers.

One technique to control the sweep efficiency issue due to excessive gas mobility is
foam injection. For example, Foam Assisted Water Alternated Gas (FAWAG) presented
excellent results in Enhanced Oil Recovery [37]. This technique involves adding a surfactant
solution during gas injection, which can mitigate the impact of fractures, enhance reservoir
performance, improve sweep efficiency, and optimize flow dynamics in naturally fractured
reservoirs [72]. In the context of multi-layered porous media, foam flow was widely studied.
In [11, 83], the authors investigate foam displacement in the porous medium with two
layers with different permeabilities and the same porosity aiming at soil remediation. In
[73], the authors study the multi-phase foam flow using the microfluidics experimental
setup. In [59, 95], the authors presented a computational analysis of the foam flow in
a porous medium with two layers with different permeabilities. In [104], the authors
investigate the foam flow in a two-layer medium by analytically solving the model using
traveling waves. In the present work, we use the same framework to investigate the foam

flow in a fractured porous medium.

Foam is an agglomeration of gas bubbles separated by a liquid film called a lamella
[14]. Following [116, 8, 59, 111, 76], it can be modeled as a tracer in a gas phase described
by the partial differential equation with the source term representing the foam creation
and destruction [46]. In the present paper, we follow [111] and model a Newtonian foam
flow based on the model proposed in [116]. Following [8, 111, 76, 26, 112] we investigate
the traveling wave solutions for the foam flow in a fractured porous medium, showing the
existence of a single traveling wave front in all layers. For this analysis, we extended the
results from [104] from two to n layers. We presented an analytically estimated foam front
velocity, which was validated by computational simulations using the two-dimensional
realistic model. These simulations were carried out using FOam diSplacement SImuLator
(FOSSIL) [29, 30].

The chapter is organized as follows. Section 5.2 presents the two-dimensional
foam displacement model. In Section 6.3, we adapt the original model to one dimension
considering n layers with different permeabilities and porosities. Section 6.4 applies the
presented results to the fractured porous medium. In Section 6.5, we estimate the mass
exchange coefficients between layers for the symmetric case and validate them numerically.
Section 6.6 extends these results to the non-symmetric scenario. Finally, the conclusions

of this work are presented in Section 6.7.

6.2 Model

In this chapter, we considers the two-phase flow of incompressible fluids, isotropic
medium, and Newtonian foam as in [8, 29, 34]. The foam displacement in two dimensions

is described by the water mass conservation law, the foam population balance equation,
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Darcy’s law, and the incompressibility condition:
P28 +V u, = 0,
2 (npSg) + V- (ugnp) = ¢S,P,
u = —kAVP;
V-u = 0,

(6.1)

with variables Sy (z, 2,t) [-] and Sg(z, 2,t) [-] representing the water/gas saturations, and
np(x, z,t) -] is the dimensionless foam texture (number of bubbles per volume). Here ¢ [/
is the porosity, u,, [m/s] is the water velocity, u, [m/s] is the gas velocity, u = uy + U,
[m/s] is the total velocity, k [m?] is the absolute permeability, A [m?(Pa- s)~!] is the total
mobility, P [Pa] is the total pressure (considered as the sum of all pressures [27]), and @ is

foam generation source term.

The system is saturated, i.e., Sy, + S = 1. The water phase velocity is given by
Uy = Ufy + Agfw VI, (6.2)

where fy, [-] is the water fractional flow function, A\, [m?(Pa-s)~'] is the gas phase mobility,
and P, [Pa] is the water phase pressure. Functions fy, Ay, and P. are defined below.
The two-dimensional domain for (6.1) is the rectangle Q = [0, L] x [0, D], where D =
dy +dy + - +d,, is the total domain thickness, d; € R represents the thickness of the
layer ¢, and the length of the x—axis is L, see Fig. 22. The foam generation source term @
is defined following [116] as

® = (K. + K,)(njy® —np), (6.3)

where the foam texture in local equilibrium is

K
' (Sv) = T (6.4)
c g

K, and K, are the foam generation and coalescence coefficients.

To complete the model (6.1) we use the standard fractional flow theory [9, 27, 66]
and define the relative mobilities of water and gas (A, and A\g, A = Ay + A¢) and fractional

flow functions of water and gas (fy, and f,) as

k k A A
Ay = k-0 N, = kB f =V =—°_
Y g 7f 7fg )\W+)\g

— 6.5
fw Ig Aw + Ag (6:5)

where p,, and p, [Pa-s] are the viscosity parameters for water and gas phases. The water

and gas relative permeabilities (kw, and kJ,) are defined as in [98]:

07 0 S SWZ S SWC?

krW(SW) = 0.75 < Sw - ch

3
— o Swe < Sy < 1,
1 - ch - Sgr) 7 =
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Figure 22 — Schematic representation of a n-layered porous media.

, 0S8, <18,

1— Sw . Sgr )(354‘2)/5
(6.7)

1

k?g(SW) = <1 - ch - Sgr
O, 1_Sgr§SWi§1>

where £ is a modified pore-size distribution parameter. The foamed gas relative permeability

is:

kO (S
krg(Swa nD) = rg( )

= MRF(np)’ (6.8)

where the gas mobility reduction factor (M RF') can be approximated as a linear function
of foam texture [8, 111]:

MRF(np) = frgaxnp + 1, (6.9)

Nmax [M 2] is the maximum foam texture, 3 [] is proportionally coefficient.

The capillary pressure P, [Pa] is a function of water saturation Sy, as in [98]:

Sw - ch ) -1/

Pe=peo-v- (W (6.10)

where p.o = 2 (04 /r)cosf is the entry capillarity pressure, v is the proportionality
coefficient, o, is the surface tension between water and gas, 6 is the contact angle, and r

is the effective pore radius. Table 4 contains all parameter values used in this work.

6.3 Foam flow in n-layers

In this section, we simplify the model (6.1) to one dimension at the cost of increasing
the number of equations to 2n. This simplification allows us to investigate the traveling
wave solution and estimate its velocity. In this sense, the present study extends the

analysis presented in [104] to n layers.



o8

Table 4 — Parameters values [98, 111].

Symbol | Value Parameter

Shwe 0.2 [-] connate water saturation

Ser 0.0 [-] residual gas saturation

P 1073 [Pa s] water viscosity

Ly 2-107° [Pa s gas viscosity in absence of foam

K. 0 [s7!] bubble coalescence coefficient

K, 0.1 [s7] bubble generation coefficient

3 5[] pore-size distribution parameter

o 0.21 [] porosity

Sy 0.99[-] initial water saturation for the layer i
Sy, 0.63[-] injected water saturation for the layer i
np, 1 [] injected foam texture for the layer i
np, 1[] initial foam texture for the layer i

Tgm 301073 [N/m] gas-water interfacial tension

7 0 [rad] contact angle

r 5-107%[m] mean pore radius

I6; 7.8185 - 10719[-] model mobility parameter

Usg, 1.446 - 107 [ms™!] | water surface velocity in layer 1

Ug, 1.471-107°[ms™ 1] | gas surface velocity in layer 1

c 1/20 factor for calculating fracture thickness

6.3.1 One-dimensional multi-layer simplification

Consider the domain 2 shown in Fig. 22. Assuming a constant pressure gradient
as in [26, 11], we can presume that the total velocity in each layer remains constant.
Consequently, the last two equations of the system (6.1) can be omitted. Thus, the system
(6.1) can be expressed as a one-dimensional system of 2n Partial Differential Equations
(PDE):

19 Sy + B, =—01($15w, — d25w,),

¢I%SW1 + %uwz :HiT(¢i—ISwi_1 - (b’LSWl) - gzi((ﬁzswl - ¢i+ISWi+1)7

(6.11)

SufySn+ Bt OBt Su s — IS

¢i%nDiS o+ %uginDi = ¢S, P;, fori e {1,2,--- ,n}.

The first n equations in (6.11) represent the water mass balance in each layer, while
the last n equations represent the foam texture population balance. In each Layer 7, the
porosity is denoted as ¢;, and Darcy’s velocities are expressed as u,,, for the water phase
and u,, for the gas phase. The total velocity u;, is given by u; = uy, + u,,, which remains
constant in each layer calculated using each layer’s absolute permeability k; and the same

relative permeability as in (6.6)-(6.8). The coeflicients 6;+ and 6;; represent the mass
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transfer from Layer ¢ to the previous and next layers, relating one- and two-dimensional
models. Variables Sy, Sg., and np, denote the water/gas mean saturations and foam

texture.

We study system (6.11) as a Riemann problem, 7.e., a problem with the initial

conditions in the form of a step function:

(Sgs Sy sMp,,-np, ), © <0,
(Swys -y Swny Dy s -y 1D, ) (2,0) = ! . ' N (6.12)
(St .8k nh,..,nd, ), «>0.
The superscripts “ — 7 and “ 4+ ” mean the left and right states, which are constant values

for each i. The values of np and np) are calculated using Equation (6.4) and are reported
in Table 4.

6.3.2 Traveling wave velocity

The PDE solution in the form of a traveling wave maintains its profile over time,
displacing it with constant velocity. Mathematically, it can be defined in terms of the

traveling variable n = x — vt as follows; for more details, see [106, 40].

Definition 6.3.1. A solution (Sy,, ..., Sw,,"D,,---,np, ) of system (6.11) is a traveling

wave if it can be written as

SWi(x7 t) = §V:¢(77)’ np; (35, t) = @(77)7 (613)

where ) = x — vt (v € R), and there exist a left state (S, ,..., Sy, , np,,...,np, ) € R*"
and a right state (Sy ,...,Sf nf ,...,nf ) € R, such that
- _ -

nggloos () =55, lm 7 (1) = np,. (6.14)

In this case, the limit states (SZ,..., 5% ,np,,...,np ) of the Riemann problem

are a— and w—limits of the corresponding dynamical system [106, 40, 43]. In what follows,

we abuse the notation and omit hats over the variables.

Substituting the expressions (6.13) and (6.14) into Eq. (6.11), considering capillary
pressure P, as in (6.10) in each layer ¢, and total superficial velocity of layer i as u; for
1=1,2,...,n we obtain the following ODE system:

—¢1Ud§:7vl +w di;v; = —CZ? :Bl d;j;;vl} — 01Dy,
_mdj:]” " dg:;i _ _(Z? 5, dg:;z} + 04Dy — 0:,D;,
| (6.15)
—qbnvdj;;" +und§7; - —di BC@Z] T 0D,
—¢ivd(n3;78 ) +und(fi;ZDi) = ;; |:TLDL-B ddS;Z} +R;, i=1,...,n.
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P
Bi = < glfwljSCZ> Rz :Qf)i Sgl.@i, for = 1,2,...,”. (616)
,Di,1 = ((bi,lSWiA - (biSWZ.), for i= 2, 3, coa, . (617)

Proposition 6.3.1. Considering (Sy,, .-, Sw,;"Dys - - -, N, ) the solution of system (6.15)
with n > 3, then

En En—l n—2 B n—1 B
o = — -3 (e)wl 11 eﬂejj) E;, (6.18)

O S j>i

where

L i=1,2,...,n. (6.19)

d dP., Sy,
= _¢l Swl + wal ( ngw, >

dS,, dn

Remark 6.3.1. Notice that Proposition 6.3.1 is only valid for n > 3 since there are two

mass transfer coefficients, 6,y and 0;, for « = 2,...,n — 1. However, Proposition 6.3.1 is
still valid for n = 2 replacing Eq. (6.18) by:
E E
2= (6.20)
021 011

as shown in [104].
Proof of Proposition 6.3.1. The proof uses the principle of mathematical induction [99].

o In the first step, we show that (6.18) is satisfied for m = 3. In this case we use (6.19)

and rewrite the system (6.15) as:

Ey = —01,Dy; (6.21)
E2 == QQTD1 — 62¢D2; (622)
E3 - 93TID2. (623)

Substituting D; and D, into (6.22), we obtain:
B _ B 6yE

. 6.24
93¢ 92¢ 91¢92¢ ( )

o In the next step, assuming (6.18) is satisfied for m = n, we prove that (6.18) is valid

for m =n + 1. For m = n, the system (6.15) can rewritten as:

Ey = —01,Dy; (6.25)
EQ = GQTDl - Qgﬂ?g; (626)
Enfl = e(nfl)TDn72 - e(nfl)ipnfl; (627)

E, = 0Dy 1. (6.28)
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Using Eqgs. (6.25)-(6.27), we obtain for j =1,--- ,n — 2,

—E, . 0,
D,_; = i 4 Z=itp

- N (6.29)
O Oy

Thus, D,,_1 can be written recursively, using all values of j, as follows:

N n—2 n—1
Dypr= -3 (9;; 1T aﬁeﬂl) E;. (6.30)

9(n,1)¢ i=1 G>i

Replacing (6.30) into (6.28), we obtain

En En— n—2 n—1
= S (92.; 11 eﬂejj) E;. (6.31)

Ont B O(n—l)i i=1 G>i

Now, let us prove (6.18) is valid for m = n + 1. In this case, the expressions E; are

given by:
E1 = _Glipl; (632)
E,, = e(n—l)Tan2 - 9(n—1)¢Dn71; (633)
En = GmDn_l - 8n¢Dn; (634)
Enii = OpnsryDy. (6.35)

Proceeding as in Eq. (6.30), for j =1,...,n — 1, we obtain

_En n—1 B n B
D, = - (eul 110:9; j) E;. (6.36)

Gni i=1 Jj>i
Replacing (6.36) into (6.35) and dividing by 6,41y, we obtain
En+1 En n—1 . n .
— 0; 0,107 | E;. (6.37)
Oty Oy ; ( ' jl;[z o
This allows us to conclude that (6.18) is satisfied for m = n + 1. We have proved

that (6.18) is valid for all m > 3.

]

Proposition 6.3.2. Considering (Su,, .-, Su,, "Dy, ---,0p,) the solution of system (6.15)

2 n
(H 93‘?) pi @i
7>

1
n—1 n—2 -2 ([ n ’
b I 00+ Ontboy [T 051 + 32 (H ng) pi bi

j=1 j=1 i=1 \j>i

with n > 3 and v is the traveling wave velocity then,

n

n—1 n—2
(07% H jS + HnTan—l H Hji +

Jj=1 J=1

(6.38)

v =

S|
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where
ai=ui(fi, = fu)s bi=0i(Sh—50). fi = fulSh.nb,) (6.39)

and

i—1
16, o i>1,
j=1

1, if i<1.
Proof. Considering E; as in (6.19) from Proposition 6.3.1, we define
Ei = / EZdT] = _¢iUS:;_i + Ulfl-; + ¢Z"US;1 - ulfq;l = —Ubi + a;, (641)

where we used (6.39), and ¢ = 1,2,...,n. Integrate (6.18) in 1 and substitute (6.41) for
E,, FE, 1, and F;. Isolating v yields

n—1

Qp, ap—1 w2 -1 -1
o+ + 2 (00 I 00105 |

Ot~ Oy I J>i

b 1 n—2 n—1 )
— + 0, 11 0,405 | i
9(n—1)¢ ; ( 4 H I35

j>i

(6.42)
bi +
Ot

Multiplying the numerator and the denominator in (6.42) by [[ 6;, we obtain (6.38). O
j=1

Remark 6.3.2. In the particular case of equal mass exchange coefficients (0, = 6,4 =

0+ = 0,1, Vi, j), it is possible to simplify Eq. (6.38) by canceling all exchange coefficients

in (6.38). In this case, the velocity v can be expressed as a weighted mean of velocities v;:

n n -1
v — (Z aiVi> <Z ai) _ avy + ...+ CLnVn’ (643)
i=1 i=1

a,+...+ay

where a; are given in (6.39), and v; is the traveling wave velocity in isolated layer i obtained

from the system (6.11) without mass exchange (6,1 = 60;; = 0):

g (6.44)

6.4 Application of the presented analysis to foam flow in the fractured porous medium.

To illustrate the application of the presented analysis, we investigate the propagation
of the foam flow in a fractured porous medium regarded as a three-layered matrix with a
thin middle layer, see Fig. 23. Generally, estimating the mass exchange coefficients 0,4
and 0;; between layers is challenging. In [104], this is done for a two-layer porous medium.

In what follows, we estimate these coefficients for a fracture case.
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d1+ o)

cd
0
—cd

kq

—d(1+c¢)!

Figure 23 — Schematic representation of a three-layered porous medium as a rectangular domain
Q; where, ¢ € (0,1) is constant, and k; is the permeability of the layer i.

For a three-layered porous medium, the traveling wave velocity (6.38) can be

written in a simplified way

_ Oyybzpa3 + 01,0300 + 0403101

V= . 6.45
01,02,b3 + 01, 031bs + 02105101 (6.45)

Next, we present two cases of a fractured porous medium represented in Fig. 23.
The symmetric case considers the first and last layers with equal permeabilities; see
Table 5. It is more straightforward to understand, and it corresponds to equal mass
exchange coefficients. The non-symmetric case considers different permeabilities; see

Table 5. Both cases consider the same porosity in all layers; see Table 4.

Table 5 — Absolute permeabilities for each of the three layers considered in this study.
Case ky ko k3

Symmetric 1x 1072 [m? | 1 x 107 [m?] | 1 x 1072 [m?]
Non-symmetric | 1 x 1072 [m?] | 1 x 107 [m?] | 2 x 1072 [m?]

From the third equation of the system (6.1), we know that the total velocity of the
flow in each layer i (u; = uy, + ug,) is proportional to the absolute permeabilities of each
layer. Since we aim to address a fractured porous medium, it is considered that the middle
layer has a higher absolute permeability than the adjacent layers. Therefore, we use the
values of absolute permeability in each layer as in Table 5 to calculate us and uz based on
the value of u;. In the symmetric case, us = 10uy, and u3 = uy. In the non-symmetric

case, ug = 10uy, and usz = 2u;,.

6.5 Symmetric foam front in fractured porous medium

To estimate the mass exchange coefficients 0, 024, 02, and 03 of the one-dimensional
model (6.11) for n = 3 we follow the same procedure as in [104] detailed below. Similarly
to the assumption in [104], we consider Sy, to be a piece-wise quadratic function of z,

symmetric with respect to the origin; see Fig. 24. It is also possible to observe this
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piece-wise quadratic profile in simulations presented in Section 4.6.1. The considered water

saturation is

22+ 62+ 7 in layer 1,
Sw(z) =3 7222 + 02 + 15 in layer 2, (6.46)
7322 4+ 032 + 13 in layer 3,

with ~;,9;, ; constants for ¢ = 1,2,3. We assume that the representative mean water

saturation in each layer is given by

1 f—cd 1 0
Swl - g/ )SW(Z)dZ, SW2 Sw(’Z)dZv SWS = SWl? (647)

—d(1+c¢
see Fig 24.

YV

d(1+c)

cd

—cd

—d(1+c)

Figure 24 — Schematic representation of the water saturation Sy, along the vertical cross-section
of the three-layered porous medium, where ¢ € (0,1) is constant. The dotted red
curve represents the cross-section of Sy, calculated at ¢ = 5000 s in the 2D simulations.
The continuous black curve Sy, is a quadratic approximation, symmetric with respect
to the line z = 0. Coefficients R; represent the total mass variation in each layer
i, Sy, is the saturation value at the interface, and Sy, is the average value in each
region of the domain ¢ with permeability k;.

Assuming that there is no water loss at the reservoir’s edges and from the symmetry

of Sy(z), we obtain

a5,
dz z==d(1+c)

dSy

=0 S —
s al dz o

= 0. (6.48)
The continuity of Sy (2) function within (—d(1 + ¢),d(1 + ¢)) is guaranteed by the lateral
limits (see Fig. 24)

lim Sy(z) = lim Sy(z) = Sy, (6.49)

z——cd~ z——cdt
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Substituting (6.46) into (6.47), we obtain that

2 d?
S, = nd? [3 —2c— 302} +7  and Sy, = Ree + To. (6.50)
Substituting (6.46) into (6.48) yields
6= —03 = —2md(1+c), 11 =Sy, +2md’c and T =S,, — yc’d®. (6.51)
From (6.50) and (6.51), it follows that
d2
Sur = Sy = 5 (11(2 = 9¢%) — 475c?) . (6.52)

Denoting the total mass variation in each layer as R;:

R S (6.53)
= —— wdz, )
! d Ot J-d(1+c)
Ry = L9 45 (6.54)
2T 2ot Jea PP '
10 d(1+c)
Rg = ga ' ¢Swd2, (655)

we assume that the mass is conserved in the direction z (¢9;Sy, + 0,uy, = 0), which is

equivalent to

Ry + Ry + R3 =0. (656)
Using (6.46) and (6.48), we calculate the integrals (6.53), (6.54), (6.55), yielding
Dy 08, -
Rl = R3 = 1 TP = 2D1’}/1, (657)
d 0z z—red™
Dy 08, Dy 0Sy =
Ry = —2 v _ 2 Pow — 2Dy, (6.58)
2¢d Oz |, 4 2cd Oz |, s
where Dy, Dy and D3 depend on Sw, and are defined as:
- , OP. - _ OP. - -
Dr=- zﬁhfncld* )\glfwlﬁvi’ D=~ z—l>l—ncld+ /\ngWQWV? Ds =D (6.59)
From (6.56) we obtain 45 = (—2D;/D5)v;. Substituting this relation into (6.52), we obtain
3(Sw, — Sw,) Do —6(Sw, — Sw,) D1

(6.60)

=73 = d 7y =

d2[(2 — 9¢2) Dy + D1 c?] d2[(2 — 9c2) Dy + Dyc?]
On the other hand, R; (i = 1,2, 3) represent the terms on the right side of the water mass
conservation equations in (6.11), where Ry = —6y) (Sw, — Sw,), R2 = [021 + 0a1] (Swy — Suws),
and R3 = 034 (Su, — Sws). Using (6.57) and (6.58), we obtain that all mass exchange
coefficients are equal:

601D,

d2[(2 — 9¢2) Dy + 4Dy 2] (6.61)

O = Oz, = O34 = 01 =

This case satisfies Remark 6.3.2, allowing us to use the simplified formula (6.43) for

estimating the single wavefront velocity.



66

Remark 6.5.1. Based on the parameter values provided in Table 4, by interpolation we
find Sy, = 0.78, and using (6.61) yields 0y = ) = 03 = 0y, = 2.1277 x 10*. Notice
that, the presented theory is valid for the case ¢ < 1/2, i.e., when the fracture thickness is
at least twice thinner than the surrounding layers. Typically, it is orders of magnitude

thinner. In the present work we consider ¢ = 0.05, which is considered in the literature

61).

6.5.1 Numerical results

In what follows, let us verify the presented analysis simulating the two-dimensional
model (6.1) using FOam DiSplacement SImuLator (FOSSIL) [29, 30]. To solve the first and
second equation of (6.1) (which corresponds to the foam transport problem), FOSSIL uses
the conservative method KNP introduced by Kurganov et al. [62], which is an extension
of the finite volume method presented by Kurgarov et al. [64]. To solve the problem
composed of the third and fourth equations in (6.1), FOSSIL uses the conservative mixed
finite element method proposed by Kurganov et al. [63]. The one-dimensional model
(6.11) is solved using Reaction Convection Diffusion Equations Solver (RCD) [67]. In all
simulations, we use the parameter values from Table 4 and also Table 5 corresponding to

the symmetric case.

6.5.1.1 Two-dimensional simulations

To solve (6.1), we use the following boundary conditions in the domain Q depicted
in Fig. 23. In z = 0, the velocity is constant for all z € [0, D] (u = (u; + us + u3)/3),
and the water saturation Sy, is equal to the injection condition S, . In x = L, we consider

0,Sw = 0.

Figure 25 shows the behavior of the water saturation front at three times. Notice

that this front does not change shape, indicating that is corresponds to a traveling wave.

6.3e01 07 075 08 085 09 9.9e-01
|

-_— ' ' Vo

Figure 25 — Stable traveling water saturation profile (symmetric case), obtained through two-
dimensional numerical simulations at 6000 s (upper plot), 12000 s (middle plot), and
at 18000 s (lower plot).

To numerically verify the existence of a traveling wave solution for the two-
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dimensional model (6.1), we estimate the position of the water saturation front in
each layer. We evaluate the water saturation at three different heights. For Layer
1: Sy(x,—d(1+2¢)/2,t). For Layer 2: Sy(z,0,t), and for Layer 3: Sy(x,d(1 + 2¢)/2,t).
At each time step, we estimate the x-position of the profile by calculating an average xg,
front position corresponding to Sy in the range [0.635,0.999], see Fig. 26 and [104] for

more details.

To estimate the average velocity of the wavefront in all layers, we use finite difference

(6.62)

in each time step [, where a:giv represents the x-position of the front of the water saturation
in Layer i. In Fig. 20(a), we compare the theoretically estimated wavefront velocity v
obtained using (6.45) with the numerically evaluated moving mean velocities in each layer
v1, V9 and vy (calculated using 40 grid points around the front position). Figure 27(b)
shows the standard deviation of the estimated velocities in each layer vy, vy, and vs
evidencing that they stabilize after approximately 2000 [s] at v; = vp = 1.671 x 10~ *m/s
(i=1,2,3).

1

_SWU — SW() - SWU 1
—Swy+ vpAt —Swy+ vpAt —Swy+vpAt {
0.9 —Sw,t 2vpAt 0.9 —Sw,+ 20pAt 0.9 —Sw,+ 2vpAt |
—Sy,+ BupAt —Sy,+ BupAt —Sw,+ 3vrAt !
0.8l Swyt dvrAt 0.8} Sw,t 4vrAt 0.8 Sw,t 4vrAt {
0.7}  to=2500s 0.7 0.7
|t = 25005/ | to=2500s]_
0.6
060 0.05 060 0.0 0 005 01 0.2
(a) Layer 1 (b) Layer 2 (c) Layer 3

Figure 26 — Comparison of the water saturation profiles for the symmetric case. The dotted curves
are obtained from FOSSIL simulations for times tg = 2500s, t1 = 3000s, to = 3500s,
t3 = 4000s, and t4 = 4500s. Continuous curves represent the displacement of
the water saturation profile at ty = 2500s using the estimated velocity vp =
1.671 x 10~4m/s.

To verify that the simulation results obtained from two-dimensional numerical
simulations correspond to the traveling wave, we compare the water saturation profiles with
the profile displaced using the estimated velocity vp = 1.671 x 107*m/s (Sy, + vrAt), see
Fig. 26. Table 6 presents the L? distance between numerically obtained water saturation

profiles and the displaced initial profile Sy, + vpAt.

6.5.1.2 One-dimensional simulations

To calculate the z-position of the water saturation front at any time [, denoted as

ngv, we employ linear interpolation with a fixed value of Sy, € (Sy — €, Sy + €), where
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-3 -4
10 10 “SD(un)
—SD(UQ)
r——— e — SD(vg)
T
104/ —v1 107°} 1
f —vy
U3
—Theoretical v P =~ e Sl
10 ‘ ‘ 107 : ‘
0 5000 10000 0 5000 10000
t|s] t[s]

(a) Moving average of the velocities v; in Layer (b) The standard deviation of each velocity
1. SD(Ui)

Figure 27 — Comparing velocities in the symmetric case. The theoretical velocity is estimated
using Eq. (6.38).

Table 6 — Distance L? between Sy (2500) + vpAt and Sy, (2500 + At), for v = 1.671 x 10~*m/s.

At Layer 1 Layer 2 Layer 3

500s | 2.20x 1073 [ 1.71 x 1073 | 2.11 x 1073
1000s | 3.52 x 1073 | 1.70 x 1073 | 2.31 x 1073
1500s | 2.75 x 1073 | 3.01 x 1073 | 5.40 x 1073
2000 | 4.24 x 1072 | 3.00 x 1073 | 2.43 x 1073

Sy = (S, 4+ 57)/2, and € ~ 0.1. Then, we utilize the finite-difference formula (6.62) to

compute the numerical approximation of the velocity in the one-dimensional model.

Figure 28 shows Sy, and np profiles at three times after the wavefront stabilization.
We observe that the water saturation profiles for each layer do not change shape over time.
Fig. 29 shows that the distance between the profiles does not vary. The velocities v; are

estimated using finite differences as in Eq. (6.62).

1.1

1.1

1.1

1 1

0.9 0.9
0.8 0.8
0.7 0.7
0'60 2 4 6 0'60 2 4 6

x(m)
(c) t =20000 s

x(m)
(a) t = 12000 s

z(m)
(b) ¢ = 16000 s

Figure 28 — Simulations in the one-dimensional model (symmetric case) for ¢ = 12000s, t =
16000 s and t = 20000 s, using the parameters of Table 4.

From Eq. (6.38), the theoretical velocity is v = 1.786 x 10~*m/s. In Fig. 30(a), we
compare the theoretically estimated wavefront velocity v obtained using (6.45) with the
numerically evaluated moving mean velocities in each layer vy, vo and vz (calculated using

200 grid points around the front position). Figure 30(b) shows the standard deviation of
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~_

08| / e -
0.6 | /1;:;’/

041 ]

H — Dis(Swy, Swa)
0.2+ — Dis(Swy, Sws)|l
Dis(Sws, Sws)

0 5000 10000 15000
t[s]

Figure 29 — Distance between the water saturation fronts Sy, (¢ = 1,2, 3), symbolized as Dis,
for the symmetric case.

the estimated velocities in each layer vy, vy, and v3 evidencing that they stabilize after
approximately 2000 [s] at v; = vg = 1.8024 x 10~ *m/s (i = 1,2, 3).

-2 i -2 : : :
10 o 10 “SD(v1)
-0z L SD(uy)
5 vy 107 A, SD(v3)
10 \ ~Theoretical v N
e ) 100} ]
107
‘ ‘ 108 ‘ ‘ ‘
0 5000 10000 15000 0 0.5 1 1.5 2
t[s] t[s] x10*
(a) Velocities for each layer. (b) Standard deviation of velocities.

Figure 30 — Velocities simulated (symmetric case), using RCD and standard deviation of velocities,
estimated using a moving average regularization for groups of 200 data.

Notice that the numerically obtained velocity v for the general model (as in Fig.
27) differs from the theoretical one v by 6.4%, while the difference between one-dimensional
and theoretical velocities (vg and v as in Fig. 30) is 0.9%. These variations are expected

as the theoretical velocity was estimated for the one-dimensional model.

6.6 Non-symmetric foam front in fractured porous medium

In this section, we estimate the coefficients 6y}, 01, 02, and 054 of the one-
dimensional model (6.11) for n = 3, which are explicitly used in the calculation of
the velocity v in equation (6.45). Similarly to the assumption in [104], we consider Sy
to be a piece-wise quadratic function of z as in (6.46). However, in this case, Sy (2) is

non-symmetric with respect to the origin; see Fig. 31. The mean water saturation in each
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layer are
g —cd
w1 = 7 663
d /d(lJrc ( )
Swy = cd > Sw(z)dz, (6.64)
1 rd(l4c)
Sws = iy Sw(z)dz, (6.65)

As we assume that there is no water loss at the reservoir’s edges, Sy, (z) satisfies
the first equation in (6.48). The right equation in (6.48) is satisfied because (0, Sy (0)) is

the critical point of the parabola inside the middle layer. The continuity of Sy (z) function
within (—d(1 + ¢),d(1 + ¢)) is guaranteed by the lateral limits (Analogous to (6.49), see

Fig. 31)

limd_ Sy(z) = hm L Sw (z) = Siy, (6.66)
T 5,(2) = Tim, 8.(2) = S, (6.67)
with S (0) = Sy,-
d(1+c)

cd

—cd

—d(1+c¢)

Figure 31 — Schematic representation of the saturation of water Sy along the vertical cross-
section of the porous medium of three layers, where ¢ € (0,1) is constant. The
dotted red curve is the exact representation of Sy, calculated at ¢t = 10000 s in the
two-dimensional simulations. The continuous blue curve S, is an approximation
with respect to z. Coeflicients R; represent the total mass variation in each layer
i. The saturation value at the interface between layers 1 and 2 is S|, , and, SZ ,
between layers 2 and 3. Sy, is the average value in each region of the domain ¢ with
permeability k;.

Using the definitions of R; from (6.53)-(6.55) yields

Ri =2vDi, Ry=4v%D,, and Rs= —2v3D;, (6.68)
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where D; and D, are defined in (6.59), however in this case, Ds satisfy

_ P
Dy = — lim Ay, fus

oP,,
lim 55 (6.69)

We assume that the mass is conserved in the direction z (¢0;Sy + 0.uy = 0); which is

equivalent to Ry + Ry + R3 = 0. From here, we obtain that

_ _D__ﬂ/l 1 53_73.

= 6.70
= "9p, " 2b, (6:70)
Calculating the integrals given in Egs. (6.63), (6.64), and (6.65), we obtain:
=2 9 25
Sw; — Swy = ?md + 3¢ Yod*, (6.71)
—2 2
Swy — Swy = ?7202d2 + gyng. (6.72)
From the system Egs. (6.70)-(6.72) we obtain
Yo 3_151<SW1__ SW2) _ 3_153(5\7\72__ SW3) _ (6 73)
2d%(Dyc? — D3c® +2D,)  2d2(Dyc? — Dsc? + 2Dy) '
Using (6.73), together with the fact that
RQ = 4’72152 = 92¢(SW1 — SW2) — Qgi(SWQ — Swg), (674)
we obtain
D\D DyD
92T: — 6 1— 2 = 5 (92¢: — 6 2— 3 — . (675)
d?*(Dyc? — D3c? + 2Ds) d?*(Dyc? — D3c? 4+ 2Ds)
As the mass is conserved in the vertical direction, and Ry = —60;(Sw, — Sw,), R3 =
034 (Sw, — Sws), We obtain:
GQT = Qu, and in = 03T‘ (676)

Remark 6.6.1. Based on the parameter values provided in Table 4, by interpolation we
found Sy, = 0.8 and S§, = 0.81. Using (6.75) yields 61, = 0y = 1.7591 x 10~*, and
93T = 92¢ =2.9103 x 1074,

6.6.1 Numerical results
6.6.1.1 Two-dimensional simulations

As in the symmetric case, we solve system (6.1) numerically with the same boundary
conditions, see Fig. 32. The corresponding water saturation profiles calculated at the
middle of each layer are shown in Fig. 33. Notice that the drainage profile inside the
fracture (see Fig. 26b) presents a sharper profile than the surrounding permeable layers.

However, in the non-symmetric case, this effect is less pronounced (see Fig. 33b).
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6.3e01 07 075 08 085 09 9.9e-01
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Figure 32 — Stable traveling water saturation profile (non-symmetric case), obtained through
two-dimensional numerical simulations at 6000 s (upper plot), 12000 s (middle plot)
and at 18000 s (lower plot).

1 ty = 5000s . 1 ty = 5000s _— | 1 t() = 5000s _
0.9 ! 0.9 E 1 0.9 E
i — SWU ; _ SW“ E - SWn
0.8 | — Sw,+ vpAt 0.8 E — Sw,+ vrAt 0.8 ! — Sw, + vpAt
! — S, + 20pAt ; — Sw,+ 2vpAt ' — Sw,+ 2vpAt
0.7 : Sw,+ 3upt {07 : Swot3vpAt 7 0.7 : Swy+ 3upAt
- IL — SW(H‘ 4’UFAt : — SW"+ 4’UFAt - l — SW”J'_ 4UFAt
0.6 0.6
068 1 12 12 1s 08 1 12 14 16 08 1 12 14 16
(a) Layer 1 (b) Layer 2 (c) Layer 3

Figure 33 — Comparison of the water saturation profiles for the symmetric case. The dotted curves
are obtained from FOSSIL simulations for times ¢y = 5000s, t; = 5500s, to = 6000s,
t3 = 6500s, and t4 = 7000s. Continuous curves represent the displacement of
the water saturation profile at ty = 5000s using the estimated velocity vp =
1.723 x 10~ 4m//s.

In Fig. 34(a), we compare the theoretically estimated wavefront velocity v obtained
using (6.45) with the numerically evaluated moving mean velocities in each layer vy, vo
and vs (calculated using 50 grid points around the front position). Figure 34(b) shows the
standard deviation of the estimated velocities in each layer vy, vo, and v3 evidencing that

they stabilize after approximately 5000 [s] at v; = vp = 1.723 x 107*m/s (i = 1,2, 3).

-3 , , , , , -4 .
10 10 —SD(Ul)
\\ —SD(’UQ)
S _ 10—5 L i
i 7 — AN SD (vy)

—22 106t \\ ]
3 N————eee———
—Theoretical v \M

5 ‘ ‘ ‘ . . 7 . . . .
107 2000 4000 6000 8000 1000012000 10 2000 4000 6000 8000 10000
t[s] t[s]

(a) Velocities for each layer. (b) Standard deviation of velocitys

Figure 34 — Comparing velocities in the non-symmetric case. The theoretical velocity is estimated
using Eq. (6.38)
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To verify that the simulation results obtained from two-dimensional numerical
simulations correspond to the traveling wave, we compare the water saturation profiles with
the profile displaced using the estimated velocity vp = 1.723 x 107*m/s (Sy, + vrAt), see
Fig. 33. Table 7 presents the L? distance between numerically obtained water saturation

profiles and the displaced initial profile Sy, + vpAt.

Table 7 — Distance L? between Sy, (5000) + vpAt and Sy, (5000 + At) in the layer i, considering
vp = 1.723 x 10~4m/s.

At Layer 1 Layer 2 Layer 3

5008 | 2.74x 1073 | 1.87 x 107* | 6.61 x 1073
1000s | 4.41 x 1072 | 2.41 x 107% | 9.01 x 1073
1500s | 6.31 x 107% | 8.54 x 107 | 9.52 x 1073
2000s | 1.01 x 1073 | 2.61 x 1072 | 5.13 x 1073

6.6.1.2 One-dimensional simulations

As in Section 6.3, we solve system (6.11), see Fig. 35 for the water saturation and
foam texture profiles. Figure 36 shows that the distance between the profiles in Fig. 35

does not vary in time. The velocities v; are estimated using finite differences as in (6.62).

1 1 ‘ 1
_Swl

0.8 —s, | 08 0.8
- S

0.6 —nDil 06 0.6
—nDz

0.4 0.4 0.4

2 25 3 35 4 2 25 3 35 4 2 25 3 35 4

x[m)]

(b) t = 18000 s

x[m]

(a) t =17000s

x[m]
(c) t =19000 s

Figure 35 — Simulations in the one-dimensional model (non-symmetric case) for ¢t = 17000 s,
t = 18000 s and ¢ = 19000 s, using the parameters of Table 4.

10"
10°
10" e Diis(Swy, Swo) |1
e Dis(Swy, Sws)
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Figure 36 — Distance between the water saturation fronts Sy, (i = 1,2,3), symbolized as Dis,
for the non-symmetric case.
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In Fig. 37(a), we compare the theoretically estimated wavefront velocity v =
1.9063 x 10~*m/s obtained using (6.45) with the numerically evaluated moving mean
velocities in each layer vy, vo and vs (calculated using 1200 grid points around the front
position). Figure 37(b) shows the standard deviation of the estimated velocities in
each layer vy, v, and v3 evidencing that they stabilize after approximately 10000 [s] at
v; = vr = 1.8696 x 107*m/s (i = 1,2, 3).

-2 ‘ ‘ ‘ ‘ ‘
107 —U1 -SD(v1)
~U2 L’ ~SD(v2)
—Theoretical v
107 | | |
0 5000 10000 15000 0 0.5 1 1.5 2
t[s] t[s] x10*
(a) Velocities for each layer. (b) Standard deviation of velocities.

Figure 37 — Velocities simulated (non-symmetric case), using RCD and standard deviation of
velocities, estimated using a moving average regularization for groups of 1200 data.

Analogously to the previous case, the difference between the numerically obtained
velocity vp for the general model (as in Fig. 34) differs from the theoretical velocity v by
9.61%. On the other hand, the difference between one-dimensional simulated velocity vy
(as in Fig. 37) and v is 1.93%.

As expected from Equation (6.45), the numerical estimates indicate that the
wavefront velocity for the symmetric case is lower than in the non-symmetric case; see
Table 8. In the non-symmetric case, it is observed that the time required for the wavefront
velocity to stabilize is close to 5000 seconds, whereas in the symmetric case, it stabilizes
at around 2000 seconds. As shown in Figs. 34 and 37, the wavefront velocity in the
non-symmetric case exhibits more significant oscillations, requiring more time to stabilize

and more points to regularize.

Table 8 — Velocities for symmetric and non-symmetric case.

Symmetric Non-symmetric
Theoretical velocity v[m/s] 1.786 x 10~* | 1.9063 x 10~*
One-dimensional velocity vp [m/s] | 1.8024 x 10~ | 1.8696 x 10~*
Two-dimensional velocity vp[m/s] | 1.671 x 107* | 1.723 x 10~*

6.7 Partial conclusions

We showed that the foam presence induces the formation of the single traveling
wave front in the fractured porous medium when the fracture is modeled as a thin, highly

permeable layer surrounded by two thicker layers. To evidence our findings, we explore
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two scenarios: in the first one, the permeabilities of the two outer layers are equal, while
the second, and more realistic one, involves different permeabilities. In both scenarios, the
single traveling foam wavefront is formed, avoiding the gas dominant flow through the

fracture and improving the sweep efficiency.

To conduct the analysis, we extended previous results showing the single traveling
wave formation in n-layered porous medium. We derived an analytical formula for the
wavefront velocity for n layers. This equation depends on the estimation of the mass
exchange between the layers. To make this estimate, we approximate the water saturation
front as a differentiable function in the z-direction using the shape of the traveling profile
and imposing some conditions on its geometry. We validate it by simulations for a realistic
two-dimensional model. We consider two cases where the imposed geometric conditions

are independent.

This formula provides an estimate for the front propagation velocity in a stratified
medium, allowing a gas breakthrough time preview, which is a piece of key information in

many applications.
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7 ON THE VISCOUS CROSSFLOW DURING THE FOAM DISPLACE-
MENT IN TWO-LAYERED POROUS MEDIA

This chapter is a reprint of a paper submitted in 2023 [105].

We investigate an immiscible incompressible two-phase foam flow in an internally
homogeneous two-layered porous medium with different porosities and absolute perme-
abilities. Using the traveling wave solution, we classify the foam flow depending on the
absolute permeability and the porosity ratio between layers. We show that the mass
crossflow between layers is connected to the relative position of the flow front in these
layers and that the porosity difference between layers impacts the mass crossflow. For our
analysis, we extended the previous result, evidencing that the presence of foam induces

the existence of a single flow front in both layers.

7.1 Introduction

Foam, which is an agglomeration of gas bubbles that are separated from each other
by thin liquid films called lamellaes [14, 60], is used to mitigate issues encountered in
gas sweeping [46, 78]. Thus, foam is mainly used to reduce gas phase mobility. This
method has already been applied to remediation of contaminated aquifers [17] and soils
[14, 46, 13, 36], acid diversion during matrix stimulation [10], and hydrocarbon recovery
95, 65, 3, 93].

Natural reservoirs typically have fractured and multilayered structures [110, 4,
9, 100, 86, 107, 83, 61]. A better understanding of multiphase flow in layered porous
media is required to accurately predict subsurface processes. In this work, we consider
a two-layer porous medium with different porosities and absolute permeabilities. In this
scenario, the viscous crossflow is common to occur due to differences in the fluid mobility
between layers. For instance, if the displaced fluid presents a lower viscosity than the
displacing fluid, the former tends towards a less permeable layer [110, 95]. In [12, 85], the
authors performed experiments in a cylindrical annulus porous media considering foam
flow with different permeabilities. In all experiments, they used the ratio between layer
permeabilities significantly higher compared to the ratio between layer porosities. The
authors investigated the effects of crossflow and identified that foam displaces from the
higher permeability layer to the lower one. [34] considered a homogeneous medium in the
first one-third of the core and two layers with different permeability and equal porosity in
the last two-thirds of the core. They adopted Stochastic Population Balance model [116]

to investigate the foam impact on the recovery numerically.

One of the first works highlighting crossflow between layers was performed by
[110]. Later, it was mathematically formalized by [108] using regular asymptotic expansion

and keeping the leading order terms, which provides the vertical equilibrium assumption,
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that is, a negligible transverse pressure gradient. The crossflow between two layers was
addressed in [31, 32], where the impact of varying several parameters (end-points relative
permeabilities, absolute permeability, porosity) on the total recovery is investigated.
Considering two-phase flow with controlled injection of low salinity water, [65] presents
favorable relationships between mobility ratios for the existence of viscous crossflow and
studies how this affects the oil recovery. In [69, 44], the authors presented analytical
solutions to the two-phase flow model without an active tracer in layered porous media,
representing the system as a one-dimensional model. [61] investigate the flow without
tracer in a two-dimensional multi-layered porous medium with fracture by applying the
limit in the fracture length. [104] estimated the mass exchange between layers in the
presence of foam and used this information to show the formation of a single flow front in
both layers using the traveling wave solution. The later used layers with equal porosities
and considered the evolution of foam texture described by the linear kinetic model proposed
by [8]. The present work extends [104] by considering variable porosities in different layers

and shows the formation of the single flow front using traveling waves.

We consider an immiscible two-phase foam flow in a two-layered porous medium
(internally homogenous) with different porosities and absolute permeabilities. We classify
the resulting foam flow depending on the ratio of the layer porosities and permeabilities
connecting the relative front position in each layer with the mass crossflow. For this, we
use the hypotheses of vertical equilibrium (VE) used in [110, 108, 66] and adopt Linear
Kinetic Model [8] to describe the foam dynamics.

The remainder of this chapter is structured as follows. Section 7.2 presents the
mathematical model and all physical parameters. Section 7.3 presents the analytical
estimate of the relative front positions. In Section 7.4, the main numerical simulations are
presented. Section 7.5 discusses the main results, which are concluded in Section 7.8. In
Appendix 7.6, we extend the results in [104] to the case with variable porosities. Finally,

Appendix 7.7 summarizes the numerical algorithm used in our simulations.

7.2 Mathematical model

We consider a two-dimensional, two-phase (gas and water) flow in a porous medium.
To emphasize the viscous forces effect, we follow [108, 31] neglecting gravity and capillary
forces. As in [55, 109], we consider the water phase a surfactant solution with the
corresponding concentration significantly above critical micelle concentration (CMC). As
in [8, 116, 104], the model is composed of the water mass conservation equation (7.1),

foam texture (np) population balance equation (7.2), Darcy law (7.3), and continuity
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equation with the incompressibility condition (7.4):

gzﬁa—tw +V-u, = 0 (7.1)

¢§t(sg TLD) +V- (ug np = ¢Sg(D(SW, TLD), (72)
u = —kAVP, (7.3)

V-u = 0, (7.4)

where ¢ is the porosity and £ is the absolute permeability; Sy, and S, are water and gas
saturations in a porous media filled by both fluids (Sy + S, = 1); np is the foam texture;
uy and ug are velocities of gas and water phases; u = uy, + u, is the total velocity; P is

pressure; A is the total mobility. The foam generation and coalescence function is
®(Sy,np) = Ke(np (Sw) — np), (7.5)

where K. is the linear kinetic parameter, and ns®(Sy) is the equilibrium foam texture
proposed by [8]:
tanh(A(Sw — S%)), Sw > S5,

7.6
0, Sw <55, (0

nIﬁE<SW) = {

where A is a model parameter, and S} is the critical water saturation (related to the

limiting capillary pressure, see [57]).

To close the system (7.1)-(7.4), we use the standard fractional flow theory [9, 16].

Water and gas phases velocity are defined as

Uy = Ufy+ kN f VP, (7.7)
ug = ufy— kA fyVE,, (7.8)

where the fractional flow functions of water and gas phases (fi, and f,), water and gas

relative mobilities (A, and \;), and the total mobility (\) are given by

o )\w A o krw(Sw) o k:fg(Sw,nD)
- Ma fg /\w - ) /\g -

Jw - J )
>\w + /\g How Ng

A=At Ay, (7.9)

the Newtonian water relative permeability of the foamed gas is [§]

kg (Sw)
k! (S = Al 1
ro(Swa D) = Teent o 71 (7.10)
the relative permeability of water is
0, 0 < Sy < Swe,
krw(Sw) = (7.11)

0
krw

( SW - SWC

— Swe < Sy < 1,
B )T S s
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the relative permeability of foamed gas is

1— Sy — S, \"™
0 w gr
kTg (]._SwC_SgT) ’ OS SW = 1_SgT’

O, ]-_Sgrgswglu

Forg(Sw) = (7.12)

where kY and kgg are end-point relative permeabilities of water and gas phases; n,, and
ng are Corey exponents. The capillary pressure is defined as [71]:
¢ 0.022 (1 — Sy — Syr)°

P(Sw) =0y R (7.13)

where o is the surface tension, Sy is the connate water saturation, Sy, is the residual

saturation of the gas and c is an exponent parameter.

As in [104, 95], we consider the two-layered porous medium of length L and each
layer depth d (see Fig. 38) with boundary conditions given by Neumann no-flow conditions
at z = —d, at z = +d, and at the right boundary (x = L); a prescribed constant injection
velocity ;,; at the inlet (z = 0). In addition, we consider the initial condition to be
Riemann-type with injected state S, and initial state S, as reported in Table 9. In
general, we consider the same model and geometry as in [104], except that constant
porosity (¢) and absolute permeability (k) can be different between layers indicated by

sub-indexes 1 and 2, see Fig. 38.

z
s
—> +d
> Layer 1 {k1, 01} .
> Layer 2 {k27 ¢2} .
— . =

!

L

Figure 38 — Schematic representation of the two-layered communicating porous medium.

7.3 Estimating the wavefront internal structure

As shown in Appendix 7.6, the foam flow in two-layered porous media moves as a
single traveling wave front. To obtain the wavefront internal structure, we use the method
of characteristics (MOC) [70] to estimate the wave velocities inside each layer following a
procedure similar to [31]. The common physical configuration corresponds to a situation
when the reservoir’s length is considerably larger than the height L > 2d, see [108]. That
is why we follow [110, 108], and assume the hypotheses of vertical equilibrium (VE), i.e.,

neglecting the transversal variation of pressure (0P/0z = 0). Assuming one-dimensional
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approximation for each layer (i = 1,2), neglecting capillary effects, and applying VE

approximation, Eqs. (7.1)-(7.4) are rewritten as:

@ag;” b, E)aj; o, (7.14)

ag; o (7.15)

@(9(53?&) +uxi3(f§;mi) 15, Bi( Sy D), (7.16)
vy, = —km?;, (7.17)

where Sy, is the representative water saturation in each layer, np, is the foam texture,
u; = (ug,,u,,)’ is the velocity field, ¢; is the porosity, k; is the absolute permeability and

®; is the source term, whereas sub-index ¢ = 1, 2 refers to each layer.

Note that Egs. (7.14) and (7.16) are coupled since the water fractional flow function
depends on water saturation and foam texture (fy, = f(Sw,,np,)). Substituting Eqs. (7.14)
and (7.15) into Eq. (7.16) and isolating the total derivative of np,, we obtain

an

i anDz‘ Ug; (1 — fW) anDi
dt 9t ¢ (1-5y,) Ox

= (S, np,). (7.18)

The solution of Eq. (7.18) can be obtained through np-characteristic curves (see [70]):

dnp,
Zfl D;( Sy, 1ip, ), (7.19)
(dt) T o LS (7:20)

We solve Eq. (7.19) with ®; defined in (7.5) for Sy, > S} with initial foam texture nj, :
t
np, = nhe N 4 Kon / tanh(A(Sy, — S))dt. (7.21)
0

The first term on the right side of the last expression refers to the homogenous part of the
solution of Eq. (7.19), whereas the second term refers to the non-homogenous part. When
the water saturation is below critical (S, < S}), it follows that nk®(S,,) = 0, and the

solution presents only the homogeneous part.

Notice that, along the np-characteristic, np, = np,(Sy,) as in (7.21) yielding that
the fractional flow defined in (7.9) depends only on Sy, (fw = fw(Sw,)). Thus, Eq. (7.14)

becomes one-dimensional conservation law with Sy -characteristic curve associated with

characteristic velocity in each (not connected) layer v; = (dr/dt)s, given by

Uy, Ofy
¢y OS.,

v; i=1,2. (7.22)

We note that the estimated characteristic velocity in the last expression depends

on absolute permeability (through u,, in Eq. (7.17)) and porosity. Equation (7.22) is
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calculated along the Sy-characteristic curve, (i.e., along the curve where S, is constant),
allowing us to compare both characteristic velocities for the same Sy, (S, = S, ) evaluating

the fraction:

V1 K
— = — 7.23

where we define L = ki/ky and P = ¢1/¢2. Next, we show how the fraction in (7.23)

reflects in the relative positions of the fronts inside layers and to the mass exchange.

7.4 Numerical simulation results

We simulate the foam flow in three cases (K < P, K = P, and £ > P) using
the general model (7.1)-(7.4). Simulations use software FOSSIL (see Appendix 7.7) with
N, = 200 horizontal cells, N, = 40 vertical cells, and time mesh with Ny = 1000 cells
until the final simulation time T, and parameter values from [8] (including the Riemann
problem initial data S and Sy); the values of ny and nf are calculated using Equation
(7.6) and are reported in Table 9. The total superficial velocity was estimated in [104],
see Table 9. For each case, we consider different porosities and absolute permeabilities as
described in Table 10.

Table 9 — Parameter values used in numerical simulations. Source: [8, 104].

Symbol | Value Parameter

Swe 0.2 [-] Connate water saturation

Sor 0.18 [-] Residual gas saturation

Lo 1073 [Pas] Water viscosity

1y 2-107° [Pa ] Gas viscosity in the absence of foam
u 2.198 - 107% [ms™!] | Total superficial velocity

Ninax 8- 1013 [m~3] Maximum foam texture

Sk 0.37 [-] Critical water saturation

Sy 0.372 [-] Injected water saturation

St 0.72 [] Initial water saturation

np 0.664 [-] Injected foam texture

ny 1[] Initial foam texture

K. 200 [s7!] Foam creation/coalescence constant
A 400 [-] Foam model parameter

Ty 4.5 [+] Permeability water exponent

Ny 1.3 [-] Permeability gas exponent

Ko, 0.2 [ End-point of the water relative permeability
Ky, 0.94 [] End-point of the gas relative permeability
c 0.01 [] Capillary pressure power parameter
o 0.03 [N m™] Gas-water interfacial tension

L 0.25 [m] Reservoir length

d 5-1073m] Depth of Layers 1 and 2

Ty 10.000 [s Final simulation time
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Table 10 — Porosity and absolute permeability values used to perform two-dimensional simulation.
Source: [8, 104].

ki [m®] |k (%] | @1 [] | o [
Case: K<P |2-107"2[1072 |03 0.1
CaseII. XK=P [2-1002]1072 |03 ]0.15
Case IL K >P | 2-1072 | 1072 [0.25 | 0.2

741 Casel: K <P

In this case, the absolute permeability and porosity of the first layer are greater
than those of the second layer with the permeability ratio K = 2 and the porosity ratio
P = 3, see Table 10. As indicated in Eq. (7.23), the characteristic velocity in layer 1 is

lower than the same of layer 2 (v; < vs).

The two-dimensional front profile obtained by simulating Eqgs. (7.1)-(7.4) at times
t = 1000, 2000, 3000 [s] (from top to bottom) is shown in Fig. 39. After stabilizing, as
expected from the analysis presented in Appendix 7.6, the fronts move as a single traveling
wave. We observe that the front in layer 1 stays behind the one in layer 2 aligned with
the relation in (7.23).

Water_Saturation
3.7e01 045 05 0.55 0.6 0.65 7.2e01

" ' : '

Figure 39 — The water saturation profile obtained simulating Eq. (4.1)-(7.4) for Case I £ <P
for three times: ¢ = 1000 [s] (top), t = 2000 [s] (middle), and ¢ = 3000 [s] (bottom).

The vertical velocity field around the wavefront at ¢ = 2000 [s]| is shown in the
left panel in Fig. 40. Behind the front, we notice an increase in the velocity component
pointing from Layer 2 to Layer 1. Ahead of the front, we observe the flow in the opposite
direction. The right panel in Fig. 40 shows the water saturation front at ¢ = 2000 [s],
where we schematically indicate the mass exchange between layers. We designed the
white arrows to point out the mass flux inversion, which happens from the high/lower
permeability layer to the lower /high permeability layer ahead/behind the front. A similar
crossflow phenomenon was reported in [31, 65, 89] for a system without an active tracer.
Differently from what was reported in these works, the front in layer 2 is ahead of one in
layer 1, making evident the dominant effect of different porosity on the flow fronts in the

presence of an active tracer.
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Vertical velocity Water_Saturation
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Figure 40 — Vertical velocity field (left panel) and water saturation (right panel) around the
traveling wave front at ¢ = 2000 [s] for Case I: K < P. White arrows indicate the
mass exchange between layers. The black dashed curve represents the approximate
front position.

742 Casell: K=P

We consider the permeability ratio of L = 2 and a porosity ratio of P = 2, see
Table 10. Equation (7.23) predicts that velocities in layers 1 and 2 (if considered isolated)
are equal, 7.e., v1 = vy. The two-dimensional front profile evolution for three different
times (¢ = 1000, 2000, 3000 [s] from top to bottom) is shown in Fig. 41. As one can see,

both layers present the same front velocity.

Wo’rer SeTurohon
3.7e-01 0.45 0.55 6 7.2e01

—""_

Figure 41 — The water saturation profile obtained simulating Eq. (4.1)-(7.4) for Case II: £ =P
for three times: ¢ = 1000 [s] (top), ¢ = 2000 [s] (middle), and ¢ = 3000 [s] (bottom).

The vertical velocity field around the wavefront at ¢ = 2000 [s] is shown in the
left panel in Fig. 42. As before, behind the front, we notice an increase in the velocity
component pointing from Layer 2 to Layer 1. Ahead of the front, we observe the flow in
the opposite direction. The right panel in Figure 42 shows the water saturation front at
t = 2000 [s], where we schematically indicate the mass exchange between layers. Similar

to the previous case, the vertical mass transfer from Layer 2 to Layer 1 is drawn with a
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white arrow behind the front and vice versa ahead of the front.

Vertical velocity Water_Saturation
4708 -2e-8 0 2e-8 4.7e-08 3.7e01 0.5 0.6 7.2e01
— | — — | —

Figure 42 — Vertical velocity field (left panel) and water saturation (right panel) around the
traveling wave front at ¢ = 2000 [s] for Case II: K = P. White arrows indicate the
mass exchange between layers. The black dashed curve represents the approximate
front position.

7.4.3 Caselll: K >P

For this case, we consider permeability ratio IC = 2, and porosity ratio P = 1.25,
see Table 10. Equation (7.23) suggests that the front velocity in layer 1 is lower than the
same in layer 2 (if the layers are considered isolated), i.e., v; > vy. The two-dimensional
front behavior is observed in Fig. 43 for three times (¢ = 3000, 4000, 5000 [s] from top to
bottom). The stabilization time was calculated at t* ~ 4000 [s] (See Fig. 52). Therefore,
in the middle and bottom panels, the front behaves like a traveling wave. We also observe
that the wavefront in the higher permeability layer is ahead of the front in the lower

permeability layer, which is consistent with the predictions given by Eq. (7.23).

Water_Saturation
3.7e-01 045 05 055 06 065 7.2e01

— | —

Figure 43 — The water saturation profile obtained simulating Eq. (4.1)-(7.4) for Case III: L > P
for three times: ¢ = 3000 [s] (top), t* = 4000 [s] (middle), and ¢t = 5000 [s] (bottom).
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The left panel in Fig. 44 shows a zoom of the vertical velocity field around the
wavefront. Behind the front, the velocity is negative, which means a mass transfer from
the higher permeable layer to the lower and in the opposite direction ahead of the front
(depicted with white arrows). In this case, the front velocity in layer 1 is ahead of the
same in layer 2. This scenario is similar to the one reported in [104], where the porosity
ratio was equal to 1. The right panel in Fig. 44 shows the water saturation profile around
the front, where the white arrows represent the mass transfer, with a mass flux from the
higher permeable layer to the lower one behind the front and the opposite mass flux ahead
of the front.

Vertical velocity Water_Saturation
-6.0e07 2e-7 0 2e-7 5.9e-07 3.7e-01 0.5 0.6 7.2e-01
- e - ' [

Figure 44 — Vertical velocity field (left panel) and water saturation (right panel) around the
traveling wave front at ¢t = 4000 [s] for Case III: I > P. White arrows indicate the
mass exchange between layers. The black dashed curve represents the approximate
front position.

7.5 Discussion

[31] study two-phase flow in a two-layered configuration varying porosity, absolute
permeability, and end-point relative permeabilities to investigate the influence of the viscous
cross-flow on the recovery efficiency. The authors classify four flow regimes according
to the mobility ratios between layers 1 and 2. In the case of mobilities greater than 1,
the fluid crossflow was identified as going from layer 2 to layer 1 behind the front and
then from layer 1 to layer 2 ahead of the front. Similar studies were conducted by [65],
where the authors investigate two-phase flow considering varying salt concentration in the
wetting phase. They classify the different crossflow behaviors depending on the mobility
ratios. If the ratio is greater than 1, the crossflow was identified as in [31] (from layer 2 to
layer 1 behind and from layer 1 to layer 2 ahead of the front). In both works, the front

position in layer 1 is ahead of the same in layer 2.

In the present study, we investigate the two-phase flow in the presence of foam
described by Linear Kinetic Model proposed by [8]. As in [31] and [65], we consider the
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mobility ratio between layers 1 and 2 greater than 1. We classify the flow regimes according
to the ratios between absolute permeabilities and porosities in both layers. To compare our
findings with those from [31] and [65], we plot the pressure profiles for each of these cases,
see Fig. 45. In Cases I and II, the pressure behavior aligns with those reported in [31] and
[65]; however, the saturation front positions are inverted because the porosity ratio (P) is
more influential to the flow than the permeability ratio (K), see the schematic diagrams
in Fig. 45. In Case III, the pressure gradient directions are inverted when compared with
[31] and [65] (in our case, the pressure in layer 1 is higher than the one in layer 2 behind
the front, and the opposite ahead of the front). In this case, the front position in layer 1
is ahead of the same in layer 2. The differences in the front position and pressure gradient
direction between the current work and [31, 65] are due to the presence of foam, which
increases the viscosity of the non-wetting phase yielding to the increment of the mass

cross-flow. The simulations presented in [104] also correspond to this case.

— P1 — D1 —P1
— D2 — P2 — P2

X X

T
! W# v K \
K<P K=P K>P
Figure 45 — Schematic representation of the pressure behavior and crossflow regime of both layers
in the presence of foam. The top panels compare the total pressure in layers 1 and
2 (p1 and p2). In the bottom panels, the arrows represent the direction of mass
exchange between the layers, and the continuous curves represent the wavefront
shape.

[65] noticed that adding an active tracer could result in the single front formation in
both layers, improving the recovery factor. [104] already shown that the presence of foam
results in such single front formation. In the current study, we extended these results to the
case of varying porosities, showing the single front formation using traveling wave analysis.
It is worth noticing that few experimental studies focused on the foam displacement in
a two-layer porous medium [83, 13]. None of them reported a single front displacement.
In view of the results presented in this work, we argue that this happened because of a
huge difference in absolute permeabilities between layers (up to 70 : 1 in [83] and 67 : 1
in [13]). It would be necessary for a several-meter sample to observe such a single front
formation incompatible with the laboratory scale. Thus, to observe this phenomenon, it is
necessary to consider a smaller contrast in absolute permeabilities between both layers.

On the other hand, this is not necessarily a problem on a reservoir scale.

Although measuring the crossflow between layers can be challenging, the present
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study shows the alternative in measuring the relative position in the flow front between
layers, which is possible to do using the micro CT scan used for similar studies reported
in the literature [83, 13, 55, 109].

7.6 Traveling wavefront

[104] showed that the foam displacement in two layers (different permeabilities,
same porosities) described by (4.1)-(7.4) happens as a single traveling wave front. Here,
we extend these to the case with different porosities in each layer (see Fig. 38). For this
purpose, we follow the same steps as in [104] and simplify the two-dimensional model
(7.1)-(7.4) considering each layer as a one-dimensional domain. Assuming constant pressure

gradients, the simplified one-dimensional model reads:

0Sw,  Ouw,
¢1 8t + 637 - 981 (¢15w1 ¢2Sw2)7
d(Sgnp,) | O(ugnp,
aSU)Z auw2 (724)
¢2 ot + ox - 952 (¢18w1 - ¢2Sw2)7
(S, n O(ug,n
¢2 ( i;t D2) + ( _QanDz) _ ¢2592(b2,

with constants k;, 0, variables S,,, Sy, np,, and functions ®;, u,,, u, P, which are

defined for each layer i = 1,2, with

+d G 03,
Sy = / () g2 5., = / (2) 4. (7.25)
0 d -4 d
The initial conditions for the problem (7.24) are in the form of a step function:
(St 1Dy SgoMp,) » 2 <0
Swis Dy s Swas Dy ) (2,0) = Voo , =12 7.26
( 177Dy 2 D2)< ) { (SJI,HEI,S;ULQ,HE), if >0 ( )

Notice that the two-dimensional simulation of the model (4.1)-(7.4), plotted in Figs. 39, 41, 43,
suggests the existence of a traveling wave front moving with a constant velocity v. To
verify this, we calculate that velocity using the simplified one-dimensional model (7.24) as
follows: First, we perform a change of variable to n = x — vt and equate the two water
mass conservation in (7.24). Then, we integrate with respect to 7 € (—o0, +00). Finally,

isolating v yields the following expression:

u1932 + u2931
v=s |2 7.27
<¢1932 + ¢2031> ( )

where s = [ fw}/ [Sw] is the Rankine-Hugoniot jump condition, and u; = w,, + u, with

1 =1,2 and 6,, and 6, are the coefficients describing the mass exchange between layers.
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To estimate these coefficients, we follow [114, 26] and consider that mass is conserved
in the vertical direction z, with the mass flux due to diffusion. Defining the total
mass variation in each layer by R; (Layer 1) and R, (Layer 2), the conservation of
mass translates as Ry = —Ry. In the system of equations (7.24), this indicates that
Ry = —0,,(¢1Sw, — $2Suw,) and Ry = Oy, (¢1545, — $254,). On the other hand, from the

mass variation formula, we have:

D, 98, _ D, 08,
By =~ = o Ry =~} , (7.28)

z—0t
where D; and D, are positive constants given by
- ) 0P, - ) oP,,
Di=—lm A fugg ™ D2=— i koA, fun g -

To estimate Ry and Ry in (7.28) we assume that S, is a piecewise quadratic function

(7.29)

dependent on z (see Fig. 46), which can be written as:

2+b if 0
Sw(z):{alz +b01z4+c, U z2<0, (7.30)

ay2® + byz + ¢y, if 2> 0.

Coefficients a;, b;, and ¢; can be estimated assuming continuity of Sy (z) at z = 0, and
no mass loss at the boundaries (d,Sy(+d) = 0). For a more detailed discussion on this
approximation, see [104]. Substituting (7.30) into (7.28) allows us to calculate the mass
exchange coefficients:
05, = —3D:01 .0, = DDy (7.31)
d? (¢1D2 + ¢2D1) d? (¢1D2 + ¢2D1)

Sw Sw Sw
0.56 0.4
0.54
0.55 0.38
0.54
0.36 0.52
0.53
0.34
0.52 0.5
-5 0 5 -5 0 5 -5 0 5
z[m] %1073 z[m] %1073 z[m] x1073

Figure 46 — Average cross-section water saturation profile inside the wavefront obtained from
the two-dimensional simulation of Eqs. (4.1)-(7.4) at t = 5000 [s], to guarantee that
the three fronts are stabilized for Case I (left panel), Case II (middle panel), Case
III (right panel). Grey rectangles represent Layer 2 (on the left) and Layer 1 (on
the right).

The values of the mass exchange coeflicients ,, with ¢ = 1,2 and the theoretical
velocity vy calculated from (7.27) for the three cases (K < P, K =P, and K > P) are
provided in Table 11. In what follows, we simulate the two-dimensional model (7.1)-(7.4)
using FOSSIL (see Appendix 7.7) for these three cases.
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Table 11 — Porosity, exchange mass coefficients and theoretical velocity with ks = 1 x 10712 and

k1 = 2ks.
&1 [ | o2 [-] | b5, [-] (s, = —0s,) | Theoretical velocity vy [m/s]
Case [ 0.3 0.1 1.68 x 1073 2.31 x 107°
Case Il | 0.3 0.15 | 1.52 x 1073 2.04 x 107°
Case ITT | 0.25 | 0.2 | 255x107° 2.02 x 1077

76.1 Casel: K <P

First, we simulate the two-dimensional model (4.1)-(7.4) using FOSSIL (see Ap-
pendix 7.7) obtaining the water saturation profile shown in Fig. 39. To obtain the water
saturation front position, we consider the water saturation in each layer at z = +d/2:
S, (,4+d/2,t) and Sy, (z, —d/2,t); see the left panel in Fig. 47 for time ¢ = 2000 [s]. For
each time, we estimate the z-position of the profile by calculating an average zg, front
position corresponding to Sy, in the interval [0.38,0.41]. The right panel in Fig. 47 shows
the front position evolution for both layers until time ¢ = 2000 [s], where it can be observed

that the wavefront in layer 2 stays ahead of the wavefront of layer 1.

0.8 0.04
0.7 0.03
0.6
0.02
0.5
0.4 0.01 —s,,
—s,,
0.3 0
0 0.02 0.04 0 500 1000 1500 2000

x [m] time [s]

Figure 47 — Case I: £ < P. The water saturation profile of each layer for a time 2000 [s] (left),
and the horizontal position of the water saturation front (right).

Using the front position inside each layer, we calculate each front velocity as
v(t) = (xg, (t + 0t) — xg,(t))/dt. To control numerical oscillations, we regularize the
velocity by using the mobile average as in [104]. The resulting velocities in each layer are
shown in the left panel in Fig. 48. To better estimate the time (¢* ~ 2000 [s]) simulation
takes to stabilize, we analyze the standard deviation in velocity values for each layer as

plotted in the right panel in Fig. 48.

76.2 Casell: X =P

As in the previous case, we simulate the two-dimensional model (7.1)-(7.4) using
FOSSIL (see Appendix 7.7) obtaining the water saturation profile shown in Fig. 41. As in
Case I, the water saturation front position is plotted in the left panel in Fig. 49 for time
t = 2000 [s]. The right panel in Fig. 49 shows the front position evolution for both layers

until time ¢ = 2000 [s], where it can be observed that both wavefronts move together.
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Figure 48 — Case I: K < P. Numerical estimation of the velocities v; and vy of the water
saturation fronts in each layer (left). The black straight line represents the theoretical
velocity vy calculated using Eq. (7.27). The standard deviation of the velocities in
each layer (right). The estimated time when these curves stabilize is t*.
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Figure 49 — Case II: K = P. The saturation profile of each layer for a time 2000 [s] (left), and
the horizontal position of water saturation front (right).

The regularized velocities in each layer are shown in the left panel in Fig. 50. To
better estimate the time (¢* ~ 2000 [s]) simulation takes to stabilize, we analyze the

standard deviation in velocity values for each layer as plotted in the right panel in Fig. 50.

-5
5 X 10 1073 .
—SD(v1)
——SD(v2)
10®
0 : : 107
0 2000 4000 6000 8000 0 2000 4000 6000
time|s] time [s]

Figure 50 — Case II: K = P. Numerical estimation of the velocities v; and ve of the water
saturation fronts in each layer (left). The black straight line represents the theoretical
velocity vp calculated using Eq. (7.27). The standard deviation of each of the
velocities (right). The time when these curves stabilize is ¢*.
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7.6.3 Caselll: £ > P

As in the previous cases, we simulate the two-dimensional model (7.1)-(7.4) using
FOSSIL (see Appendix 7.7) obtaining the water saturation profile shown in Fig. 43. The
water saturation front position is plotted in the left panel in Fig. 51 for time ¢ = 4000 [s].
The right panel in Fig. 51 shows the front position evolution for both layers until time
t = 4000 [s], where it can be observed that the wavefront in layer 1 stays ahead of the

wavefront of layer 2.

0.8 0.08
— S,
_Sm
0.7 J 0.06
0.6
0.04
0.5
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—:1/‘5,{2
0.3 0
0 0.05 0.1 0 1000 2000 3000 4000
x [m] time [s]

Figure 51 — Case III: L > P. The saturation profile of each layer for a time 4000 [s] (left), and
horizontal position of water saturation front (right).

The regularized velocities in each layer are shown in the left panel in Fig. 52. To
better estimate the time (¢* ~ 2000 [s]) simulation takes to stabilize, we analyze the

standard deviation in velocity values for each layer as plotted in the right panel in Fig. 52.

x107 ‘

; 107
3 1 —SD(U)
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2 : w—
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1 —_1
1 | —
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0 2000 4000 6000 8000 0 2000 4000 6000 8000
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Figure 52 — Case III £ > P. Numerical estimation of the velocities v; and vs of the water
saturation fronts in each layer (left). The black straight line represents the theoretical
velocity vr calculated using Eq. (7.27). The standard deviation of each of the
velocities (right). The time when these curves stabilize is t*.

7.7 Foam flow simulator

The system of Eqs. (7.1)-(7.4) is solved using Foam Displacement Simulator (FOS-
SIL) presented by [29, 30]. This numerical solver employs the KNP conservative method

to solve water mass conservation Eq. (7.1) and foam transport Eq. (7.2), see [62, 64].
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Egs. (7.3) and (7.4) are solved using the conservative finite element method proposed by
[92].

We configure FOSSIL with the two communicating layer geometry, following Fig. 38.
We discretize the interval (—d,d) in the z-direction in N, number of cells separated by a
step size of Az and the interval (0, L) in the z-direction with N, number of cells separated
by a step size of Ax. We discretize the time domain with Np. The coordinates of each
z-point are 2/ = (j — 1)Az —d with j = 1,2,..., N, + 1, and z-points are located at
2™ = (m—1)Az with m = 1,2,..., N, + 1. To avoid a mesh partition located in the
boundary between two layers (see the traced line in Fig. 53), we adopt an even number
N,; thus, a partition located in the thin layer in z-direction takes half one layer and half
of another one. It should be noticed that a z-partition situated above the thin traced line

layer is taken petrophysical properties k1, ¢; and that situated below is taken ks, ¢o.

Figure 53 depicts a schematic numerical domain discretization used to configure

FOSSIL.

m m—+1

2Tt == +d

2 5
N2 o | 0

2= 1 1 i __—— i
NZ ’’’’ L/ d
zj_l - >

L L

Figure 53 — Schematic discretization of the numerical domain used to configure the numerical
foam flow simulator FOSSIL.

7.8 Partial conclusions

Using the traveling wave solution, we classify the flow in a two-layer porous medium
in the presence of foam depending on the absolute permeability ratio between layers (K)
and the porosity ratio between layers (P). For case I (K < P), the front position in layer
2 is ahead of the same in layer 1. In this case, ahead of the front, the mass flow direction
is from the high permeability layer to the lower permeability layer and behind the front in
the opposite direction. In case IT (K = P), fronts in both layers displace together, and the
mass cross flow between layers follows the same rule as in Case I with lower transfer rates.
In case III (I > P), the front position in layer 1 is ahead of the same in layer 2. In this
case, ahead of the front, the mass flow direction is from the lower permeability layer to
the high permeability layer and behind the front in the opposite direction. We conclude

that the porosity difference between layers impacts the mass cross-flow.
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In the previous work, [104] observed that the foam presence results in a single flow
front in both layers with different permeabilities and the same porosities. In the present

study, we extended this result to the case of varying porosities.
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8 CONCLUSIONS

In this thesis work, we study the behavior of foam injection in stratified porous
media; At this time, an article has been published at a conference, one article in an

international journal, and two more articles have been submitted.

In Chapter 4, we consider incompressibility and immiscibility of fluids, and layers
with different permeabilities and equal porosities. The study numerically demonstrates
that in a porous medium with two layers of different permeabilities, foam forms a single
displacement wave with a velocity corresponding to the weighted average of front velocities
in each layer, as if these layers were considered isolated. A simplified one-dimensional model
was developed, verified, and validated through numerical simulations. An analytical formula
for estimating mass exchange between layers was proposed, along with an estimation of
the time required for wavefront stabilization, confirming its validity in one-dimensional
and two-dimensional models. These findings suggest that foams can effectively control gas

mobility in multilayer porous media.

In Chapter 5, we examined foam displacement in three-layer stratified porous
media with a bubble population model. Using a two-dimensional in-house numerical
simulator, we found that the water saturation profile forms a stable traveling wave solution.
When a highly permeable middle layer approaches fracture, our results suggest that
foam displacement in porous media with fractures exhibits behavior similar to that in

homogeneous conditions.

In Chapter 6, we demonstrated that the foam presence induces the formation of a
single traveling wavefront in a fractured porous medium, where the fracture is modeled as
a thin, highly permeable layer surrounded by two thicker layers. To support our findings,
we explored two scenarios: in the first, the permeabilities of the two outer layers are equal,
while the second, more realistic scenario involves different permeabilities. In both scenarios,
a single traveling foam wavefront is formed, avoiding the dominant gas flow through the
fracture and improving sweep efficiency. To conduct the analysis, we extended previous
results that showed the formation of a single traveling wave in a two-layer porous medium
to that of an n-layer porous medium. We derived an analytical formula for the wavefront
velocity for n layers and validated it through simulations in a realistic two-dimensional
model. This formula provides an estimate of the front propagation velocity in a stratified
medium, allowing a preview of gas breakthrough time, which is crucial information in
many applications. Notice that, in the absence of foam, it is not possible to observe the

formation of such a traveling wave on the laboratory scale due to large flow velocities.

In Chapter 7, using the traveling wave solution, we classify flow in a two-layer
porous medium in the presence of foam based on the absolute permeability ratio between

layers (K) and the porosity ratio between layers (P). In Case I (IC < P), the front in layer
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2 advances ahead of layer 1, with mass flow from high permeability to low permeability
in front of the front and in the opposite direction behind it. In Case II (I = P), both
fronts progress together, with mass crossflow following a similar rule to Case I but at lower
transfer rates. In Case III (L > P), the front in layer 1 is ahead of layer 2, with mass
flow from low permeability to high permeability in front of the front and in the opposite
direction behind it. We conclude that the difference in porosity between layers impacts
mass crossflow. In previous studies, it was observed that the presence of foam results in a
single flow front in both layers with different permeabilities and the same porosities. In

this study, we extended this result to the case of varying porosities.

In general, the results obtained in this thesis provide simple analytical estimates
for foam flow in a multi-layered porous medium. They can be used as a starting point for

further investigations including sensitivity analysis and uncertainty quantification.

Finally, it is important to note that the major limitation of our analysis is the

assumption that mass exchange between layers is only due to viscous crossflow.

8.1 Academic contributions

During the development of the present thesis, different academic contributions were

realized.

. Articles published in conference proceedings, [102].

— A. J. Castrillon Vasquez and G. Chapiro. Wavefront velocity for foam flow
in three-layer porous media. Proceedings of the XLIII Ibero-Latin-American
Congress on Computational Methods in Engineering CILAMCE, ABMEC Foz
do Iguacu, Brazil, November 21-25, 2022.

. Complete articles published in journals, [104].
— A. J. Castrillon Vasquez, L. F. Lozano, W. Pereira, J. B. Cedro, and G. Chapiro.
The traveling wavefront for foam flow in two-layer porous media. COMG, 2022.
. Submitted articles in journals, [103, 105].

— A. J. Castrillon Vasquez, L. F. Lozano, and G. Chapiro. The traveling foam

wavefront in fractured porous medium. Submitted, 2023.

— A. J. Castrillon Vasquez, P. Z. S. Paz, and G. Chapiro. On the viscous crossflow

during the foam displacement in two-layered porous media. Submitted, 2023.

. Presentations:
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— “Wavefront velocity for foam flow in three-layer porous media”. November 21-25,
2022. Presented by A. J. Castrillon Vasquez. XLIII Ibero-Latin-American

Congress on Computational Methods in Engineering CILAMCE, ABMEC Foz
do Iguagu, Brazil.
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APPENDIX A - Effect of permeabilities on the nose size

Figure 54, shows two simulations in FOSSIL using a three-layer domain as Fig 16,
considering permeabilities k1 = k3 and varying ky. The upper figure shows k;/ky = 10 and
the lower figure shows k; /ks = 20. We observe that the x-position of the water saturation

front increases proportionally to the contrast of permeabilities.

When performing numerical or laboratory experiments, one of the circumstances
that most hinders the rapid obtaining of results is the knowledge of the appropriate length
of the domain (z = L). This is especially important when studying the existence of
traveling waves in a domain of the type Fig. 16; since the stable behavior of the wave often
occurs beyond the maximum value of L. By determining this result, we can determine the

value of L based on the contrast of porosities between the layers, as can see in Fig 55.
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Figure 54 — Nose size (Ny tip of water saturation front) in the most permeable layer, depending
on the ratio of permeabilities of each layer.
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Figure 55 — Nose size Ng (tip of water saturation front) in the most permeable layer, depending
on the ratio of permeabilities of each layer.
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